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PREFACE. 


r  I  iHIS  edition  is  intended  for  teachers,  and  for  them  ovXjf,  The  pub- 
lishers will  take  the  utmost  pains  to  keep  the  book  from  pupils ; 
and  teachers  are  expected  to  exercise  due  care  not  to  lose  their  copies, 
and  not  to  leave  them  where  pupils  can  haye  access  to  them. 

Every  teacher  who  obtains  a  copy  must  understand  that  he  comes 
under  an  implied  obligation  not  to  let  the  book  go  out  of  his  posses- 
sion unless  he  sells  it  to  the  publishers. 

It  is  hoped  that  many  teachers  who  are  pressed  for  time  will  find 

this  edition  of  great  advantage. 

G.  A.  WENTWORTH. 

Phillifs  Exstkb  Acabemt, 
October,  1889. 
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Exercise  1. 

1.  Add    0aS  +  8a  +  46  8.  Add    7j:<-2xy+      9* 

2a>  — 4a  +  66  4xy*  2y* 

— 6a«  +  6a  — 26  8j:«  — 9xy  +  12y« 

6a«  +  4a  +  76  15ara-7xy  +  lly« 

8.  Add  7a«&+   Oa6S-136> 

3a»  +    2a6«-   76» 

-  6a»—    a26+      ofc^ 

-  7a»  -      a62+    56» 

-  2a»+    aV) +   46» 

-12a»+7a26+lla6*-116» 

4.  Add  6x*  +2x«  -  7 

4x»  +      X-  9 

—    ara+      x+    1 

:r6+    ^_      x«-    x«  -   7 

-.4x*+    9x»  +  9xa-12x+10 

x«  +  2x*  +  12x«  +  9x«- lOx- 12 

8.  Add3jn*+   2fii«n  +  5m«n«  -9n* 

-8m2n«—   3mn«  +  7n* 
6m*n  — 4m^3+llmn* 

6m* -f    2m*n —  ISiitn^  — 7n* 

8m*  +  10m«n-7«%2_   7mn«-9n* 

8.  Add  2x»+   8x»y-  4«*y« 

-  lOx*/ +  4x«y*  -  8xy»  +  2y« 

6x«y«  +  4x«y*  -9y« 

8x»y->   7j*.y^+   6x«.y»-8x»y* 

2x«+llx»y-llx*y«+      x»y«  -3xy»-7y« 
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Bxercise  2. 


1.  From  4a +  65  — 3c 

take  2a  +  96  — 8c. 

4a  +  56  — 3c 
2a+96  — 8c 

2a  — 46+5c 

2.  From  7x»  — jr«+4x  — 2 

take  2ar»+8aE«-9ar  +  8, 

7jr»—    ara+    4jr—   2 
2jr«  +  8aE«—   9ar+    8 

5*»-9*3+13:r-10 

3.  From  3a*+3a%  — 9o&2+36> 

take  2a»— 6a«6+7a62  — 9fc». 

3a»  +  3a26-.  9ii&»+    368 
2a»-6a«6+    Tafc*-   968 

a«  +  8a26-16a6a+1268 


4.   From  Ja6  +  4a2  — 162+ Ja 

take  a2-A62+Ja. 

4a«  +  Jo6-   i62+ia 

8a«+Ja6-.A^+i« 

6.  From  4x8w6ara  +  8x  — 7  take 
the  sum  of  8x8+  7— 82^+  'jx 
and— 9x8_8**  +  4ar  +  4. 

8*8—   8aE«+    7x+    7 

—  9x8—   8jp2^.    4ap^   4 

4x8—   6^:3^.    8x—   7 

-  x8-16x2+llx+ll 

6x8+10x3-   3x-18 


6.  Simplify  2  -  3x -  (4  -  6x)  - {7  -  (9 -  2x)} 

=  2-3x-4f  6x-{7-9  +  2x} 
=  2  — 3x  — 4  +  6x— 7  +  9  — 2x 
=  x. 

7.  Simplify  8a- (a-6-c)-2{a  +  c-2(6-c)} 

=  3a  — a  +  6  +  c  — 2{a  +  c  — 26+2c} 
=  3a  — a  +  6  +  c  — 2a  — 2c  +  46  — 4c 
=  56  —  6c. 

8.  Simplify  4a  -  [3a  -  {2a  -  (a  -  6)}  +  56] 

=  4a  —  [3a  —  {2a  —  a  +  6}  +  56] 
=  4a  — [3a  — 2a  +  a  — 6  +  66] 
=  4a  — 3a  +  2a  — a  +  6  — 56 
=  2a-46. 

9.  Simplify  [8a-8{a- (6-a)}]-4[a-2{a-2  (a-6)}  +  6] 

=  8a— 8{a— 6+a}— 4[a— 2{a— 2a  +  26}  +  6] 
=  8a  — 3{a— 6+a}— 4[a— 2a  +  4a— 46  +  6] 
=r8a— 3a  +  36— 3a— 4a+8a— 16a+166— 46 
=  -10a  +  166. 
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11.  Simplify  2*»(x-8a) -2 [2a5*-ii«(a«-a«)] 

—  3a[««  — 2x{a«  +  x(a  — x)}+a«] 
=  2x*-6ax»-2[2x*-a«x«  +  a*] 

—  3a[x»  — 2x{a«+ax  — x«}  +  a*] 
=  2x*-6ax»-2[2x*-a«x«  +  a*] 

—  3a[x»  — 2a«x  — 2ax«  +  2x»+a«] 
r=2x*-6ax»-4x*  +  2a«x«-2a*-3ax»  +  6a»» 

+  6aM  — 6at«  — 3a* 
B .- 22*  —  15axS  +  8i|Sx>  +  6a*x  —  6a4« 


Exercise  3. 


1.   Find  the  product  of  3r+2y 
and  4x  — 5y. 

3x  +  2y 
4x  — 6y 


12xa+    8xy 

-15xy-10y« 

« 

12x«-   7xy  — 10y« 


8.   Find  the  product  of  2xS  +  4x 
—  3  and  2x^  +  3x^4. 

2xa  +  4x-3 
2x3  +  3x-.4 


4x*+   8x8—  Ojfa 

+   6x8+ 12j^—  9x 

-   8j^-16x+12 

4x*+14a8-   2x«-26x+12 


4.   Find  the  product  of  x«  +  2xS 


8.   ¥lnd  the  product 
and  4x  +  3. 

2x3-6 
4x  +3 

of 
16 

2x3-6 

+  4  and  x*  — 2x3  +  4. 

x*  +  2x3  +  4 
x*-2x3  +  4 

x8+2x«  +  4x* 

8x«            -20x 
6x3 

-2x»-4x*-8x3 

+  4x*  +  8x3+16 

8x»+6j3-20x-16 


+  4x* 


+  16 
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6.  Find  the  product  of  x^  +  2  xy  —  3y3  and  a^  —  5iry  +  4y9i. 

ar8  +  2ary  — 8y« 
ar^  — 6ary  +  4y* 

a:*  +  2ar8y—    3xV 

—  5ar8y  —  lOxV  +  16xy» 

+    i3^y^+    8ry«  — 12y* 
a:*-3«r8y-   9 x^  +  23 ary* -  12 y* 

6.   Find  the  product  of  Oar^  +  Sxy +  yS_6r+2y +  4  and  3x— y  +  2. 

9jra  +  8xy  +  ya-6a:  +  2y  +  4 
8x—    y +  2 


27a:«  +  9aray  +  3a:y2         -.18ara+   8ary  +  12x 

—  Ox«y  — 8ry«  — y«  +    6ary^2y»  — 4y 

+18g*4-   6ary4-2yg-12jr+4y  +  8 

27x«  ^  +18ry  ^ 

7.  Find  the  product  of 

lla8  +  468-4a6(a-46)  and  o2(6  +  3a)-462(a  +  6). 
11  o«  +  46«  — 4a6  (a  —  46)  o^  (6  +  3o)  —462  (^  ^.  ^) 

=  lla8  +  468  — 4a86+  16a62  =  a26  + 3a«  — 4a62--46» 

=  lla»-.4a«6+16a62  +  468.  =3a8  + a26  — 4a6a  — 46». 

11  -  4  4-16+    4 
3+    1-   4~   4 

83-12  +  48  +  12 
+  11-  4+16+   4 

—  44+16-64-16 
-44+16-64-16 

33-   1+   0+   0-44-80-16 
33a«-a66-44a26*-80a66-166e. 

8.  Fmd  the  product  of  (a  +  6)2  +  (a  —  6)2  and  (a  +  6)*  —  (a — 6)«. 

(a  +  6)2+(a-6)2 

=  a2  +  2a6  +  62  +  a2 -2a6  +  62 
=  2a«  +  262. 

(a  +  6)2-(a-6)2 

=  a2  +  2a6  +  62-a2  +  2a6-6» 
=  4tt6. 
4a6  X  (2o2  +  262)  =  8o«6  +  8o6». 
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•.  Find  the  product  of  x  —  2y  -f  3z  and  x  —  2y  +  8« 

(x-2y  +  3«)(x-2y  +  8«) 
=  (x-2y  +  3z)« 

10.  Find  the  product  of  xB  +  2x<— 4x— 1  and  xS  +  2x<  — 4x  — 1. 

(x»  +  2xa-4x-.l)(x«  +  2xa-4x-l) 
=  (x»  +  2xa-4x-l)« 

=  x«  +  4x*+16xa+l  +  4x»-.8x*-2x»-16x8-4x«+8x 
=  x»  +  4x»-4x*-18x»+12x«  +  8x  +  l. 

11.  Find  the  product  of  39«*»+»-»— 64<l»-%+i+«)d^H4ir  and  80rf«-«+«r. 

89rf»+f-i  -  54rf— ^1  +  eOrfH^ 
30d«— +» 

1170rfH^-1620d»+ 1800cP+*' 

12.  Find  the  product  of  24  x«+*»-i  —  42  x»»-*H-«  +  26  x*H*»-8  and 

25x«-«-*». 

24  a:«»+ft»-i  —  42  x**^-  3»+«  +  25  x«»4*»-« 

B5x»-"»-*» 

eOOx  - 1050  x--*«-M  +  625  x*» 

18.  Find  the  product  of  a»  — 8a»-i  +  4aF->  — 6aF-«+6aF-*   and 
2a«  — a«  +  a. 

2a»  — a«+o 

2-6  +  8-12  +  10 
-1  +  3-  4+   6-6 

+  1—   3-f.   4.,6  +  5 

2aiH^— 7aJ»+«  +  12a*+i  —  19aJ»  +  20aJ»-i  —  llai»-«+ 5aJ»-« 
14.  Find  the  product  of  a*»+i  —  a»+i  —  a«  +  a*-*  and  a«+«— a^ — a  + 1, 

a*+«  — o«  — a+1 


aS"-f<_  a*»+«—  a*»+*+   a*»+i 

«.  aft»+s  +  a'*+'+a'*+^—  a* 

+  a*»+i  __a»+i—  a*+a""~* 

a9»+»—2a»H«—2a*H-«+2a*»+> +  «*+•+ 2a"+«—a»+i—2a»  +  a*  1 
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15.  Find  the  product  of  a J>  +  3  a J»-«  —  2  a  J»-i  and  2aP+^  +  aP^* — 3  a*. 

ai»~2aJ»-l  +  3aJ»-* 
aJH-a+2aiH-i_3oJ» 

1-2  +  3 
+2-4+6 
-3+6-9 


0*+*  -  4  a*'  +  12  a%-i  -  9  a*»-« 


Exercise  4. 


1.  Diyide  (Qa^l^c  X  36  a^Mc*)  by  (21  a^ffitfi  X2a^). 

(6  a^ftSc  X  36  aVi^c^)  -s-  (21  a«6*c«  X  2  a«c») 

=  210  a*68c» -f- 42  a«6»c» 

6 

sz       ■  • 

a6c* 

8.  DiTide  39oM  +  24a*a:«  +  42a^a*  +  27a*ar«  by  6a«ar«. 

39a8a^»+  24a*a:»  +  42a^a*  +  27  a*a:a -f-  6  o««« 

8.  Diyide36a:»+94ox«+62a«x  +  8o«by  5x+2a. 

86+94  +  62  +  816  +  2 
86+14  17  +  16  +  4 

80+62  7a:a+16ax  +  4a«  Jni. 

80+32 

20+8 
20  +  8 

4.  Diyide  x>—6aj:3  —  a3x+ 14a*  by  a:2  —  3ax  —  7a3, 

1-6-1  +  141  1-3-7 
1-3-7  rT^l2 

—  2  +  6+14    ar  — 2a.  .4n*. 

—  2  +  6+14 


teachers'  edition. 


6.  Dmde  81a:*+36jray«+16y*  by  Ox*  — 6xy  +  4y«. 


81x*  +  36j:ay2  +  i6y4 
81x*-54ar«y  +36jray« 


Qjcg  — 6xy  +  4y« 


0jrS  +  6xy  +  4y*.  Jiu. 


54x»y  +16y* 

64x«y  —  36xaya  +  24xy« 

36xaya-24xy«+16y* 
86xa.y«-24x.y«+16.y* 

6.  Divide  x*+6*-aaxa  +  26«xa  by  xa  +  6«  +  ax. 

x*  +  64-aaxa  +  262xa 
=  x*  + 262x8  + M-a^x* 
=  (xa  +  62)2  -  (ax)2. 

[(xa  +  62)2  -  (ax)2]  ^  (^a  +  6*  +  ox) 
=  x2+62  — ax.  Ana. 

7.  Dividea2  — 262  — 3c2  +  a6  +  2ac  +  76c  by  a  — 6  +  8c. 


a2  +  a6  +  2ac-262+76c-3c2 

a  — 6  + 3c 

a2  — a6  +  3ac 

2a6-    ac-262-|-76c-3c2 
2a6            -262  + 66c 

a  +  26  — c 

^ac            +    6c-3c2 
_ac            +    6c  — 3c2 

8.   Divide4x*  — 5x2y2_8x2  — 4y2  +  4+y*  by  y2  +  2x2  — 2  — 3xy. 


4x*  — 6x8^  +2x2y2  — 4x2 


2x2~3xy  +  y2  — 2 


2x2  +  3xy  +  y2-2.  An8. 


Qx*y  — 7x2y2  — 4x2  — 4y2  +  y*  +  4 
ejfiy  —  9x2y2  +  3xy8  — 6xy 

2x2y2  —  3xy8  —  4x2  +  Qxy  «.  4y2  ^  ^4  ^.  4 
2x2y2  — 3xy8  +  y*  —  2y2 

—  4x2  +  6xy  — 2y2  +  4 

—  4x2  +  6xy  — 2y2  +  4 
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9.  Diyide  2  a^+i  —  2  a»»+i  ^  a»+»  +  a*»  by  a*  —  2  a» 
aft»  —  a"*-'-*  —  2o"+i  +  2a"H-i  I  a»  —  2a 


r2» 


-2oM-i 


a»  — a"»,  .diw. 


+  2a*+i 
+  2a*+l 


10.  Diyide  625a:* -Sly*  by  6ar-3y. 


626a:* -Sly* 
626  a:*- 375  a:«y 


5x  — 3y 


125a:«  +  76  a:^^  ^  ^^^,^2  ^  27  y«.  Ans. 


376x»y-81y* 
376a:«y-225:c2ya 


11.  Diyide  a:**  +  y*»  by  a:*  +  y». 


225x3y2«81y* 
226a:8yg-135a:y< 

135a:y8-81y* 
I35xy8-81y* 


j^-\-  x*»y* 


a^  +  y* 


j^  —  ar»y*  +  yS*.  .4n«. 


—  a:**  y**  +  y^ 

—  x®*  y**  —  ar**  y^ 


X**y2*  -J-  y*» 


12.  Diyide 


27  a«      68 


3a     b 


126      64     ^    6      i' 


27  a8 
125 

68 

64 
9a26 
100 

3a      6 
6       4 

27  a8 
125 

9a2  ,  3a6      6^ 
26       20       16* 

£a26 

100 

9ofih 

100 


64 
3a62 

80 
3a6f 

80 
8a62 

80 


6« 

64 
68 

64 
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18.  Diyide  (a+26)«+  (6-8c)«  by  a+8(6-c). 

(a  +  26)«+(6-8c)« 
=  a«  +  6a26  +  12a6a+  86»+  6*  -96^  +  27ftc«-27c» 
=  a«  +  6a26  +  12a62  +  96»- 96ac  +  276c«- 27c». 

a«+6a26  +  l2a62  +  96«-962c  +  27fto*-27c»|o  +  36-8c 
a«+8a26  — 8aac 


aa+8a6  +  8ac  +  863  4.9cS. 


3a26  +  3aac+12a62  +  96«-96«c  +  276c«-27c« 
8a%  +   9a62  — 9a6c 

8aac+  8a63+9a6c  +  9ft«-962c+276c«-.27c» 
3a^^  +9a6c— 9aca 

8a62+9ac«+96«-96ac  +  276c«-27c« 
8a^  +9ftS-9&^ 


illM. 


9ac3 
9acS 


+  27ftc«-27c« 
+  27fcca-27c» 


14.   Divideo»-a*+i+87a»+»  — 55a"»+*  +  60o"+«  by  1  — 8a  +  10a«. 


1_14.   0  +  87-55+50 
1-3+10 


2- 
2- 

10  +  87 
6  +  20 

4+17- 
4+12- 

-55 
-40 

5- 
6- 

-15  +  60 
-15+60 

1-3+10 


1+2-4+5 

a*  +  2a»+i  —  4a"»+«  +  5o"»+».  .4iw. 


15.   Divide  4 A«+i  -  30 A«  +  19 A«-i  +  6 A*-«  +  9 A«-< 

by  A«-»-7A»-'*+2A«-«-3A«  «. 


4-30+10+    5  +  0  +  9 

4-28+    8-12 


-  2+11  +  17  +  0 

-  2  +  14-  4  +  6 

-  3  +  21-6  +  9 

-  3+21-6  +  9 

l_74.2-8 


4-2-3 
4A4-2AS-8A*.  Am. 
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16.  Diyide  6  x»-»+*  +  x«-«+i  —  22  a:»-*  +  19  x*-»-i  —  4  ar«-«-a 


by  3a:»-»  — 4ar«-*  +  a:i 

6+1-22+19-4 
6-8+    2 

9-24+19 
9-12+    3 

_12  +  16-4 
-12  +  16-4 


3-4+1 


2  +  3-4 
2x*-i+3a:»-« 


—  4j5*-«.  Ans. 


Exercise  5. 


1.    92r*  +  6ar«  +  3ar2  +  2ar 

=  3a:2(3a:2  +  2ar)+3a:«+2ar 
=  (3ar2+l)(3a^+2ar) 
s=(3x2+l)(3ar  +  2)x. 


2.   2a*-3a«6-14a«  +  21a6 

=  a\2a^-Sab)-7  (2a2-3a6) 
=  (a2-7)(2a2-3a6) 
=:(a2-7)(2a-36)a. 


8.    6a:»+16a:2y-4ary2«l2y8 

=  6ar2(x  +  3^)-4^2(x  +  3y) 
=  (6x2-4y2)(x+3i^). 

4.    a2aJ»  —  62xy2  _  a2car2  +  62cy2 

=  ar  (a2a;2  -  62^2)  _  c  (a2x2  -  62y2) 

=  (a:  -  c)  (a2x2  -  62^2) 

=  (x  —  c)  (ax  +  6y)  (jax  —  6^). 


6.   ara  +  8x+7 

=  Qx+l)(x  +  7). 

6.  x2_i7a^^.60 

=  (x-5)(ar-12). 

7.  jra+7ar-18 

=  (a:  — 2)(x  +  9). 

8.  a^^-2x-24 

=  (x+4)(x  — 6). 


9.    9x2+30x  +  26 
=  (3x  +  6)2. 

10.  16x2_.56x  +  49 

=  (4x-7)2. 

11.  xa  +  x-72 

=  (x-8)(x  +  9). 

12.  x2-14x-176 

=  (x  +  8)(x-22). 


18.  81x*- 196x8^2 

=  x2  (81x2 -196^2) 

=  x2(9x-14^)(9x  +  14y). 
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14.  729a6~x« 
=  (27a»-x»)(27a«+z») 
=  (3a-x)(9aa  +  3ax  +  jra)(8o  +  x)(9a«-3ax  +  a3). 

15.  64x7  +  ary« 
=  x(64x«  +  y«) 
=  x(4x2  +  y2)(16**-4a:ay»  +  y*). 

16.     (ir3-y2)2.y4 

17.   (a*  +  2  62)2  -  a«62 

=  {(aa  +  262)-a6}{(aa  +  26«)  +  a6} 
i)  I  =(aa-a6  +  262)(aa  +  a6  +  26«). 

'I 

j  18.   (2x-3y)2-(x-2.y)a 

I  ={(2x-3y)-(x-.2y)}{(2x-3y)  +  (r-.2y)} 

;  =(ar-y)(3x-6y). 


19.    (2xa-4x+7)a-x2(x  +  4)2 

=  {(2x2~4x+7)-T(x+4)}{(2x3-4x+7)+x(x  +  4)} 
=  (x3-8x  +  7)(3xa+7) 
=  (x-l)(x-7)(3x2+7). 

80.  x*-2(62-c2)x3  +  6*-262c«  +  c* 
=  x*-2(62-c2)xa+(62-c«)« 

=:(:c«_6a4.c2)2. 

21.  16xa-7x-2  23.   21x2+26x-l6 

=  (6x+l)(3x-2).  =(3x  +  5)(7x-3) 

22.  llx2-54x  +  63  M.    70x2-27x-9 

^(llx-21)(x-3).  =(14x  +  3)(6x-3). 

25.   x*-2a6x2-a*~a?62-ft4 

=  X*  -  2  abx^  +  a262  -  a*  -  2  a262  -  6* 
=  (x2  -  a6)2  -  (a2  +  62)2 

=  {(x2  -  ab)  +  (a2  +  62)}  {(x2  -  a6)  -  (a2  +  62)} 
=  Qar2  +  a2-a6+62)(x2-a2_a5«62). 
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26.  6a:*  +  4a:8-20ar-125 

=  6(.T4-25)  +  4a:(ar2-6) 

=  6  (x2  +  6)  (t2  -  5)  +  4  a:  (a:3  .  6) 

=  (T2-5)(6j:2+4a:  +  26). 

27.  2a:*-5a:»-x2-2. 

Try  as  factors,  2  ar*  +  A;x  +  1  and  a:^  +  ifc'a:  —  2. 

=  4ar2  +  (2A;'  +  A:)aJ»+(A-Jfc'-3)x2  +  (/fc'-2it)x-2. 
This  is  equal  to  2a:*  — 6a:8  — a:^  — 2  if  A;  =  — 1  and  A;'  =  — 2. 
/.  2ar4-6ar8-ar2-2=(2a:3-ar  +  l)(ar2-2x-2). 

28.  6x*-aa:8-2a2ar2  +  3a8a:-2a*. 

Try  as  factors,  Sx^  +  kax  —  2a2  and  2a:3  ^_  yax-{-  a*. 
(3a^2  +  Araa:  —  2  a2)  (2  a:^  +  jfc'aar  +  a2) 

=  Qx^-^(Zk'-\-2k)a7fi-\-(kk  -l)a2x2  +  (A;-2A;')(t«x-4tf*. 
Tliis  is  equal  to  6  x*  —  aaH»  —  2  a2a^»  +  3  a'x  —  2  a* 

if  A;=l  and  ^  =  —  1. 

.-.  6a:*  —  aar*  —  2a2x2  +  8a«x  —  2a* 

=  (3x2  +  ax-2o2)(2x2-ax  +  a2) 
=  (3x  —  2a)  (x  +  a)(2x2  —  ax  +  a^) 

29.  12x6+10x*.y-12x«3(2-6x2y8-4y6 

=  12  (x^  -  x8y2)  ^  iOar*y  —  6x2y»  —  4y» 
=  12x»  (x2  -  y2)  ^.  y  (lOar*  -  6x2j^2  «4y4) 

=  12x«(x2  -y2)  ^  y  (10 x*  +  4y2)(x2-y2) 

=  (12x»  +  10x2y  +  43(«)(x2  —  y2) 

=  2  (6x»  +  5x35,  +  2y«)(x  +  y)(x  -y). 

Exercise  6. 

1.  FindtheH.C.F.  of  12x2-17x  +  6,  9x2  +  6x-8. 

12x2-17x  +  6  =  (4x-3)(3x-2); 
QarS^    6x-8  =  (3x  +  4)(3x-2). 

.-.  H.C.F.  i8  3x-2. 

2.  Find  the  H.  C.F.  of  x*  —  a*,  x2  +  3ax  —  4a2,  x^—  6ax  +  4a«, 

X*  —  a*  =  (x2  +  a2)  (x  —  a)  (x  +  a)  ; 
x*  +  3ax  —  4a2  =  (x  -  a)(x  +  4a) ; 
x2  — 5ax  +  4a2=  (x  — 4a)(x  — a). 

/.  H.C.F.  Isx  — a. 
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3.   FindtheH.C.F.  of 


a:4-6ar«+13a:2«i2jc  +  4,  x*-4:c«  + Sj:*- iex+ 16. 


1-6+13-12+     4 
2 


2-12  +  26- 
2-   6-   4  + 

24+  8 
12 

-   7  +  30- 
2 

36+     8 

«14  +  60- 
- 14  +  36  + 

72+    16 

28-84 

26)25  - 

100+100 

1-     4+     4 
.-.  H.C.E.  is  jr*  — 4a:  +  4. 


1-4+   8-16+16 
1-6  +  13-12+   4 


2- 
2- 

5- 

8  + 

4+12 
8 

3- 
3- 

12+12 
12  +  12 

1-7 


2  +  8 


4.  FindtheH.C.F.  of 

3j4_ar«  — 2aJ2  +  2ar  — 8,  6x*  + 132*  + 32*  +  20jr. 
RemoTe  x  from  second  expression. 


8-  1-  2+   2-  8 
2 

6-  2-   4+   4-  16 
6+13+   3  +  20 

_16-   7-16-  16 
2 

-30-14-32-  32 
-30-66-16-100 

17)61-17+  68 

3-   1+  4 


6+13  +  3  +  20 
6-  2  +  8 

16-6  +  20 
15-6  +  20 


1-6 


2  +  5 


.•.  H.C.F.i8  3a:3-x  +  4, 
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6.   Find  the  H.  C.  F.  of 

962r*  +  8x»  — 2x,  32x»-24i2-8x  + 3. 
Bemoye  factor  2  x  from  Ist  expression. 


48+   4+   0-   1 
2 

32-  24-     8+   3 
6 

96+   8+   0-  2 
06-72-24+   9 

160-120-   40+16 
160+    48-   22 

80  +  24  - 11 
80-20 

3)- 168-    18  +  16 
-   66-     6+   6 

44-11 

10 

44-11 

-660-   60+60 

-660-168  +  77 

27)108  -  27 
4-   1 

2-7 


20  +  11 


.•.  H.C.F.  is  4z  — 1. 


6.  FindtheH.C.F.  of 


a:*+6x»-7a:a-9a:-10,  2x*-4a*  +  4x-8. 


2)2-   4+   0+   4-   8 


1- 

7 

2  + 

0+   2- 

4 

7- 
7- 

14  + 

7- 

0  +  14- 
11-6 

-28 

^^ 

7  +  11  +  20  - 
7+    7  +  11  + 

28 
6 

4+    9- 
4-   8 

34 

17- 
17- 

34 
34 

1  +  5-     7-     9_     10 
1_2+     0+     2-       4 


7- 
4 

7-   11- 

6 

28- 
28  + 

28-   44- 
6:3  -  238 

24 

— 

91  + 194  - 
4 

24 

— 

364  +  776  -     96 
364  -  819  +  3094 

1696)1695- 

3190 

1-       2 


1 
1-1 


7-91 


4+17 


.-.  H.C.F.  is  X  — 2. 
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7.  Find  theH.C.F.  of 

2a:»-16x  +  6,  6a«+ 16x»  + 6a:+ 16. 

63fi  +  16x*  +  6x+  15=  6(x»  +  l)(x  +  8) 

=  6(ar+l)(x+3)(j:*-x»  +  jc«-z+l); 
2x»-16x  +  6  =  2(a:a-3z+l)(x  +  3). 
.-.  H.C.F.  =  x  +  3. 

8.  Find  theH.C.F.  of 

2a*  +  3a»x-9a«x«,  6a«x-3ax«-17a«x*+ Ha^x*. 

2a*  +  3a«x  -  9o«xa  _  a\2a^  +  3ax-  9x«) 

=  a»(2a  — 3x)(o  +  3x); 

6a*x— 3ax*-17a«xa+17o*x«  =  ax(ea«-3x«— 17a«x+14ax«) 

=  ax(3aa-4ox-xa)(2o  — 3x). 
.-.  H.C.F.  =  a(2a  — 3x). 

9.  Find  the  H.C.F.  of 

2a6-4a*  +  8a«-12a«  +  6a,  8a«-8a»-ea*  + 9a»-8aa. 

3a«-3a»-6a*  +  9a»-3oa=3aa(a4-a«-2a«+8a-l) 

=  3a«{a«(a-l)-(2a-l)(a-l)} 
=  Sa\a  -  l)(a«  -  2o  +  1) 

=  8a2(a-l)«(a*-a-l); 
2a»  — 4a*  +  8a»  — 12a»+6a  =  2a(a-l)(a»  — a«+8fl-8) 

=  2a(a-l)3(a«  +  3). 
.-.  H.C.F.  =  a(a-l)«. 

10.  FindtheH.C.F.  of 
3x»  — 7xay  — y«+6xy«,  x«y  +  3xy«  — 3x«  — y»,  8x«+ 5x^  + xy^  — y«. 

«*y+3xy»-3x«-y«  =  y(xa-.y2)  +  3x(i(a-xa) 

=  (y-3x)(x+y)(x-y); 

8x«-7x«y~y«+6xy«=(x-y)(3xa-4xy  +  ya) 

=  (x-y)2(3x-y); 

3x«+  5x«y  +  xya-y«=  (3x- .v)(a^  +  2xy  +  y«) 

=  (3x-y)(x+y)«. 
/.  H.C.F.  =  8x  — y. 
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11.   Find  the  H.  C.  F.  of 
36x7  -  28x6  +  32  a:*  +  8a* - 
12x6  -  14x*  -  20  x»  +  10x2 
36x7 -28x6 +  32x*+    8x« 

6-     7-10+    5+    2 
9 

54-   63-90  +  46+18 

04  I-   48  —  26  —  20 

-111-64  +  66  +  18 
-108-96  +  62  +  40 

-  8  +  32  +  13-22 
8-32-13  +  22 
3+    1-   2 

-   33-11  +  22 
-.   33-11  +  22 


-16x2,     12x6- 14x*-20x»+ 10x8 +  4x. 

+   4x  =2x(6x*-7x8— 10x2  +  5x  +  2); 
-16x2  =  4x3(9x6-7x«  +  8x3+2x-4). 


/.  H.C.F.i8  (3x2  + X  — 


9+    0-   7+     8+     2-     4 
2 

18+0-14+16+     4-     8 
18-21-30+    16+     6 

21  +  16+     1-     2-     8 
2 

42  +  32+     2-     4-16 
42-49-   70+   36+    14 

8)87+  72-  39-  30 
27+  24-  13-  10 
27  -  288  - 117  +  198 

104)312  +  104  +  208 
3+     1-     2 

2)2x  =  6x«  +  2««  — 4x. 


3  +  7 


9 
2-4 


1-11 


12.  Find  the  L. CM.  of 

x2  — 3x  — 4,  x2  — X  — 12,  x2  +  5x  +  4. 

a:3«3x  — 4  =  (x-4)(x+l); 
x«-x-12=(x-4)(x+3); 
aJ+6x  +  4  =  (x  +  4)(x+l). 

/.  L.C.M.=  (x-4)(x  +  4)(x  +  l)(x  +  8) 
=  x*  +  4x»-13x2-64x-48. 


18.  Find  the  L.  C.  M.  of 

6x2-13x+6,  6x2  +  5x-6,  9x2-4. 

6x2-13x  +  6  =  (2x-3)(3x-2); 

6x2+    6x  — 6  =  (2x  +  3)(3x  — 2); 

9x2-4  =  (3x-2)(3x  +  2). 

/.  L.C.M.  =  (2x-3)(2x+3)(3x-2)(8x  +  2) 
=  36x*-97x2  +  36. 
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14.  Find  the  L.  CM.  of 

3ar4-a:»-2jra  +  2x-8,  6ar«+ ISxa  +  Sr +  20. 


6+13  +  3  +  20 
6-   2  +  8 

16-6  +  20 
15-6  +  20 


3-   1-  2+   2-     8     1-6 
2 

6-  2-   4+   4-   16 
6  +  13+   3  +  20 

-16-   7-16-   16 
2 

-30-14-32-   32 
-30-66-16-100 

17)61-17+   68 

3-   1+     4     2  +  6 
.'.  H.C.F.i8  3ar*  — jp  +  4.  * 

6:c«  +  13jr3  +  3x  +  20=(3jra-z  +  4)(2z+6); 
32r4-z8-2jra  +  2r-8=  (3z«-x+ 4)(a:a-2). 

.-.  L.C.M.=  (2x  +  6)(*a-2)(3*a-ar  +  4); 

=  6x«+132r*-9z»-6x3-6x-40. 

16.  Eind  the  L.  C.  M.  of 

16a«x*  +  10o*x»  +  ia^x^  +  Qa^x  -  3a7,  12x*  +  38ox»  +  16a*xa  -  lOa'x. 

12  X*  +  38ox«  +  16o«xa  —  10a«x 

=  2x(6x»  +  19ax2  +  8a2x  — 6a«)  ; 

16a«x*  —  10a*x»  +  4  a«x2  -\-Qcfix  —  So' 

=  a«  (16x*  +  10ax«  +  4aax3  +  6a«  -  8a*). 

6+19+   8-6     15+    10+     4+     6-     3 


6+   4-  2 

16+10-6 
16  +  10-6 


30+   20+     8+    12-     6 
30+96+40-26 

-   76-  32+   37-     6 
2 

-160-   64+    74-   12 
-160-476-200+126 

137)411-4-274-137 
3+     2-     1 


6-26 


/.  H.C.F.i8  8x«  +  2ax  — a« 


2  +  6 
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l8t  expression  =  2 r  (Sau^  +  2 ax  —  a^) (2 x  -f  6a). 
2d  expression  =  a«  (3  jr«  -f  2  aa:  —  a^)  (6  a:*  +  3  a^). 
i. CM.  =  2a8ar  (Sa^  +  2ax  —  a2)(2a:  +  5a) (6x2 ^  3a2) 
=  60a»x«  +  190a*x*+  116a6x*  +  64  a«x»  +  480^x2 


—  30a«x. 


16.  FindtheL.C.M.  of 

2x*  +  x»-8x3-x  +  6,  4x*-f  12x«-i.xa-27x-18, 
4x*  +  4x»  -  17  xS  -  9x +18. 


2+1-8-1-6 
2-1-7+6 

2-1-7-6 
2-1-7-6 


4  +  4-17-   9+18 
4  +  2-16  - 12 

2-   1-   7+   6 


2 


1  +  1 


2x*  +  x»  — 8xa  — 


.-.  H.C.F.=  x+1. 

x  +  6  =  (2x«-x2-7x  +  6)(x+l) 

=  {(2x«-2x2)  +  (xa-7x+6)}(x+l) 
=  (2x2+x-6)(x-l)(x+l) 


.=  (2x-3)(x+2)(x-l)(x+l)(2x+3) 
=  4x6+8x*-13x»-26xa  +  9x+18. 


1.  Reduce  to  lowest  terms 


Exercise  7. 


42a«  — 30a2x 
36ax3-26x»' 


42 a8  —  30a2x_  6a2(7a  -  6x)  _6o» 
36ax2  — ii6x8     6x2(7a  — 6x)      Sa* 


8.  Beduce  to  lowest  terms 


2x«  +  6x«-12x 
7x»+26x2-12x 


2x»+6x2  — 12x  _x(2x  — 3)(x  +  4) 
7x«  +  26x2-12x     x(7x-3)(x+4) 


2x  — 8 

7x-3 
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8.  Reduce  to  lowest  terms 


6agc3-2a*-H8c3-6ag 
4a*  +  2a2ca+12a2+6ca* 


6o3cg-2a*  +  18c«-6o«^2o2(3cg->ag)  +  6(3c«^og) 
4a*  +  2a2ca+  12aa  +  Bc^     2a^2a^  +  c2)  +  6(2aa+  c^) 

^(2ag  +  6)(3cg-ag) 
(2aa  +  6)(2a«  +  ca) 
^3cg-o8 
2aa  +  ca' 


4.  Reduce  to  lowest  terms    ,  ;  A     «  .    i^      u 


x2(xa  +  2ax  +  a2)-M 
C^a  ^  62)8  _  (fla.)a 


jfl  +  62  -  gjf 


62) 


.    T,  ^        .1         *♦  6a:<^-9x*+llj:«  +  6a:a-10x 

6.  Reduce  to  lowest  terms  4^^  i0x5+ 10x*  +  4x»  +  60x»' 

2j2H3:«+10g^-H0j?*  +  4x»4-60xg  g)6x»->9x*4- llx«  +  6xa 

2x*4.   6x»+   6x2  +  2x  +30  6x*-9x»+llx3  +  6x 


-lOx 


-10 


2+   6+   6+   2+   30 
3 

6  +  15+16+    6+   90 
6+    1+   0  +  26 

14+16-19+   90 
3 

42  +  45-67  +  270 
42+    7+   0+176 

19)38-67+    96 
2-   3+      6 

/.  H.C.F.  is  (2x2-3x  +  5)x. 


6-   9+11+    6-   10 
6  +  16+16+   6+   90 

-4)- 24-  4+  0-100 
6+1+0+26 
B-   9+16 

10-16+    26 
10-15+   26 


1  +  7 


3+6 


20  COLLEGE   ALGEBRA. 


Hence, 

4x«  +  10x6  +  lOar*  +  4aJ»  +  60x2  =  2a:3(2a:2_3a.4.  5)(jpa  +  4x  +  6). 

.     6x»-9x*4-llx8  4-6x2-10x   _         3x^-2 

"  4x«+10x6+10x*  +  4x3  +  60x'^      2x(x2+4x  +  6)* 

6.  Simplify  §£:=^  -  iJL±l£  +  ?^1^ 

3  6  15 

L.  C.  D.  =  15. 
The  multipliers  are  5,  3,  and  1. 

15  X  —  10    =  first  numerator. 

—  6x  —  12  y  =  second  numerator. 

—  9  X  +  22  ,y  =  tliird  numerator. 

0    =  sum  of  numerators. 
.*.  Sum  of  fractions  =  0. 

-    cj.      ,.*      2         1       2a-4-3,     1     ,  8a  — 26 

7.  Simplify . 

^    "^  3a      26        6a2    ^2r2^      6a6 

L.C.D.  =  6o26x2. 
The  multipliers  are  2a6x2,  3a2jr2,  6x2,  3^25^  a^d  <^^ 

4a6x2  =  first  numerator. 

—  3  a2a:2  =  second  numerator. 

—  (2  a  4-  3)  6x2  _  third  numerator. 

3a26  =  fourth  numerator. 
(3  a  —  2  6)  ax2  =  fifth  numerator. 

—  36x2  -f  3a26  =  sum  of  numerators 
=  36(a2-a:2). 

.-.  Sum  of  fractions  =  ^^C^^"^) 

6a26x2 

^a2~j-2 
2a2ar2* 

8.  Simplify  -!-+*«  ^«' 


X  —  a      (x  —  o)2      (x  —  a)' 

L.C.D.  =  (x  — o)«. 
Tlie  multipliers  are  (x  —  a)2,  x  —  a,  and  1. 
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8ac^  —  6ax  +  3a2  =  first  numerator. 
4  oa*  —  4  a^  =r  second  numerator. 
^  5a^  =  third  numerator. 


Sx^  —  2ax -* 6a^  =  sum  of  numeraton. 

A  Sum  of  fractions  =         ,     ^,       ■ 

(x  —  o)* 

9.  Simplify ^ + ^ —  T — T :  • 

(b'^c)(c'^d)      (c  — a)(a  — 6)      (o  — 6)(6  — c) 

L.C.D.  =  (a-6)(6-c)(c-a). 
The  multipliers  are  a  —  6,  6  —  c,  and  C'-a. 

a^-^l^  =  first  numerator. 

6*  ~  c*  =  second  numerator. 

aS         +  c*  —  2  ac  =  third  numerator. 

2  a*  —  2  oc  =  sum  of  numeraton 

=  2o(a  — c). 

/.  Sum  of  fractions  = .x?>    ^v^? ;• 

(o  — 6)(6  — c)(c  — o) 

—  2a 


10.   Simplify 


(a-6)(6-c) 
1 


a(a-.6)(a-c)      6(6-c)(6-a)      c(c-a)(c-6) 
L.  C.  D.  =  abc(a  —  6)  (a  —  e)  (6  —  c). 
The  multipliers  are  6c(6  —  c),  ac(c  —  o),  and  ab(a  —  6). 

ftSc  —  &c*  =  first  numerator. 

ac!^  .  a^  =  second  numerator. 

a*6  —  a6*  =  third  numerator. 


52c  .  6c*  +  ac*  —  a^  +  a*6  —  a6*  =  sum  of  numerators 

=  0*6-06*+ 6*c—a*c  +  ac*  —  6c« 
=  a6(a-6H  c(6*-a*)+ c*(a  -  6) 
=  (06  —  c6  —  ca  +  c^)(a  —  6"^ 
=  (a-c)(6-c)(a-6). 

/.  Sum  of  fractions  =    ^^""vk  ""^/v*""  / 

a6c(a  —  6)  (a  —  c)  (6  —  c) 

=  -?- 
a6c 
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11.  Simplify 

63r2^173:+12       27  a^^  +  18  ar  -  24      25a^>-26x  +  6 

12a:'i-25a:+12       12x2  +  7x-12       20a:a-23a:  +  6 

^  (3ar-4)(2ar-3)      3  (83:  + 4)(33:-2)       (6ar-2)(6ar-3) 

(3a:-4)(4x-3)        (3a:  +  4)  (4a: -3)       (4a:-.3)(6x-2) 

^2x-3      3(3a:-2)      6ar~3 

4a:-8         4x-3         4a:-3 

^  16a:- 12 

4x-3 
=  4. 

12.  SimpUfy  2a?xT^6al6!1^16/.V      25«4a. 


368        4c4a<J       ^a^x       18a62c« 
150oi267c2j7       25f?*a: 
48  a»ft*'c*a:7    '  18tt62c« 
26  a»  .    26  q^a: 
86c2    *  18a6^c8 
25a8      18a6?c» 
Sbc^        26  a*a: 

4x 


18.  Simplify  /'^^  ^  4+iL^  .^  f^ix!  -^  JE±JL\ 


a?(a:-y) 


..».p«,(-i--.XS=^).(l-!) 


^ gg-ffta-afc  (o  +  6)(o-6)         .  0-6 


a— 6 . a— 6 

— — ^^  — -         ^ 

b  a6 

«  —  6  . .    aft 


6         0  —  6 
=  a. 
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15.  Simplify  ^-7^+12       x«  +  x-2       2x2  +  6x-3 

_(x^8)Cr^4)      (r-l)(x  +  2)      C2x~l)(x  +  3) 
(a:+3)(x  +  2)^(x-l)(x-4)^(3x  +  2)(x-8) 

_2x-l 
8x  +  2" 

16.  Simplify   ^°'-^-^      8a«-10a  +  8     12a«  +  17a  +  6 

^(8a-2)(2a+l)      (2a-l)(4a-3)      (4a  +  8)(8a.f2) 
(4a-3)(2o+l)      (4a  +  3)(3a-2)      (3a  +  2)(2o-l) 

=  1. 


2x4-y          y          (2x-f.y)«->y« 
17.   Simplify -J! 2x  +  y y(2x^y) 


x  +  .v         afa-(x  +  y)« 


x+y  X  x(x  +  y) 

_4xg  +  4xy       g(g  +  y) 
^y(2x  +  yX     -2xy-y« 
__       4x(x  +  .y)r(x>f  y) 
^     y(2x  +  y)y(2x  +  y) 
_     4xg(x-t-.v)g 

y*(2x-i-^/' 


14-g      1-fJ^      O-f  x)a-fx«)~a  +  a:a)« 

18.   Simplify  1±^_L±£!  = (l  +  ^)(l  +  a:») 

*^     ^  1  +  xg      1  +  x»      (l  +  :g^)(l  +  x*)->(I-t-x»)a 

1  +  a*        l  +  «*  (1  +  X8)(1  +  X*) 


l  +  x  +  g'+J^  — 1  — 2x«  — X* 

1  +  xg 

°'l.far2_^;c4^.;t4i_1^2x»-x« 
1  +  x* 

^x->2x«  +  x«  1  +  ar* 

"^       l  +  xa  x2-.2x»  +  x4 

s=JL±£L.. 

(1  +  X2)X 
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19.  Simplify 


a 


+ 


gl  ^  ah  A-ah-\-  b^ 
a2  -  b^ 


a  +  6     a —b 

64a»-96a«x4-86ax« 
86aa-729a^> 


20.  Simplify         ^"^"^^"^ 


8aa-72aa:+162:r» 

_4o(16ag  ■> 24 ax  +  9ga)2C4a«-86 oar -t- 81  x«) 
9  (4  02-81x2)  3(16  o2- 9x2) 

_        4aC4a-3x)2  2C2a-9x)2 

9(2a-9x)(2a  +  9x)      3(4a-3x)(4o  +  3x) 

_8a(4fl-»3x)(2o  — 9x) 
27(4o  +  3x)(2a  +  9x)' 


Exercise  8. 


1.  Solve 


8  (10  -  x) 

80-8x 

-ISx 


6(x  +  3). 
6x  +  16. 
-66. 


/,  X  =  6. 

2.  Solve         2a?-3(2x-3)  =  l-4(x-2). 

2x  — 6x  +  9=l  — 4x  +  8. 

—  4x  +  9  =  — 4x+9. 

True  for  all  values  of  x;  the  given  equation  is  therefore  an  identical 
equation,  and  x  may  have  any  value  (§  79). 


8.   Solve 


(x  — 6)(x  +  6) 
x3  — 6x  +  6x  — 30 

4x 


x  = 


(x-l)(x-2). 
x2  — X  — 2x+2. 
32. 
8. 
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4.  Solve 


5.  SolTt 


6.  SolTt 


7.  SolTt 


8.  SolTe 


2x 


•\    *! 


(*  — 3)(x  +  6) 
3x 


.*.  x  = 


a:3  +  x(6x  +  3). 
*«+6ac3  +  3x. 

3. 

(ar+l)(2ar-3)-A 
2xS-^x*3  — x>. 
12. 
4. 


2882 


(x+4)(x-2) 
ac3  +  2x-8 
-22x  = 


/.  x  = 


(x-3)(2x  +  6) 

2xa-x-16 

—  9x 


(x  +  8)(3x  +  4)-(2x+l)(x-6). 
8xa+ 13x+ 12 -2xa +11^  +  6. 
26. 

x(x  +  4)  +  (x+l)(jf  +  8). 
x3+4x  +  Jf*  +  4x  +  3. 
18. 


x  =  -2. 


(x  +  2)a  +  3x: 

x3  +  4x  +  4  +  3x 

16x 


/.  x  = 

9.  Solre     (x  -  3)3  +  (x  -  4)« 

x3  — 6x  +  9  +  x2  — 8x+16 

-16x 

x  =  f. 

iA    c  1        3x     X     26 
10.   Scire   -^-^  =  j5- 

Multiply  by  30, 

18x  — 6x  =  62. 
13x  =  52. 
.'.  x  =  4. 


(x-2)*  +  6(16-x). 
x*  — 4X  +  4  +  80  — 6x. 
80. 
5. 

(x-2)«  +  (x  +  3)». 
x2-4x  +  4  +  Jr*  +  6x+9. 
-12. 


11.    Solve    ;^^^=^: 
3x-6 

Multiply  by  19(3  X 

19x-38 


6^ 

19* 

6). 
=  18x  — 30. 


.•.  x  =  8. 
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12.  Solve  „«^-fi=|. 
2x+10     3 

^A    c^i..  6x-6     3x     X-.9 
14.  Solve       ^          ^  =    ^^^ 

Multiply  by  3(2x+ 10). 

Multiply  by  20, 

9x-16  =  4x  +  20. 

20x-24-16x=2x-18. 

6a:  =  36. 

3x  =  6. 

.'.  X  =  7. 

.-.  x  =  2. 

18.  Solve  |if£=|i  =  |. 
2(4x  +  3)      6 

16.  8olTel2-8'_3^-n^l 
4                3 

Multiply  by  1 0  (4  x  + 3), 

Multiply  by  12, 

16(6x-3)=12(4x 

+  8). 

36*9x-12x  +  44  =  12. 

76x-.46  =  48x  +  36. 

-.21x  =  -68. 

27x=81. 

.•.«=H=3A^ 

.'.  x  =  3. 

16.  Solvei£±n  +  ?^r:10^7 

x  +  3         X  — 4 
Multiply  by  (x  +  3)  (x  -  4), 

(x-4)(4x+  17)  +  (x  +  3)(3x-10) 
4x3  +  x-68  +  3x2-x-30 

7X: 
.'.    X 


7(x  +  3)(x-4). 

7a^-7x-84. 

14. 

2. 


17.  Solve  ^  +  g^:^=l. 

2x+l      (4x-3) 

Multiply  by  (4x-3)(2x+  1), 

(4x-3)(x-3)  +  (2x-l)(2x+l)  =  (4x-8)(2x+l). 
4x2-16x  +  9  +  4x3-l  =  8xa-2x-3. 

-13x  =  -ll. 

18.  Solve  i^±^-5£zii  =  l. 

3x  +  4     4x  — 3     12 

Multiply  by  12  (3  X  +  4)  (4  X  -  3) , 

12(4x-3)(4x  +  3)-12(3x+4)(3x-4)  =  7(3x  +  4)(4x-3). 

192  xa  - 108  - 108  x2  +  192  =  84  xa  +  49  X  -  84. 

-49x  =  --168. 

.-.  X = V = ^' 
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19.  Solve  ^^i?  -     ^ 


a       x  +  2 

Multiply  by  3,        6x+7- 


Multiply  by  2  (x  +  2), 


=  2x+i 
2 

9 

x  +  2 

6X  +  I 

9 

x  +  2 

11 

2* 

9 
x  +  2 

11 

— • 

2 

18  =r 

ilx+: 

llx  = 

4. 

.*.  x  = 

-A. 

ao.  Solve  ?.^±-i  +  ?^  --  6. 
o+ 1        a 

Multiply  by  (o  +  1)  a, 

2ax  +  a  +  2ax+2x=5a3  +  6a. 

4ax  +  2x=5aS  +  4a. 

(4a  +  2)x=6a2  +  4o, 

5a«  +  4a 
4a  +  2 

21.  Solve  ^^=^*-^^i^  =  a6c. 
c  a 

Multiply  by  cu:, 

a^x  -^ah  —  hex  —  c*  =  aVn^, 

(o2  —  6c)x  =  a2/>c2  +  a6  +  c». 

a26c2  +  a6  +  c« 


.*.  x  = 


08-60 


22.  Solve  -ft4-+-f+^  =  |. 
3(x  +  6)      2(x  +  o)      6 

Multiply  by  6  (x  +  a)(x  +  6), 

2(x  +  a)2  +  3(x  +  6)2  =  6(r  +  a)(x  +  6). 

2x«  +  4ax  +  2a2  +  3x2  +  66x  +  362  =  6x2  +  60X  +  66x  +  606. 

(-o  +  6)x  =  5a5-2a2-36«. 

(a-6)x  =  2a2-6a6  +  362. 
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a  — 6 

a-b 
z  =  2a  — 36. 

28.  SolTe^^g-^^f-^f  =  3. 
x+3a        ar2  — 9aa 

Multiply  by  x^  — 9  a*, 

(x -  3a)(x -  2a)  -  13o2  +  2a:a  =  3a^» -- 27o2. 

x^  -  5ax  +  6aa -13a2  + 2x2  =  3x2-- 27  aa. 

—  6ax  =  — 20aa. 

.-.  x  =  4a. 

84.  SolTe       2  +  ?  +  ^££ll£l_Ei£dH!}  =  .^£_^_2. 
X     a      x(x  +  a)      a(x  — a)      o^  — x^ 

Bearrange,    ?  + »-l£:z^  +  f  -  2i£+^  =  -££__  2. 
X      x(x  +  a)      a      a(x  — a)      a^  — x* 

x\        x  +  a)      a\        X  — a/      a^  — x^ 
a/   2x  \      xf   2a  \  ax         « 

2  a  2x  ax         „ 

~~  iS. 


x  +  o      X  —  o      a2  —  x2 
Multiply  by  x3  -  a^, 

2ax  — 2aa  — 2x2  — 2ax=  — ox  — 2xa  +  2a2. 

ax  =  4a2. 
.*.  x=  4a. 

Exercise  9. 

1.  The  difference  of  two  numbers  is  3 ;  and  three  times  the  greater 
number  exceeds  twice  the  less  by  18.    Find  the  numbers. 

Let  X  =  the  smaller  number. 

Then  x  +  3  =  the  greater. 

3  X  +  9  =  three  times  the  greater. 
2  X  =:  twice  the  less. 
/.  3x+9-2x=:18. 

.*.  X  :sr     y, 

x  +  3=12. 
.*.  The  numbers  are  12  and  9. 
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2.  If  a  certain  number  be  increased  by  16,  the  result  is  seren  times 
the  third  part  of  the  number.    Find  the  given  number. 
Let  X  •=  the  number. 

Then  x  +  16  =  the  number  increased  by  16. 

~  =  the  third  part  of  the  number. 
3  *^ 

-^  ^  seven  times  the  third  part  of  the  number. 
3 

.-.  x+16  =  ^. 

Multiply  by  3,    3ar  +  48  =  7x. 

48  =  4x. 

.-.  X  =  12. 
.'.  The  number  is  12. 

8.  A  boy  was  asked  how  many  marbles  he  had.  He  replied,  "If 
you  take  away  8  from  twice  the  number  I  have,  and  divide  the  remain- 
der by  3,  the  result  is  just  one-half  the  number."  How  many  marbles 
had  he  ? 

Let  X  =  the  number  of  marbles  he  had. 

Then  =  one-third  of  twice  the  number  less  8. 


3 


*  =  one-half  the  number. 


2 

,   2x-8      X 

••"3— =2' 

Multiply  by  6,    4  x  —  16  =  3  x. 

.-.  X  =  16. 
.'.  He  had  16  marbles. 

4.  The  sum  of  the  denominator  and  twice  the  numerator  of  a  certain 
fraction  is  26.  If  3  be  added  to  both  numerator  and  denominator,  the 
resulting  fraction  is  f .    Find  the  given  fraction. 

Let  X  =  the  numerator. 

Then  2  x  =  twice  the  numerator. 

26  —  2  X  =  the  denominator. 

—  =  the  fraction. 

26 -2x 

^"^      =  the  fraction  after  3  is  added  to  both  num- 

""    ^         erator  and  denominator. 
x  +  3    _2 

*'29-2x     3' 
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Clear  of  fractions,       8x  +  9  =  68  —  4x. 

7a:  =  49. 
/.  x-7. 
26-2a:=12. 
.*.  The  fraction  is  ^. 


5.  A  courier  sent  away  with  a  despatch  trarels  uniformly  at  the 
rate  of  12  miles  per  hour ;  2  hours  after  his  departure  a  second  courier 
starts  to  overtake  the  first,  travelling  uniformly  at  the  rate  of  13^  miles 
per  hour.  In  how  many  hours  will  the  second  courier  overtake  the 
first? 

Let  x=  the  number  of  hours  in  which  the  second  coarier  will 

overtake  the  first. 
Then    x  +  2  =  the  number  of  hours  the  first  courier  will  have  trav- 
elled when  overtaken. 
12(x  +  2)  =  the   number   of    miles    the   first   courier  will  have 
travelled. 
13}  X  =  the  number  of  miles  the  second  courier  will  have 
travelled. 
But  these  distances  are  equal. 

.-.  12(ar  +  2)  =  13}x. 
12x  +  24=13}ar. 
24  =  fx. 
.'.  x=  16. 

.*.  The  second  courier  will  overtake  the  first  in  16  hours. 


6.  Solve  the  above  problem  when  the  respective  rates  of  the  first 
and  second  couriers  are  a  and  b  miles  per  hour,  and  the  interval 
between  their  departures  is  c  hours. 

Let  X  =  the  number  of  hours  in  which  the  second  courier  will 

overtake  the  first. 
Then    x-\-c  =  the  number  of  hours  the  first  courier  will  have  trav- 
elled. 
a(x  •{■€)  =  the  number  of  miles  the  first  courier  will  have  trav- 
elled. 
bx  =  the  number  of  miles  the  second  courier  will  have 
travelled. 
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But  these  diBtances  are  equal, 

.*.  a(x  +  c)  =  &r. 
ax-\-  ac  =  hx. 
(a  —  h)x  =  —ae. 
(b  —  a)x  =  ac. 
ac 


,\  x  = 


.*.  The  second  courier  will  orertake  the  first  in    "^    houn. 

t  —  a 

7.  A  certain  railroad  train  trarels  at  a  uniform  rate.  If  the  rate 
were  6  miles  per  hour  faster,  the  distance  travelled  in  8  hours  would 
exceed  by  60  miles  the  distance  travelled  in  11  hours  at  a  rate  7  miles 
per  hour  less  than  the  actual  rate.    Find  the  actual  rate  of  the  train. 

Let  X  =  the  rate  of  the  train  per  hour. 

Then    x  +  6  =  its  rate  if  it  went  6  miles  an  hour  faster. 

8(x  +  6)  =  the  number  of  miles  it  would  pass  over  at  the  in- 
creased rate  in  8  hours. 
X  —  7  =  the  rate  if  it  went  7  miles  an  hour  slower. 
11  (x  —  7)  =  the  number  of  miles  it  would  pass  over  at  th^  dimin- 
ished rate  in  11  hours. 

/.  8(x  +  6)  =  ll(x -  7)  +  60. 
8x  +  48=llx-77  +  60. 
—  3x  =  — 76. 
.*.  x  =  25. 
.-.  The  rate  of  the  train  is  26  miles  an  hour. 

8.  A  can  do  a  piece  of  work  in  10  days ;  A  and  B  together  can  do 
it  in  7  days.    In  how  many  days  can  B  do  it  alone  ? 

Let  X  =  the  number  of  days  in  which  B  can  do  it  alone. 

Then  -  =  the  part  B  can  do  in  one  day  alone. 

X 

But  —  =  the  part  A  can  do  in  one  day  alone. 

10 

.*. \--  =  the  part  A  and  B  can  do  in  one  day  together. 

10     X 

=  the  number  of  days  in  which  A  and  B  can  do  it  to- 


h+l    ««*«'• 
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'      =7. 


10      ar 


Reduce  the  complex  to  a  simple  fractioiii 

a: +10 
Clear  of  fractions, 

10j:  =  7a:+70. 
3ar=70. 
a:  =  Y-  =  23J.     . 
.*.  6  can  do  the  work  alone  in  2S\  days. 


9.  A  can  do  a  piece  of  work  in  a  days ;  A  and  B  together  can  do  it 
in  6  days.    In  how  many  days  can  B  do  it  alone  ? 

Let  X  =  the  number  of  days  in  which  B  can  do  it  alone. 

Then  -  -  the  part  B  can  do  in  one  day  alone. 

But  -  =  the  part  A  can  do  in  one  day  alone. 

.*.  -  +  -  =  the  part  A  and  B  can  do  in  one  day  together. 

•z r  =  the  number  of  days  in  which  A  and  B  can  do  it 

-  +  -         together. 


X     a 
1 


X     a 


=  b 


Eeduce  the  complex  to  a  simple  fractioxL 


*"    =6. 


a  +  X 

Clear  of  fractions, 

ax  =  ab-\-  bx, 

(a  —  6)ar  =  ab. 

ab 
.*.  X  = • 

a  —  b 

,'.  B  can  do  the  work  alone  in  -^ —  days. 

a  —  6 
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10.  If  A  can  do  a  piece  of  work  in  2  m  days,  B  and  A  together  in  n 
days,  and  A  and  C  in  m  +  -  days,  how  long  will  it  take  them  to  do  the 
work  together  ? 

Let  X  =  the  number  of  days  in  which  A,  B,  and  C  can  do 

it  together. 

Then  -  =  the  part  they  can  do  in  one  day  together. 

X 

But  —  =  the  part  A  can  do  alone  in  one  day. 

2iii 

=  the  part  A  and  C  can  do  in  one  day  together. 


/.  ^  _  =  the  part  C  can  do  alone  in  one  day. 

,  n     2m 

Also  -  =  the  part  A  and  B  can  do  in  one  day  together. 

n 

/. z L.  4-  _  =  the  part  A,  B,  and  C  can  do  in  one  day  together. 

.  n      2m      n 
111+  - 

2 

.1  1  1.1 

X  ,  n      2m      n 

m  +  2 

U_2 -L  +  1. 

X     2  m  +  n      2  m      n 

1      4wn  — 2mn  — n^-f  4m^-t-2iim^ 
x"  2mn(2m-fn) 

1      4m«  +  4TOn— n» 
X       2mn(2m  +  n) 

2wn(2m  +  «) 
~4m2  +  4mn  — fi^ 

,    .,  ^  ^       XL      •      2mn(2m  +  fi)    ^._ 

/.  They  can  do  the  work  together  m       22^mn-U 

11.  A  boatman  mores  6  miles  in  J  of  an  hour,  rowing  with  the  tide; 
to  return  it  takes  him  IJ  hours,  rowing  against  a  tide  one-half  aa  strong. 
What  is  the  velocity  of  the  stronger  tide  1 
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Let  X  s=  the  Telocitj  of  the  stronger  tide  in  miles  per  hour. 

Then        —  » the  number  of  miles  the  boat  is  carried  by  the  stronger 

tide  in  }  of  an  hour. 

^  —  ^  =  the  number  of  miles  the  man  himself  rows  in  f  of  an 
hour. 


l('-¥)- 


=  the  number  of  miles  he  rows  in  one  hour. 


-=  the  velocity  of  the  weaker  tide  in  miles  per  hour. 
2 

-  X  -  =  the  number  of  miles  the  boat  is  carried  backward  by 

S     2 

this  tide  in  f  hours. 

3        T 

6  +  -  X  -  =  the  number  of  miles  the  man  rows  in  1}  hours. 
-f5+-X?i  =  the  number  of  miles  he  rows  in  one  hour. 


••l{'*ix|)-l(»-T> 


10  .  ar     20      ^ 

—  +  —  =  — —  —  X* 

3      2      3 

35^10 
2        3" 
...  a:  =  -V=^2}. 
.*.  The  Telocity  of  the  stronger  tide  is  2}  miles  per  hour. 

12.  A  boatman,  rowing  with  the  tide,  mores  a  miles  in  b  hours. 
Returning,  it  takes  him  c  hours  to  accomplish  the  same  distance,  row- 
ini;  against  a  tide  m  times  as  strong  as  the  first.  What  is  the  velocity 
of  the  stronger  tide  ? 

Let  X  —  the  velocity  of  the  weaker  tide  in  miles  per  hour. 

Then  hx  =  the  number  of  miles  the  boat  is  carried  by  the  tide  in 

h  hours. 

a  —  ftf  =  the  number  of  miles  the  man  himself  rows  in  h  hours. 

a.  •—  hx 

=  the  number  of  miles  he  rows  an  hour. 

h 

mx  =  the  velocity  of  the  stronger  tide  in  miles  per  hour. 

emx  =  the  number  of  miles  the  boat  is  carried  backward  by 

this  tide  in  c  hours. 

o  +  cmx  =  the  number  of  miles  the  man  rows  in  c  hours. 
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a  +  cmx 

— - —  =  the  number  ol  miles  he  rows  in  one  hour. 

a  +  cmx  _  a-^hx 
c  6 

Clear  of  f  ractiona, 

ah  +  hcmx  =  ac^  hex. 
6c  (jii  +  1)  or  =  a  (c  —  6). 

6c(w  +  1) 

ma  (c  —  6) 
mx=: ^^ ^ 

6c  (to  +  1) 

.*.  The  velocity  of  the  stronger  tide  is  "'°^^'"  ^  miles  an  honr. 

6c(jii  +  1) 

18.  If  A,  who  is  traTelling,  makes  }  of  a  mile  more  per  hour,  lie  will 
be  on  the  road  only  |  of  the  time ;  but  if  he  makes  }  of  a  mile  less  per 
hour,  he  will  be  on  the  road  2^  hours  more.  Find  the  distance  and  the 
rate. 

Let  X  =  his  rate  in  miles  per  hour. 

Then,    x  +  j^  =  liis  rate  if  he  travelled  }  a  mile  per  hour  faster. 
But,  since  he  will  be  on  the  road  only  f  as  long  at  the  second  rato  ns 
at  the  first,  he  must  travel  J  as  fast. 
.*.  x+}  =  fx. 
l^x 
2     4* 
ar=r2. 
.*.  His  rate  is  2  miles  an  hour. 

Now  let       y  =  the  distance  in  miles. 

Then  ^  =  the  number  of  hours  it  will  take  at  2  miles  an  hour, 

y 

^  =  the  number  of  hours  it  will  take  at  f  miles  an  hour. 

i 

3       2  "^2' 

6     2* 
.".  y  =  15. 
.'.  The  distance  is  15  miles. 
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14.  The  circumference  of  a  fore  wheel  of  a  carriage  is  a  feet ;  that 
of  a  hind  wheel,  b  feet.  What  distance  will  the  carriage  have  passed 
over,  when  a  fore  wheel  has  made  n  more  revolutions  than  a  hind 
wheel  1 

Let  X  =  the  number  of  feet  in  the  required  distance. 

Then  -  =  the  number  of  revolutions  the  fore  wheel  will  have 

made. 

-  =  the  number  of  revolutions  the  hind  wheel  will  have 
made. 

a      b 

b  —  a 
X =  n. 

ab 

nab 


x  = 


b  —  a 


nnh 

,\  The  carriage  will  have  gone feet. 

6  — a 

16.  A  wine  merchant  has  two  kinds  of  wine  which  he  sells,  one  at  a 
dollars,  and  the  other  at  b  dollars  per  gallon.  He  wishes  to  make  a 
mixture  of  /  gallons,  which  shall  cost  him  on  the  average  m  dollars  a 
gallon.    How  many  gallons  must  he  take  of  each? 

Discuss  the  question  (i.)  when  a  =  6;  (ii.)  when  a  or  b=m;  (iii.) 
when  a  =  b  =  m;  (iv.)  when  a  > 6  and  <  m ;  (v.)  when  a  >  6  and 
b  >  m. 

Let  X  =  the  number  of  gallons  of  the  first  kind. 

Then      l  —  x=  the  number  of  gallons  of  the  second  kind. 
ax  =  the  price  of  the  x  gallons  of  the  first  kind. 
&(/  —  t)  =  the  price  of  the  /  —  x  gallons  of  the  second  kind. 
ax  +  b(l  —  x)  =  the  price  of  the  whole  mixture. 

ax-\-    [^  —X)  _  ^j^g  price  of  the  mixture  per  gallon 
•  / 

ax-^  bl  —  bx=  ml. 

(a  —  b)x=  l{m  —6). 

a  —  6 
,  __     _  la  —  lb  —  Im  -\-  lb  _  /(g  — m) 
a  —  6  a  —  b 
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.-.  He  must  take  K^-^)  gaUons  of  the  first  kind,  and  ?i?-^^) 

a— 6  .  a— 6 

gallons  of  the  second  kind. 

(i.)  If  a  =  5,  and  a  and  b  are  not  equal  to  m,  the  two  kinds  of  wine 
cost  the  same  price  per  gallon,  namely,  a  dollars,  and  any  mixture  of  tlie 
two  kinds  will  cost  a  dollars  a  gallon,  and  no  mixture  can  be  made  to  cost 
m  dollars  a  gallon,  since  m  is  not  equal  to  a.   The  values  of  x  and  l  —  x 

in  this  case  are  each  =  ^    °'  ^  ^^*" — ^,  which  is  simply  an  algebraic 

statement  that  the  problem  is  impossible. 

(ii )  li  a  =  m,x=l,  i.e,  all  the  wine  must  be  of  the  first  kind,  since 
any  admixture  with  the  second  kind  would  change  the  price.  Simi- 
larly, ii  b  =  m,  the  wine  must  all  be  of  the  second  kind. 

(iii.)  If  a  =  6  =  nt,  the  equation 

ax  +  b(l-x)^  ^  ^^^^^  a^x  +  l-x)  ^  ^^ 

or  a=zm,  and  x  is  not  determined.  In  this  case  he  can  evidently  take 
anif  part  from  the  one  kind,  and  the  rest  from  the  other,  since  the 
prices  of  both,  and  that  of  any  mixture,  are  the  same  per  gallon. 

(iv.)  a>b  and  <  m.  The  price  per  gallon  of  any  mixture  must 
evidently  lie  between  a  and  b.    But  in  this  case  m  is  greater  than  either 

a  or  6.    Hence  no  solution  is  possible.    Algebraically,  l  —  x  or  -i£-Zi^i 

a  —  b 

is  negative,  since  a  —  m  is  negative,     x  is  therefore  greater  than  /, 

which  cannot  be,  since  the  part  must  be  less  than  the  whole. 

(v.)  a  >  6  and  6  >  m.    Here  m  is  less  than  a  or  6,  which  cannot  be. 

Algebraically,  x  or  \"^^  )  is  negative,  since  m  —  6  is  negative,  so  that 

a  —  b 

2  —  a:  is  greater  than  I,  which  is  impossible. 


88 


COLLEGE  ALGEBRA. 


Bxercise  10. 


1.  Solve  6x  +  5y  =  46.  (1) 

10x  +  8y  =  66.  (2) 

Multiply  (1)  by  6  and  (2)  by  3, 
30jr  +  25^  =  230 
30x+    9^  =  198 

Subtract,  16^=    32 

.-.  y  =  2. 
Substitute  value  of  y  in  (1), 
6ar+ 10  =  46. 

/.  a:  =  6. 

2.  Solve  2ar+7y  =  62.  (1) 

3ar-6y  =  16.  (2) 

Multiply  (1)  by  3  and  (2)  by  2, 
6ar+21y  =  166 
6x— 10^=    32 

Subtract,  31^  =  124 

.-.  5r  =  4. 
Substitute  value  of  y  in  (1), 
2a:  +  28  =  62. 

.-.  x=12. 

8.   SolTe4ar+   9y  =  79.  (1) 

7af-17y  =  40.  (2) 

Multiply  (1)  by  7  and  (2)  by  4. 
28x+63y  =  653 
282:-68.y  =  160 


Subtract,          131  y  =  393 

.-.  y  =  3. 

Substitute  yalue  of  y  in  (1). 

4x  +  27  =  79. 

••.  a:  =13. 

4.  Solve  2x  — 7y=   8. 

(1) 

4y  — 9ar=19. 

(2) 

Multiply  (1)  by  4  and  (2)  by  7, 
8j?-28y=   32 
-63T  +  28y  =  133 

Add,    -65ar  =165 

/.  x  =  —  8. 
Substitute  value  of  x  in  (1), 
-6-7y  =  8. 

6.  Solve      ar  =  16-4y.         (1) 
y  =  34-4ar.  (2) 

Substitute  value  of  y  from  (2)  in 
(1),  a;=16-4(34-4T). 

a:  =  16 -136 +  16  jr. 
-15ar  =  -120. 
/.  a:  =  8. 
Substitute  value  of  x  in  (2), 
y  =  34-32. 
.'.  y  =  2. 


6.                5a:  =  2y+    78. 

(1) 

3y=    »+104. 

(2) 

Transpose  104  in  (2), 

• 

3y-104  =  ar. 

Substitute  value  of  or  in  (1), 

6(3y-104)  =  2y  +  78. 

15y-620  =  2//  +  78. 

13y  =  698. 

.-.  y  =  46. 

Substitute  value  of  y  in  (1), 

6a:  =  92  +  78. 

.-.  x  =  34. 

7.  Solve 

T+i=^»- 

(1) 

4         10 

(2) 
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Multiply  (2)  by  2. 

.y_10jf^l4 
2  10 

Substittkte  yalue  of  1^  in  (1), 

2 

2£      10^-U^^Q 

3  19 

Simplify, 

38  a: +  30  a:  — 42=670. 

,«.  x=9. 

Substitute  yalue  of  x  in  (2), 

^  =  46-7. 
4         19 
/.  y  =  8. 


8.  Solye    4  +  y  =  ?£. 

4 

*      «  — i^ 
5 

Transpose  8  in  (2), 

6 
Substitute  value  of  x  in  (1), 

0 

Simplify, 

20+5y  =  80  +  3y. 
.-.  y  =  5. 
Substitute  yalue  of  y  in  (2), 

x=12. 


9.  Solye 


+  y 


8 

g— y 


(1) 
(2) 


Simplify  (1)  and  (2), 

a? +  y  +  3x 

4x  +  y 
af  — y  +  6y 


16.     (1) 
6.    (2) 

45. 

45.     (8) 
80. 


ar  +  4y=   30    (4) 
4x(3)is        16x  +  4y  =  180 

Subtract,    — 15  x  =  - 150 

.-.  x=10. 
SubsUtute  yalae  of  c  in  (3), 

y  =  6. 


10.  SolTe 


^  +  2j^^S.      (2) 

Simplify  (1)  and  (2), 

5x  — 6  +  8y  — 16  =  80. 

6x  + 8^^  =  101.  (3) 
6x  +  2y-6  =  63.' 
6x+ 2^  =  68.    (4) 

(3)  is  6x  +  8y  =  101 

4X(4)  is       24x+8y  =  272 

Subtract,    —  19x  =  —  171 

Substitute  yalue  of  x  in  (4) , 


11.  SoWe 


X     y 
16     4 


2X(2)is 
(1)U 

Add, 


X 

80 

X 


y 

8 


X     y 


8. 
4. 

8 
3 


(1) 
(2) 


33 

X 


Substitute  yalue  of  x  in 


=  11 
=  3. 

(1). 
=  4. 
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12.  Solve  JL  +  ^  =  ^.  (1) 

(2) 


Multiply  (1)  by  J  and  (2)  by  |, 


Subtract, 


Substitute  value  of  y  in  (2), 


13.  Solve  £:^_10-£^i^:10. 

6  3  4 


4 
62 

6y 

86 
16 

6 

4a: 

4 

6y 

11 
20 

1   26 

x'^24y" 

86 
12 

1^ 

X 

16 
26  i^ 

11 
26 

1009 

2018 

600y 

300 

.-.  y-- 

=  i 

X: 

=  i. 

(1) 

(2) 


2.y  4-4^43: 4- .V  +  13 
3  8 

Simplify  (1),  32x-16y  =  74.  (3) 

Simplify  (2),  12ar  -  I3y  =  -  7.  (4) 

3x(3)  is  96x-  46y=   222 

8x(4)i8  96ar-104y  =  -66 

Subtract,  69  y=   278 

.-.  y  =  4|}. 
Siil.stitute  value  of  y  in  (4), 

,2^^13X278^^7 

69 

12  ar  =  m^. 

14.  Solve  ar-2j^J=£  =  20  +  ?£^:i^.  m 

23 -j:  2  ^  ^ 

(1)  may  be  written,  x - ^^""^  =  20  +  x -  — . 

Transpose  and  combine.  —  2.y  — J?  =  _  15. 

23-x  2 

Simplify,  4  y  —  2  ar  =  437  —  19  x. 

17x  +  4y  =  437.  (3) 
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(2)  may  be  written,  y  - 1^  =  80  -  ^  +  y. 

Transpose  and" combine,  —  y*"     =  — • 

X—"  18      3 

Simplify,  -3y  +  9  =  17x-306. 

17x  +  3y  =  315.  (4) 

Subtract  (4)  from  (3),  '  y  =  122. 

Substitute  yalue  of  y  in  (4),    17  x  +  866  =  31 5. 

.-.  x=-3. 

16.  Solve  2x  — 3y  =  6a-6.  (1) 

3x  — 2y=5a  +  &.  (2) 

3x(l)  is  6x  — 9y=16o-36 

2x(2)  is  6x-4y  =  10a  +  26 

Subtract,  — 6y=    6a*56 

/.  y  =  ^a-\-b. 
Substitute  value  of  y  in  (2), 

3ar  — 2a  — 26  =  5a  +  6. 
3x=3a  +  36. 
•••  X  =  o  +  6. 


16.  Solve 


ah            c 

(1) 

ha             c 

(2) 

hex  +  acy  =  ahc  —  ahx. 

(he  +  a6)x  +  acy  =  ahc. 

(3) 

acx  +  hey  =  ale  +  ahy. 

aex  +  (ftc  —  ah')y  =  ahc. 

(4) 

ac(he  +  ah)x  +  a^c^y  =  a%e^ 

Simplify  (1), 
Transpose  and  combine. 
Simplify  (2), 
Transpose  and  combine, 

ac  X  (3)  is 

(be  +  aft)  X(4)  is  ae(be  +  a6)x  +  (fe^ca  ~  a^b^)y  =  aly^c^  +  fl^^gc 

Subtract,  (^a^e^  -  W*  +  a262)y  _  a^bc^  -  a62c2  -  aSftSc 

_  a%c^  —  a62c3  --  a^JA:  __  o6c(5c -j- ofe  — ac)^ 
"  "^  ~     a2c2  -  63c2  +  a262    ~  62c2  _  a262  _  a2c2  ' 

Substitute  value  of  y  in  (3), 

(be-^ab)x4.^^^^^-^^^^^^^^-abe 
(6c  +  a6)x+      ^2e2.62e3+a262      ^  "^• 

(be  +  a6)x  = ■ • 

^  ^  a2c2  -  62c2  +  a26a 
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(2) 


,^     .     IN        a262c8  +  a862c2  —  afc8c8  4- a868c 
(^  +  ^^^  = a2c2^6M  +  a^6^ 

_a2fec2  — fl6c(6c  — a6) 
*  *  ^  ~    aV  -  62ca  4.  a262 

__  a^bc^  —  gft^cg  +  a^62c  __  dbcjhc  —  ah'- ac)^ 

^  ^      OV  _  52c2  +  a262     ~  62cfl  _  flj22>2  _  ^2^2 


17.  Solve  £±if  =  _«_.  (1) 

a:  — y      5  — c 

x+  c     a+  6 

y  +  6     a  +  c 

SimpUfy  (1), 

(6  —  c)  «  +  (6  —  c)  y  =  ar  —  ay. 
(h^C'-a)X'\-  (6  — c  +  a)y  =  0.  (3) 

Simplify  (2),     (a  +  c)ar  + ac4- c2=  (a  + 6)y  +  68  +  <l5. 

(o  +  c)  a:  —  (a  +  6)  y  =  62  +  aft  _  ac  —  A  (4) 

Add  (3)  and  (4),  6a:  -  cy  =  6^  +  aft  -  ac  -  c^.  (5) 

From  (3),  (6  —  c  —  a)  a:  =  (c  —  6  —  a)  y. 

c—h—a . 
.'.  a:= y. 

6  —  c  — a 
Substitute  value  of  x  in  (5), 

K^-ft-«)y-cy  =  62  +  fl6-ac-c2, 
6  — c  — a 

6(c  —  6  —  a)y  —  c(6  —  c  —  a)y  =  (6  —  c — a)  (fc^  +  aft  —  ac  —  c^. 
(6c  —  62  _  aft  —  6c  +  c^  +  ac)y  =  (6  — c  — a)(62  +  a6  — ac  — c^). 
(—  ft2  —  a6  +  ac  +  c2)y  =  (ft  —  c  —  a)(ft2  +  aft  —  ac  —  c2). 

/.  y  =  —  (ft  —  c  —  o)  =  o  •—  ft  +  c. 
Substitute  value  of  y  in  (3), 
(ft  — c  — a)x+  (ft— c— a)(a  +  c— ft)  =  0. 

/,  x  =  ft  —  c  +  a  =  a  +  ft-"C. 

18.   Solve  x-a^a^  ^Ij 

y  —  a      a  +  6 

y      a8  +  68 
Simplify  (1),        (a  +  ft)x-a9-aft    =  («-ft)y-aa  +  aft. 

(a  +  ft)  X-  (a  -  ft)  y  =  2aft.  (3) 
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Simplify  (2), 

(aH6»)jc-(a»-6»)y  =  0  (4) 

(a2-a6  +  62)x(3)i8 

(a»+6«)a:-(a»-2a26  +  2aA2-6»)y=:2a6(a«-a6  +  6*'') 

Subtract,  (2  a?6  —  2  ai^)  ^  _.  2  ab{a^  -^ab-k-  6^ 

2a6  (a  —  6)  y  =  2ah(a^  —  a6  +  ft^V 

.  jr 

a  — o 
Subfititnte  value  of  y  in  (8), 

(a  +  6)  IT  —  a=2  +  a*  —  6»  =  2a6. 

{a  +  6)x=:a*  +  a6  +  6». 

. a»  +  aft  +  6* 

a  +  6 

10.  Solve  8x  +  4y  — 32=r6.  (1) 

x  +  3y-    z=7.  (2) 

4x— 6y  +  4z=a  (3) 

(l)i8  8x  +  4y  — 3«=       6 

3x(2)i8  3x  +  9y-3z=     21 

Subtract, 

Divide  by  6,  x  —  y  =  —  8.  (4) 

(3)  is 
4  X  (2)  ia 

Add,  8x+    7y  =36  (6) 

7  X  (4)  i« 

Add,  15  X  =15 

.•.  X  =  1. 
Substitute  value  of  x  in  (4) ,        1  —  y  =  —  3. 

.'.  y  =  4. 
Subatitute  values  of  x  and  y  in  (2), 

l  +  12-x=7. 

/.  «  =  6. 

20.  Solve  8x-|  +  «    =7J.  (1) 

2*-3^=5J.  (2) 

2x-|  +  4«=ll.  (3) 


6x  — 6y           =• 
x-y  =  . 

4x—   5y  +  4«  = 
4x+  12y  — 4z  = 

-16 
-  8. 

8 
28 

8x+    7y          = 
7x—   7y          =• 

36 
-21 
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(2)i« 

(l)is 


Subtract^ 

x+^      =2i 
12            ^ 

(3)1. 

2ar-|  +  4z=ll 

4  X  (1)  is 

12ar  — y  +  4z=30 

Subtract, 

10a: -|          =19 

6x(4)i8 

6x  +  |          =13 

Add, 

16x                 =32 

.'.  x  =  2. 

Substitnte  Talne  of  x  in  (5),         20  - 1  =  10. 

.%  y  =  2. 

SubBtitnte  yalues  of 

xandy  in  (1), 

6-}  +  «=7}. 

. 

/.  «  =  2. 

(♦) 


(6) 


21.  Solve        :ii_^  =  ±. 

3Z-T-7       2 

(1) 

6«  —  X  _- 
2y-3«~ 

(2) 

3y-2x 

(3) 

Simplify  (1), 

4x  — 6y  +  3«=7. 
SimpUfy  (2), 

(4) 

j:4-2y--8«  =  0 

(6) 

Simplify  (3), 

a:  —  y  —  «  =  0. 

(8) 

(4)ig       4x-6y  +  3«  =  7 
4 X (6)  is  4x--4y-4z  =  0 

Subtract,      — 2y  +  7«=7        (7) 

(5)  is 

(a)  is         

Subtract,          3  y  —  7  «  =  0       (8) 
(7)  is  

Add,  y  =7 

Substitute  value  of  y  in  (8), 

2  =  3. 

Substitute  value  of  y  and  z  in  (6), 
a:-3-7  =  0. 
.*.  X  =  10. 


-2y  +  7«  = 
x  +  2y^Sz  = 

=  7 

=  0 
=  0 

3y-72  = 

-2y-\-7z  = 

=  0 

=  7 
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aa.             ^+^  +  ^=3. 

X     y     z 

(1) 

x-^z     1 
xz    "-ft* 

a     b      c 

-  +  ---=1. 
X     y      z 

(2) 

yz        c 

2«  =  ^  +  l(3) 
X       y     z 

Substitute  yalue  of  -  +  £  from  (3) 

or                 -  +  -=^            (4) 
X     y     a 

in(l),              y     ' 
a     2a 

!.!4        (.> 

X         X 

n 

Add  (4),  (6),  and  (6)  together. 

'"  =  3. 

X 

X     y      «     a     6     c 

/.  x=a. 
Subtract  (2)  from  (1), 

2x(4)is?  +  ?        =? 

z 

Q         l          1          1 

Subtract,             f  =  :i  +  i:-.i 

2      6      c     a 

/.  z  =  c. 

2  _  ac  +  a6  —  6c^ 

Substitute  values  of  x  and  z  in 

(1). 

^             a6c 

.      6     ,      ^ 

.   ^_        2a6c 

1  +  -  +  1  =  3. 

ac  +  oo  —  6c 

^-1 

Subtract  2  x  (5)  from  (7), 

y 

y     a      c      b 
2  _bc-\-  ab  —  ac^ 

28.                      ^y    =a. 

ar  +  y 

(1) 
(2) 

y             abc 
2ubc 

a6  +  6c  —  ac 
Subtract  2  x  (6)  from  (7), 

(3) 

X     a      6      c 

The  reciprocals  of  these  equat 

are: 

x  +  s     1 

dons 

2  _  6c4-  ac  —  nh 
X             abc 
.    -_         2a6c 

xy       a 

ac  +  6c  —  ab 
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Bxercise  11. 

1.  Three  times  the  greater  of  two  numbers  exceeds  twice  the  less  by 
,27 ;  and  the  sum  of  twice  the  greater  and  five  times  the  less  is  94.  ITind 
the  numbers. 

Let  X  =  the  greater  number, 

and  y  =  the  less. 

Then  3jr-2y  =  27.  (1) 

2x+5y  =  94.  (2) 

Multiply  (1)  by  2,  and  (2)  by  3, 

6ar—   4y=    64 

63:  +  15.y  =  282 

Subtract,  19y  =  228 

/.  y  =  12. 
Substitute  yalue  of  y  in  (1) ,       3  x  —  24  =  27. 

.*.  X  =  17. 
.*.  The  numbers  are  17  and  12. 

2.  A  fraction  is  such  that  if  3  be  added  to  eftch  of  its  terms,  the  re- 
sulting fraction  is  equal  to  | ;  and  if  3  be  subtracted  from  each  of  its 
terms,  the  result  is  equal  to  }.    Find  the  fraction. 


Let 
and 

Then 


Simplify  (1), 

Simplify  (2), 

(3)  is 
4  X  (4)  is 
Subtract, 

Substitute  value  of  a:  in  (4), 

.'.  The  fraction  is  f . 


X  =  the  numerator, 
y  =  the  denominator. 

-  =  the  fraction. 

y 

.   ar4-3_4 
••y  +  3     6' 

£-3^1 
y-S      2 
6a: +16  =4y  +  12. 
6x-4y  =  -3. 
2a:-6  =  y-3. 
2x  — y  =  3. 
6x  — 4y  =  — 3 
8ar  — 4.y=    12 
Sx  =16 

.•.  x  =  6. 
10-y  =  3. 
.'.  y  =  7. 


(1) 
'2) 

(3) 
(4) 
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3.  Two  women  buy  yelvet  and  silk.  One  buys  3}  yards  of  relret 
and  12 1  yards  of  silk;  the  other  buys  4}  yards  of  yelret  and  5  yards 
of  silk.  Each  woman  paid  f  63.80.  Find  the  price  per  yard  of  the 
yelvet  and  of  the  silk. 

liet  X  =  number  of  dollars  which  one  yard  of  yelret  costs, 

and  y  =  number  of  dollars  which  one  yard  of  silk  costs. 

f63.80  =  63i  dollars. 
Then,  3}ar+12fy=63t  (1) 

4ix+     6y  =  63t  (2) 

Subtract,  *—  7|y=   0 

.'.  Jc=7fy. 
Substitute  yalue  of  x  in  (1), 

3Jx7Jy  +  12}y  =  63f 

•••  y  =  *• 

Substitute  yalue  of  y  in  (2),       4}  t  +  8  =  OSf. 

.-.  x=V. 
.*.  The  yelyet  costs  f  12.40  per  yard,  and  the  silk  costs  f  1.60  per  yard. 

4.  Each  of  two  persons  owes  f  1200.  The  first  said  to  the  second, 
**  If  you  give  me  }  of  what  you  haye,  I  shall  haye  enough  to  pay  my 
debt."  The  second  replied,  •*  If  you  giye  me  |  of  what  your  purse  con- 
tains, I  can  pay  my  debt.''    How  much  does  each  haye  1 

Let  x=:  number  of  dollars  the  first  has, 

and  y  =  number  of  dollars  the  second  has. 

Then  x  +  iy=  1200.  (1) 

4ar  +  y  =  1200.  (2) 

Multiply  (1)  by  4,  and  (2)  by  3, 

4ar+3y  =  4800 
fx  +  3y  =  3000 

Subtract,  far  =  1200 

.-.  x=  900. 
Substitute  yalue  of  x  in  (2),       800  +  y  =  1200. 

.-.  y=  400. 
.-.  The  first  has  |900,  the  second  9400. 

5.  Two  passengers  haye  together  400  pounds  of  baggage.  One  pays 
91*20,  the  other  f  1.80,  for  excess  aboye  the  weight  allowed.    If  all 
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the  baggage  had  belonged  to  one  person  he  would  have  had  to  paj 
^  4.50.    How  much  baggage  is  allowed  free  ? 

Let  X  =  number  of  pounds  of  baggage  allowed 

free, 
and  y  =  number  of  pounds  the  one  has. 

Then  400  ^y  —  number  of  pounds  the  other  has. 

y  —  x  =  number  of  pounds  excess  the  first  has. 
400 ^y  —  x  =  number  of  pounds  excess  the  other  has. 
400  —  x  =  number  of  pounds  excess  if  the  bag- 
gage all  belonged  to  one. 
The  amounts  paid  are  proportional  to  the  number  of  pounds  excess. 

9-'      =120.  (1) 

(2) 


• 

400  — y-x 

y-^  - 

400-a: 

180 
120 
450 

Simplify  (1), 

18y-18x  = 

—  6ar-|-30y  = 

—  a:  +  5y  = 

=  4800- 
=  4800. 
:    800. 

-12y- 

-12x. 

SimpUfy  (2), 

45y  —  45x  = 
-33x-l-45y  = 
-lla:+15y  = 

:4800- 

:4800. 

:1600 

-12x. 

3  X  (3)  is 

—   Sx+16.y  = 

:2400 

Subtract, 

8a: 

:     800 

.*.  x  = 

:     100. 

.*.  100  pounds 

to  each  passenger  is 

allowed  free. 

(8) 


(4) 


6.  A  number  is  formed  by  two  digits.  The  sum  of  the  digits  is  6 
times  their  difference.  The  number  itself  exceeds  6  times  the  sum  of 
its  digits  by  3.    Find  the  number. 

Let  X  =  the  first  digit, 

and  y  =  the  second. 

Then  lOa*  +  y  =  the  number. 

.-.  ar  +  y  =  6(a:  — y).  (1) 

10a:  +  y-6(x  +  y)  =  3.  (2) 

From  (1),  —  5  a:  +  7  y  =  0.  (3) 

From  (2),  4a:  —  5y  =  3.  (4) 

4x(3)is        -20x  +  28y=   0 
5  X  (4)  is  20a:-25.y  =  15 

Add,  3y=15 

.'.  y  =  5. 
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Substitute  ralue  of  y  in  (3), 

—  6x  +  36  =  0. 
6x  =  35. 

•*.  The  number  is  76. 


7-  A  number  is  formed  by  two  digits  of  which  the  sum  is  8.  If  the 
digits  be  intercliangedy  4  times  the  new  number  exceeds  the  original 
number  by  2  more  than  6  times  the  sum  of  the  digits.  Find  the 
original  number. 

Let  X  =  the  first  digit, 

and  y  =  the  second. 

Then  lOx  +  y  =  the  number, 

and  lOy  +  '  =  the  number  after  the  digits  are  interchanged. 

.-.  x+y  =  8.  (1) 

4(10y  +  x)  =  10x  +  y  +  6(x  +  y)  +  2.  (2) 

Substitute  value  of  x  +  y  from  (I)  in  (2), 

4(10y  +  x)=10x  +  y  +  40  +  2. 
Transpose  and  combine, 
—  6x  +  39y  =  42 

-2x  +  13y  =  14  (3) 

2x(l)i8  2x+    2y  =  16 

Add,  15y  =  30 

/.  y  =  2. 
Substitute  value  of  y  in  (1), 
x+2  =  8. 

.'.  x=6. 
/.  The  original  number  is  02. 


8.  Three  brothers.  A,  B,  C,  have  together  bought  a  house  for 
f  32,000.  A  could  pay  the  whole  sum  if  B  would  give  him  f  of  what 
he  has ;  B  could  pay  it  if  C  would  give  him  {  of  what  he  has ;  and  C 
could  pay  the  whole  sum  if  he  had  \  of  what  A  has  together  with 
^^  of  what  B  has.    How  much  does  each  have  ! 

Let  X  =  number  of  dollars  A  has, 

y  =  number  of  dollars  B  has, 
and  m  =  number  of  dollars  C  has. 
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Then  x+fy  =  32000.  (1) 

y+f«  =  32000.  (2) 

«+i*+ Ay  =  32000.  (3) 

Simplify,  8  a:  +  6  y  =  25(5000.  (4) 

9y  +  8«  =  288000.  (6) 

8ar  +  3y+16«=:  512000.  (6) 
Subtract  (4)  from  (6), 

-2y  +  16z=  250000. 

-    y+    8«=  128000  (7) 
(5)  IS                                    9//+    82  =  288000 

Subtract,  10  y  =  160000 

.-.  y  =  16000. 
Substitute  value  of  y  in  (7), 

-16000+8*  =128000. 
82=144000. 
/.  z  =  18000. 
Substitute  ralue  of  jf  in  (4), 

8x  + 80000  =  256000. 
8  a:  =176000. 
.'.  X  =  22000. 
.*.  A  has  $22,000,  B  has  $16,000,  and  C  has  $18,000. 


9.  A  and  B  entered  into  partnership  with  a  joint  capital  of  $3400 
A  put  in  his  money  for  12  months;  B  put  in  his  money  for  16  months. 
In  cloning  the  business,  B's  share  of  the  profits  was  greater  than  A 's  by 
'g  of  the  total  profit.    Find  the  sum  put  in  by  each. 


5" 


Let  X  =  number  of  dollars  A  put  in, 

y  =  number  of  dollars  B  put  in, 
and  z  =  number  of  dollars  profit  on  one  dollar  in 

one  month. 
Then  12  xz  =  number  of  dollars  in  A's  share  of  profit. 

16y«=  number  of  dollars  in  B's  share  of  profit. 
x  +  y=3400.  (1) 

ley*  —  12r2  =  /p(12  jr«  +  16  y«).  (2) 

Simplify  (2),   54  X  16y*  =  64  X  12 aa. 
Divide  by  16*,  9y  =  8x. 

y=^.  (3) 
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Substitute  Talue  of  y  in  (1), 

x  +  ^  =  3400. 

^  =  3400. 
9 

/.  ar=1800. 

Substitute  yalue  of  x  in  (3), 

y  =  160D. 

.'.  A  put  in  $  1800,  B  put  in  $  1600. 

10.  A  capitalist  makes  two  inyestraents ;  the  first  at  3  per  cent,  the 
second  at  3J  per  cent.  His  total  income  from  the  two  inyestments  is 
$427.  If  $1400  were  taken  from  the  second  investment  and  added  to 
tlie  first,  the  incomes  from  the  two  inyestments  would  be  equal.  Find 
the  amount  of  each  inyestment. 

Let  X  =  number  of  dollars  in  first  inyestment, 

and  y  =  number  of  dollars  in  second  inyestment. 

Then  T*iF^+irJ7ry  =  427.  (1) 

T*^  (a:  +  1400)  =  ^i^  {y  -  1400).  (2) 

Simplify  (1),     6  a:  +  7  y  =  85400.  (3) 

Simplify  (2),  6x  +  8400  =  7  y  -  9800. 

Oar -7y  =  - 18200.  (4) 

Add  (3)  and  (4),       \2x-  67200. 

.-.  X  =  5600. 
Substitute  yalue  of  x  in  (3), 

33600  +  7  y  =  85400. 
7jr=  51800. 
.-.  y  =  7400. 
.'.  The  investments  were  $5600  and  $7400. 

11.  A  cask  contains  12  gallons  of  wine  and  18  gallons  of  water;  a 
second  cask  contains  9  gallons  of  wine  and  3  gallons  of  water.  How 
many  gallons  must  be  taken  from  each  cask,  so  that,  when  mixed,  there 
may  be  14  gallons  consisting  half  of  water  and  half  of  wine  ? 

Let  X  =  number  of  gallons  to  be  taken  from  first  cask, 

and  y  =  number  of  gallons  to  be  taken  from  second  cask. 

12  J" 
Then,       =  number  of  gallons  of  wine  taken  from  first  cask. 

30  * 

— -  =  number  of  gallons  of  water  taken  from  first  cask. 
30 
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9  V 

-^  =  number  of  K&Uons  of  wine  taken  from  second  cask. 

12  * 

-^  =  number  of  gallons  of  water  taken  from  second  cask. 
12  ^ 

Now  a:  +  y  =  14.  (1) 

12t     9^^18£     3^.  (2) 

30       12        30       12  ^  ^ 

Simplify  (2),      24jr  +  46y  =  36x  +  16y. 
—  12ar  +  30y  =  0. 

—  2x  +  6y  =  0  (4) 

2  X  (1)  18  2j:  +  2y  =  28  (6) 

Add,  7y  =  28 

.-.  y  =  4. 
Substitute  Talue  of  y  in  (I), 

ar=  10. 
.*.  10  gallons  must  be  taken  from  the  first  cask,  and  4  gallons  from 
the  second. 


12.  A  and  B  Tan  a  race  to  a  post  and  back.  A  returning  meets  B 
30  yards  from  the  post  and  beats  him  by  1  minute.  If  on  arriving  at 
the  starting-place  A  had  immediately  returned  to  meet  B,  he  would 
haye  run  ^  the  distance  to  the  post  before  meeting  him.  Find  the 
distance  run,  and  the  time  A  and  B  each  makes. 

Let  X  =  member  of  yards  A  runs  in  one  minute, 

y  =  number  of  yards  B  runs  in  one  minute, 
and  z  =  number  of  yards  to  the  post. 

Then     2  +  30  =  number  of  yards  A  runs  before  he  meets  B. 
2  —  30  =  number  of  yards  B  runs  before  he  meets  A. 

•^ —  =  number  of  minutes  before  A  meets  B. 

X 

z-30 


=  number  of  minutes  before  B  meets  A. 


y 

2  +  30     2  —  30 
X  3 


(1) 


2z 

—  =  number  of  minutes  it  takes  A  to  run  to  the  post 

and  back. 

—  =  number  of  minutes  it  takes  B  to  mn  to  the  post 
^  and  back. 
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^-^  =  1.  (2) 

y        X 

=  number  of  nynutes  it  would  take  A  to  nm  to  the 

post  and  back  and  return  }  of  the  distance. 

6 


2z-% 


=  number  of  minutes  it  would  take  B  to  reach  the 
same  point  on  his  return. 


2«+£     2«-- 


6 6  (3) 


X  y 

Simplify  (1),  yar  +  30y  =  xa:  —  30x. 

(y-^>  +  30y  +  30x  =  0.  (4) 

Simplify  (2),  2(x  —  y)2  =  xy,  (6) 

Simplify  (3),  13  zy  =  11  zx,  (0) 

Divide  (6)  by  ar,  13  y  =  11  x, 

/.  y  =  H'.  (7) 

Substitute  yalue  of  y  in  (4), 

-A*«  +  V^^  +  30x  =  0. 

—  2xe  +  330x  +  300x  =  0. 

—  2x«+720x=0. 

Divide  by  X,  -2«+ 720  =  0. 

.-.  z  =  360, 

Substitute  values  of  y  and  z  in  (6), 

Ax360x  =  xy. 

Divide  by  x,  ^^  =  y. 

Substitute  value  of  y  in  (7),  x  =  ^f^. 

2«=720. 

2g^720xll^ll_gt 
X  1440  2        ** 

2z^720xl8^13^g, 
y  1440         2        *' 

/.  The  distance  run  is  720  yards.  A  runs  it  in  6^  minutes,  B  in  6| 
minutes. 

13.  A  and*B  together  can  do  a  piece  of  work  in  16  days.  After 
working  together  for  6  days,  A  leaves  off,  and  B  finishes  the  work  in 
80  days  more.    In  how  many  days  can  each  do  the  work  ? 
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Let  X  =  number  of  days  in  which  A  can  do  the  work, 

and  y  =  number  of  days  in  which  B  can  do  it. 

Then,  -  =  part  A  can  do  in  one  day. 

1 

-  :=  part  B  can  do  in  one  day. 

y 

-  +  -  =  part  both  can  do  together  in  one  day. 
X     y 

=  number  of  days  in  which  both  together  can 


-  +  -        do  it. 

X     y 


X     y 

a 

X    y     y 

^                 ^                    ^ 

From  (1), 

1+UJL 

*     9     16 

From  (2), 

X      y 

6x(3)is 

6     6_2 
X     y     B 

Subtract, 

30     3 

y     6 

.-.  y  =  60. 

Substitute  yalue  of  y  in  (3), 

► 

X     60     15 

1       7 
X     160 

•  a 

x=lffi=21f 

.'.  A  can  do  the  work  in  21f  days;  B  can  do  it  in  50  days. 

(1) 

(2) 
(8) 


(6) 


14.  A  and  B  together  can  do  a  piece  of  work  in  12  days.  After 
working  together  9  days,  however,  they  call  in  C  to  aid  them,  and  the 
three  finish  the  work  in  2  days.  C  finds  that  he  can  do  as  much  work 
in  6  days  as  A  does  m  6  days.    In  how  many  days  can  each  do  the 

work? 
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I^t  X  =  number  of  days  in  which  A  can  do  the  work, 

y  =r  number  of  days  in  which  B  can  do  the  work, 
and  z  =  number  of  days  in  which  C  can  do  the  work. 

^^®°»  -  =  part  A  can  do  in  one  day. 

X 

-  =  part  B  can  do  in  one  day. 

if 

-  =  part  C  can  do  in  one  day. 

'.•.i  +  i  =  i.  (1) 

ar     y     12  ^^ 

0     0     8     2     2     1 

-  +  -  +  -  +  -  +  -=!•  (2) 

X     y     X     y      z  ^  ' 

5.1  <3, 

From  (2),  1}:  +  }1^^=  1 


llX(l)i8  11  +  11        =^1 


X       y       z 

11    n 

XV  12 


Subtract, 


"z     12 
.-.  «  =  24. 

Substitute  value  of  z  in  (3), 

A  =  ?. 
24     X 

...»=  41  =  281. 

Substitute  yalue  of  x  in  (1), 

— +  ^  =  — 
144     y     12* 

y     144' 
y  =  lf4  =  20f. 
.*.  A  can  do  the  work  in  28}  days,  B  in  20f  days,  and  C  in  24  days. 

15.  A  pedestrian  has  a  certain  distance  to  walk.  After  having 
pnssed  over  20  miles,  he  increases  his  speed  by  1  mile  per  hour.  If  he 
had  walked  the  entire  journey  with  this  speed,  he  would  have  atcom- 
plished  his  walk  in  40  minutes  less  time;  but,  by  keeping  his  first  p:K'i>, 
lie  would  have  arrived  20  minutes  later  than  he  did.  What  distance 
had  he  to  walk  ? 
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Let  X  =  number  of  miles  he  has  to  walk, 

and  y  =  number  of  miles  he  walks  an  hour. 

20 
Then       —  =  number  of  hours  it  takes  him  to  walk  the  first  20  miles. 

y 

=  number  of  hours  it  takes  him  to  walk  the  remaining 

^  distance. 

=  number  of  hours  it  would  take  him  to  make  the  whole 


V  +  1  -w  «. 

*  ^  distance  at  the  increased  rate  of  speed. 

40  minutes  =  |  hour,  20  minutes  =  |  hour. 

V      y  +  1     y    3  ^^-^ 

Subtract,  0  =    ^     ^  £  -|- 1 

y  +  1    y 

In  (1)  transpose  — —, 

y  +  1 

20      3:-20-ar_^2 
y  y+1       "3* 

20        20    _  2 
y      y  +  1  ~  3* 

fl— L.UJL. 

V5^    y  +  iy    30 

Substitute  value  of  f  i ?— ^  in  fS), 

-;^+l  =  0. 

30 
.*.  x  =  30. 
•*.  He  had  30  miles  to  walk. 

Exercise  12. 

Perform  the  indicated  operation  in : 

1.   (2a8)*  =  2*a8x4  2.    (3a2a«)8  =  38a2x8a^x» 

=  16ai2.  =27a«aJ>. 
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8. 


243ci*«» 


4.    (-462c)«  =  -4«62x8c« 


6. 


(3a*6g)V 


34a4x4fc2x4 
98a6x8^XS 

81  o^y 
729ai6fc» 


96 


7.    (-6a862a:*)» 

=  -.58a8x852x8;j4X» 

=  -126a»6»:rW. 


8.    (6oa68c*)^ 


_.64a2x4^x4c4x4 

=  1296a86i«cW. 


^     C-3a«j:2) 
'     (6a*6x2)8 


6        _  3608X63^X6 

*  6«a*><«t8x2x« 
_~243a»gM 
216ai*6»x« 

86»' 
.J.     (8aM)«C4yx)* 

_8gQaxaj8xax4<ftgx<jr* 
""    62fe8xajc5xaxa2xa6a 
^9a*x«x2666M 
36er6a:Wxa*6« 
=  64. 

U.    (4a^,y)«^(gM? 
(9xa/)4       (3y)* 
__   48^x8y8       jaxa^6xa 
~  9ia4ix4y8x4  "^     36^6 

^   64jr%»     .    r*.v^Q 
6561a^yia  "  243/ 

^    64r*     .  ar4v» 
6661/  ■  243 
^643:^X243 
6661  ar*yi* 
64 


27  yi* 


12.  {X  +  3)«  =  (a:)«  +  3  (x)3(3)  +  3  (x)  (3)3  +  (3)» 

=  a:8+9a:«  + 27  ar  + 27. 

13.  (l-2x)*=l  +  4(-2x)  +  6(-2a:)2  +  4(-2ar)»+(-2x)* 

=  l_8x  +  24x2-32x8+16x*. 

14.  (3  -  x^y  =  (3)6  +  5  (3)*(-  x^)  +  10  (3)8(-  a^)^  +  10  (3)2(-  a^)* 

4-6(3)(-x2)4+(-a:2)6 

=  243  -  406 a:2  +  270r*  -  90a*  +  16^8  -  x^^ 

16.    (l-4ar)e=l  +  6(-4x)  +  16(-4x)2+20(-4T)8+15(-4ar)* 

4-6(-4a:)-+  (-4x)8 

=  1  -  24  a:  +  240x2  _  1280  a*  +  3840  a:*  -  6144  x^  +  4096  a;*. 
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3         9         27         81         243 

=  1  +  3a^  +  ?^2r4  +  ?Ia^  +  it  a^. 
8  16  256 

'••(A-¥T-(£)'"(.^)*(-V>'»(&)'(-¥)' 

^  243      135      16     20^     40^      32  ^ 
32x6     8a^      ar       3         27  243 

19.  (1  +  3x)7  =  1  +  7(3x)  4-  21  (3 jr)2  +  36(3ar)8  +  36(3ar)*  +  21(3a:)6 

+  7(3a:)«+(Sa:y 
=  1 +  21  ar+ 189x2  + 945  x«  +  2835x*  + 5103  2«  +  6103a:«  +  2187z'. 

«■  {yTHMffi-'iMm-TT 

-»(!)\-t)'- ■'©"(-¥)' 

+'a)(-TT^(-T)' 

64      144  ,  135      135  ,  1215  «     729  .  ,    729  ^ 
jfi       x^        x^        2         64  256         4096 

21.    /2a26»-«^y 

=  (2a26-)6  +  6(2a26«)*[-  ^"j  +  \Q{2a'^h^y[^  ^Y 
+  10(2a26«)Y-£|!Y+  5(2a26»)(-^Y 


— , 


a«62Y 

2    ) 
=  32  aW^pfiw  —  40  a^+SM-^a  +  20  aSm+ejam-M  _  5  aSw-KfcSm+e 
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23.    (l  +  3x-xa)*  =  {l.r(3x-jr«)}* 

=  l  +  12x-4xa  +  642r«-«6a*  +  6ar*+ia8:t«-ia8a*  +  86x»-4*» 

+  81  x«  - 108  Jt»  +  54  *•  - 12  arT  +  jr«. 
=  l  +  12x  +  50xa  +  72jr«-21x*-72a?»  +  60*«^12*T  +  ««. 

-•(■-H)'-{'-(|-t)}' 

-*K5-l)*'(i-T)'*(l-T)' 


2        4         4         416         8         16         82 
2        8  32         64 


ix» 
64 


Simplify : 


1.    Vl6a8fe*  =  i:4«*6*. 


2. 


\/27  a«6e      3ff862 


V81a* 


J:9a3 
8 


=  ± 


8.    v^81a86ia=±3aW 


Exerci0e  13. 


^    ^626t«__±5^ 
v^64^       4** 

=  .§. 

4 

5.    ^1024ai06»  =  4a26. 


6. 


v^216a«^g»_  6a«3- 
ox 
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3    9    27    81    243 

=  1  +  3a^  +  — a^  +  — a^  +  — a*. 
8     16    256 

'••  (A-¥MrJ*'(ftT(-¥)-'°(ft)'(-T)' 

^  243   135  16  20^  40^   32  ^ 
32x6  8:c8^  jc   3    27    243 

19.    (1  +  Sxy  =  1  +  7(3ar)  +  21  (3ar)2  ^  36(3a:)8  4.  36(3ar)*  +  21(3ar)« 

+  7(3a:)«+(3a:y 
=  1 +  21ar+ 189ara  +  946x«  +  2835x*  +  51032fi  +  6103a:«  +  2187x». 

-  (!-V')'-(!r*«(l)'(-¥)-'KI)'(-T)' 

--(I)'(-V'T-H')'(-t')* 

_  64  144  ■  135   135  1216^  ^^^j«  i  ^^ «« 
i«   ar*"*"!^    264     256    4096  ' 

21.  /2a^-2^y 

=  (2  a«6-)»  +  6(2  o!%»)«[-  ^J^^j  +  10(2  o26-)»f-  — V 

+  10(2a«J-)Y-  5=^Y+  6(2a*6-)(-  ^Y 
=  32  a^ofts™  —  40  a«+854i»+a  4.  20  a2«»+66»*+*  —  5  a8«»-M62«»4« 
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23.    (l  +  3x-xa)*  =  {l.r(3x-jr«)}* 

=  1  +  4(3x  -  x*)  +  6(3x  -  «»)» 4.  *(8 Jc  -  *«)»  +  (a* -  *«)* 

=  l  +  12x-4xa+64T»-«6:t«  +  6x*+108:t«-ia8x*  +  86x»-4*« 

+  81  x«  - 108  Jt*  +  54x»  -  12xT  +  jr«. 
=  l  +  12x+50xa  +  72x«-21x*-72«»  +  60*«^l«*T  +  ««. 

«('-i-7)-{--(|-7)}' 


=  1  +  ?x-?xa  + ?x«-?x«+ -**+ -:r«--:r*+ l-a* 
2        4         4         416         8         16         82 

2        8  32         64 


lx» 
64 


Simplify : 


1.    Vl6a86*  =  i:4«*6*. 


2. 


V^27  a«6e      3a862 


V81a* 


=  ± 


±9aa 
a62 


3 


8.    \^81a86W=±3aW 


Exerci0e  13. 


^    v^626t>*^  j:6xa 
^1^64^       *^ 

4 
6.    ^1024aW6»  =  4a26. 


6. 


v^l6^__  6««r 

\^32aWxio     2ci«x» 
3 

OX 
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Extract  the  square  root  of : 


2  +  2ar 


1  +  4x+ 10x2+ 12aJ»  + 9ar*|JJ;_2£+_3^ 
1_^ 

4x4-10jr3 

4ar+    4^2 


2  +  4ar+3a:2 


6ar2+ 12  aJ»  +  9ar* 
6a^»  +  12a:»+9a:* 


8.  9-24ar-68a:a+ 112x8+ 196ar*. 

9-24x-68x2+112x«+196x*[3--4x-14x« 


9 


6-4x 


-24ar-.68x« 
—  24x+16x« 


6-8a:-14x2 


-84x2+ 112  ar8+ 196  ar« 
-84x2+ 112  ar8+ 196  r* 


9.  4-12x+6x2  +  26x«-29x*-10x«+25x«. 

4-12x+6x2+26x8-29x*-10x6  +  26x«[2-3x-x2  +  6x« 


4-.3X 


—  12x+5x2 
-12x  +  9x2 


4-.6X  — x2 


-  4x2  4. 26x8- 29  X* 

—  4x2+    6x8+      jA 


4  — 6x  — 2x2  +  5x8 


20x8  -  30x*  -  10x8  +  26x8 
20x8  -  30x*  -  10x6  +  25x« 


10.   36  x2  —  120  a2x  -  12  aSx  +  100  a*  +  20  a8  +  a^. 

36x2-120a2x-12a*x+100a*  +  20a«  +  o8|6x-10a2-a* 


36x2 


12x2 -10a2 


- 120  a2x  -  12  a*x  +  100  a* 
-120a2x  +100  a* 


12x^20  a2-a4 


-12a*x 
-.12a*x 


+  20a8  +  a8 
+  20fl8  +  a8 
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11.   4  +  0ya-.20x+26a:3  +  80xy-12y. 

26ar2+ 30ary  +  9y«-20x- 12y  +  4[6£+^ 
26  a^ 


-2 


10x  +  3y 


30a:y  +  9y« 
30j:.y  +  9.v« 


10x  +  6y  — 2 


-20x-12y  +  4 
-20x~12.y  +  4 


la.  4x*  +  95^-12jr«y«+16x«H- 16-24 y«. 

4T*-12a:ay«  +  0y^+16a:«-24y«+16|2j«-3.y«  +  4 
4a* 


4a:3-.3y« 


—  12j^y«  +  9^ 
-12a:3.y«  +  9.y« 


4a:3-6y»  +  4 


16x2-24  y«+ 16 
16xa-24v«+16 


13.   £l  +  a(?  +  £?-^+l-2l 
494        316      6 

4        3        9      4 


6      16 


xa- 


x^ 
4 

3 


2 


3^4 


3^9 
3        9 

--¥-1 

4      6      16 
4      6      16 

62 
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Extract  to  four  places  of  decimals  the  square  root  of : 


14.  326. 


16.  3.666. 


§26(18.0664..... 


3.6660(1.0146 

1 


28)226 
224 


20)266 
261 


3606)20000 
18026 


881)660 
381 


86106)107600 
180626 


3824)17900 
16206 


361104)1607600 
1444416 

263084 
To  four  pkces  the  root  is  18^0664. 


16.  1020. 


1020(31.0374. 
0 

61)120 
61 


620)6000 
6661 


88286)260400 
220716 

30604 
To  four  places  the  root  i^  1.0146. 

17.  1.31213. 

1.312136(1.1464 

1 

21)31 
21 


6383)23000 
10140 


224)1021 
806 


63867)476100 
447060 


2286)12630 
11426 


638744)280,3100 
2554076 

248124 
To  four  places  the  root  is  31.0374. 


22004)110600 
01616 

18884 
To  four  places  the  root  is  1.1464. 


Exercise  14. 
Extract  the  cube  root  of : 

1.   27-108a:+144j:«-64aJ». 

27-108a:+144a:2 
27 


8a2  =  27 
Sah=:      —36a: 
63=  +4ar3 


64  a^  [3 
— 108  ar+ 144  3:3  _  64  aJ» 


-4* 


27-36x  +  4a:3 


-108a:+144a:3-64^ 
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8.  Extract  to  three  places  of  decimals  the  cube  root  of  617. 

51718.025 
512 


3x802=19200 
3x800^=1920000 
3X800X2=       4800 

22=  4^ 

1924804  [ 
4804) 
3  X  (8020)2=  192961200 
3x8020x5=   120300 

52= 26 

193081525 

To  three  places  =  8.026. 


6000000 


3849608 


1150392000 


965407626 


184984376 


9.  Extract  to  three  places  of  decimals  the  cube  root  of  1637. 

i637 1 11.786 


3X102  =  300 

8X10X1=   30 
12=     1^ 

331  t 
31 J 
3X1102=36300 
3X110X7=   2310 

72  = 49^ 

38659  I 

2369  J 

8x11702=4106700 

8x1170x8=     28080 

82=  64 


4134844  [ 
28144  J 
3  X  117802  =  416306200 
3  X 11780  X  5  =   176700 

52  = 25 

416481925 

To  three  places  =  11.786. 


637 


331 


306000 


270613 


35387000 


33078752 


2$08248000 


2082409625 


26838376 
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10.  Extract  to  three  places  of  decimals  the  cube  root  of  3^6. 


8^6011.481 
1 


8X10»=800 
3X10X4=120 
43  =  J6^ 
486  I 
136  J 
3  X 1402  =  58800 
^Xl40x8=   3360 

8»= 64 -J 

62224  I 

3424J^ 

3x14808  =  6671200 

3  X  1480  X  1  =     ■  4440 

12  = 1 

6676641 

To  three  places  =  1.481. 


2.260 


1744 


606000 


407702 


8208000 


6676641 


163260 


11.  Extract  to  three  places  of  decimals  the  cube  root  of  20.911. 

20.01112.766 


8 


3x20»=1200 
3X30X7=   420 
72=     49-| 
1609  l 
469  J 
3X2702  =  218700 
3X270X6=     4060 

62= 26^ 

222776  I 
4076  J 
3  X  27502  =  22687600 

8X2750X6=       41250 

62  = 26 

22728776 

To  three  places  =  2.766. 


12911 


11683 


1228000 


1113875 


114126000 


113643875 


481126 
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Exercise  15. 


1.  Express  with  radical  signs : 
c"*  =  — =  — • 


8.  Express  with  positive  expo- 
nents. 


oK* 


(y') 


(a-»)»  =  o-w  = 

(V?)~*=c"A=JL. 


1    _  1  _    1  /    1   \-»^  I  1  \-«_  1 


2.  Express  with  fractional  ex- 
ponents : 

c^c:*    \_4    ^«8 


4.  Express  with  negative  expo- 
nents and  without  denominators : 


a 


2 


a 


h 


-i_  =  l  =  o-». 

Jl=JL=x-*. 

x^      x^ 

—  =  — =  y  ^ 


4x-8     2Va^ 


^y 


(4x)8'  VSa^'  3^--^'    3^^^ 


=  4-8aa. 


^yS 


s 
IT 


(4x)« 

g^  a*        .-J  J  -I 

=  — - — =5  ^a^x  ^, 

Ar-S 

|^=3-ix4x-,». 
2:^=2X3-VM. 


6.   Simplify  a*  X  o"*  X  a"* ;  6*  X  6*  v^ ;   ( Vc)«  v^. 

a*  X  a"*  X  «■"*  =  a*~^  J  =  a"^* 

6*  X  h^  v^F«  =  6*  X  6*  X  6"^  =  ft'"*"^"*  =  6H 
(  Vc)»  v^  =  c*  X  c""*  =  cW  =  A 
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6.   Simplify  a*  X  a*  X  \^;  6  \^-r  (ex)* ;  (a*  y/^)K 

hy/^-h  (cx)i  =  6c*  +  cM  =  ftci'^x'*  =  5£_- 
(a*  v^)*  =  (a*aM)*  =  (a^sk)^  =  a^x*. 

'•  '^  '^'^*^^--  {^r--  i^v-  (^r- 

(3a)*V(16x)«  =  3*a*  X  4«x*  =  64  X  8*aW. 
16"*a«       81*a«x*     27a«x' 


(isr- 


81"*x""i         16*  ® 

Qg*  Vl-O"*o"*^    16*    _     64 


Vl6x-«;         16-»x*     9*a«x*     27a«x* 

/  27  o«  \-i  ^  27"*a-*  ^  (3  x«)*  _  3*x*  _  8  X  8*x*  ^  8*x^ 
VV9^y  f3xa^-*      27*a*^Sl«*        »^«*        ^Tu*' 


(3x2) 

8.  Multiply  x*-x*  +  1  by  X*  +  1. 

x*-x*  +  l 
x*  +  l 


x*  — x*  +  x* 

+  X*  —  X*  +  1 

x*  +1 

9.  Multiply  x^  +  a^'y'  +  y*  by  x^-x^yF  +  y*. 

x*  +  xPy'  +  y^ 
x*  —  x«»y'  +  y* 

x^  +  a^yP  +  x^y* 

—  x^y*  —  x^y*  —  x^y** 
+  x»y»  +  xPy»  +  y^ 

^  +  ar^'y*  +  y^ 
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10.  Multiply  ^0^  +  4:ah'^  +  bah"^  +  96"^  by  2a^ -  6"^. 

8a^  +  4aV^  +  6a^6"*  +  96"* 

2a* -6"* 


16  a  +  8  a*6"*  +  10  o*6~*  +  18  a  V* 

«8aV*-4aV*-5a*6"*-96-i 

16a  +  8a*6~*+  10aV*+  18a*6"^-8ah"*-4a*5"*-6a*6'^-96-i 


11.  Divide  j:**  +  y**  by  X*  +  y*. 


"iw^^^— •^^ 


3^y^  +  y** 


12.   Divide  x  —  y~*  by  x*  —  x*^~i  +  x*^"^  —  y~*. 

X  — y^  I  x^  --  x*y~^  +  x^y"^  —  y"* 

X  —  x^y~i  4-  x*y-2  —  x*y"«  x*  +  y~l 

x^y"^  —  x^y"2  +  x*y~8  —  y^ 
x*5f-i  ^  x^y-^  4-  x^y-8  +  y-^ 
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18.  Divide  a^+6  +  c  *  —  3  ah^c"^  by  0^+6*  +  c'K 
o*  +  6  +  c~*  -  3aMc""*  I  «^  +  fc^  -*-  c"^ 


a*  +  a^6^  +  a^c'^  a^  -  a^A^  —  a  V*  +  6^  +  c"*  —  6*c"^ 

-  a?6*  -  aV^  +  6  +  c^i  -  3aMc"* 

—  o^fci  — a^6*  —    oMc'"^ 

-  a  V^  +  aH^  +  6  +  c'*  -  2  a^ft^c"* 

a^6*  +  a  V*  +  6  +  c~^  —  ahK"^ 
aM  +  6  +  6^c~* 


i.  ♦  -i      J  -I      A  -J 


Exercise  16. 

1.  Express  as  entire  surds  3V6;  6  VS;  a%Vbc;  3y«  v^;  o»\^a»P. 

3V6=V6x(3)^  =  VS6. 
6  V32  =  V32  X  (6)2  =  V^OO. 
0^6  Vbc  =  y/bc  X  (n'^h)'^  =  Va*b^c. 

2.  Express  as  entire  surds 


2xy  +  ya 


6a6c\/a6c^=  Va6c-A  x  (5a6c)*=  V26a«6»c. 
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8.  Express  as  mixed  sards 

Vmx^;  \/64^;  \/M^;  v^l872a«6W. 

■ 

V^160^=  \^8aH»y»x20xy  =  2xy2  v^20^. 

v^l372  a«6W  =  ^/US  a^b^^  X  4  6  =  7  o^ft*  v^. 

4.   Simplify  

2v^80^6p?;  7V356i;  VlU;  VsJ;  A^^ 

n  4cy* 

2  \/80a6p?  =  2  V^16a*c*x6a6ac2=-4ac  v'SoW. 
7  V396x=  7  V36  X  llx  =  42  Vui. 

ViH  =  VH  =  v^x3  =  }  VS. 
\/3j=  \/^=  \/f|3<2  =  }  vs. 

'  40^'        "4y*       cy       2y  '  cy 


i 
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6.  Show  that  V20,  Vi5,  \-  are  similar  surds. 

v^=  Vrx6=2V6. 
Vi6=  V9><6  =  3V6. 

Since  thej  all  have  the  same  surd  factor  they  are  similar  surds. 

sr-j 

7.  Show  that  2  Vd^,  y/W,  }-^-  are  similar  surds. 

2^S8p=2a^p; 

'  ^  6       '  \68  26 

Since  they  all  have  the  same  surd  factor  they  are  similar  surds. 

8.  Arrange  in  order  of  magnitude  0  VS,  6  Vl,  6  VIO. 

9V3   =^243. 
6V7   =\^52. 


5V10=  V^60. 
Therefore  the  descending  order  of  magnitude  is  6  V7,  6VlO,  OVS. 

9.  Arrange  in  order  of  magnitude  4'\/i,  Sv^,  5  V3. 

4v^4=  ^^66. 

3v'6=  vl36. 

b\/S=y/S7E. 
Therefore  the  descending  order  of  magnitude  is  5>/3, 4>/i,  SVE, 

10.  Multiply  3V2  by  4V6;  Jv^  by  2  v^. 

3v^X4V6=12\/i2  =  12V4>r3  =  24\/3; 
iv^X2v^2=  v^  =  2. 
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11.  DiTide  2V6  by  3Vl6;  |V21  by  ^J^- 

2V5^3^/i5  =  -l^  =  -^  =  ?#. 

3V3X6     3V3        ^ 

8  16^20      8X9  >I      7  3  8 

13.  Simplify  2Vl0xI^^i^. 

3V27     6Vli     16V^ 

2Vl0^7\/48  .   4\/T6  ^2Vi0x7\/48xl6\/2T 
3V27     6Vi4  '  I6V2I      3V^x6Vi4x4Vi6 

^  2  X  7  X  16  x  Vio  X  ViS  X  v^ 
3  X  6  X  4  X  V27  X  Vli  X  Vi5 

^  7  X  y/2xb  X  VS*X3  X  V3  X  7 

2  X  VP  X  \/2x7  X  VSxft 
^7x22x3xV2x6x7 

2  X  3^  X  V2x6x7 

^7x2 

3 
=  4f 

13..  Arrange  in  ofder  of  magnitude  2>/3,  3'\/2,  I^Vi. 

2v^=  \/24=  ^(24)^=  v^676. 
3V2=  \/l8=  \/(l8)8=  v^^832. 

fv^4=jV2=\/v-=  v^(¥)*=  ^/^^^: 

Therefore  the  descending  order  of  magnitude  is  3v^,  iVi,  2  VS.  ' 

14.  Arrange  in  order  of  magnitude  SVlQ,  bV2,  3\/3. 

3Vi9=  VT7T=  v^(T71)«=  v^5000211. 
6v^=  v/260=  v^(250)2=:  v^2606. 
3v^=  \^81=  \^(81)a=  v^6661. 

Therefore  the  descending  order  of  magnitude  is  3\/l9,  6\^,  3v^. 
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16.  Simplify  \/^^X  y/a^xt/;  ^Vi^-i-y/iM. 


16.   Simplify  V(iY^  VfiT  •  (  ^^^'  ^  ^Ca*6ii)*. 

^/ri?Yy  a/7MY-  ^ l?^^ '5  y  /"^^ V-  l«*  V  *  -  — 1  _  -  I. 

>'\,26;  ^  ^^64;  "  V26;  ^26  ^  itti  j  "  M«  ^  6  ~  4^  X  6  "  80 


Exercise  17. 


1.  Simplify  v^  +  »Vi8  +  3Vii>8;  7\^  +  3v^+ v^4S. 

\^  +  2\/48  +  3  VioS  =  8  Va  +  8  V5  +  18  V5  =  29\/3. 

T'^Si  +  3vl6+ v^i32=  21  v^2  +  6n/2  +  6\^  =  38  v^. 

2.  Simplify  2  VS  +  Sy/U -  y/b^;  2 J^  +  VOO-  >/i6- J|. 

2V8  +  3Vlj- V6j  =  2V3  +  -? ^ 

V3      y/'S 

=  2V5+ 2  V3  -  J  V3  =r  I  Vs. 

2 J?  +  VS6 -  \/l6 -a/?  =  I Vl6  +  2 Vl6  -  Vl6  -  i Vl6  ==  fl Vl5. 

a/^     -iP^         /«^<i^^ _  gg Jc      QC Jr      ad   p 
Af  4»  "" "V ftcfi  "  \  6m2        6^6      rf>'6      mAfS 

\l^     bd     bm  J 
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4.  SimpMy  2\^+3v^l08+ \^600-\''826-2v^S72. 
2 v^  +  3 v^l08  +  v^'SOO  -  v^320  - 2\^l872 


6.  Simplify  (\^)*;  (v^)*;  (^f^)*;  (v^)». 

(^27)*  =  (v^8)*  =  (  v^)*  =  3  v^ ; 
(v^)»=(v^)«  =  (v^)«  =  4v^; 
(^)a=(^)a=^2*  =  2v^. 

6.  Simplify  (av^)-«;  (xv^x)"*;  (;)«Vp)*;  (a-«v^5=«)~*. 

a* 
(x  v^)"*  =  (x*)"*  =  x~*  =  ^ ; 


^  6a*»^+lla:*»y3* 


2a:2*»+3ar"^« 


2x2»+6a:*y»  +  y*» 
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8.  Find  the  square  root  of 

I  H-2x"^-8x"t  +  4a^i 
l  +  4x^-2x"*-  4x-i  +  26x~*-24x~*+16:r« 


2  +  2x"^ 


2  +  4x"*-3x"* 


4x"^-2x"* 
4x"^  +  4x"J 

-6x"*-  4x-»  +  26x"* 
-6x~J-12x-i+   9x"* 

8x-i+  16x"*-24x"*+  16:r« 
8x-i+  16x"*-24x"*+  16*-< 


2H- 4x"l  —  Cx"*  +  4x-» 


.  simpw,  (.'\|(2;)*. 

=  (x*  V3)  A  =  (x*  X  x^  A 

=  (x**)A  =  xA  =  x*. 


v^a«V5\ 


10.   Simplify  f  Vaiy6\  ^  ^^  ^^^^ 


0 


262 
25  a^c2 
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12.  Simplify  /lOi^Veo^Y 

14.  Simplify  ^^.^ — y  ,    ,   ' 

a»(g+i)  „  ygg(l>-l)  _  (xP(H-i)  -f  yg(j>-3))  (gp(rf  1)  —  yf(P-l)) 
aJ»(»+i)  4.  y«(j»-l)  "~  aJ»(«+l)  4.  y»(j»-i) 

15.  Find  equivalent  fractions  with  rational  denominators  for  the 
following,  and  find  their  approximate  values. 

3  7  4-V2  6 


.— »  .- » 


V7+V6     2V6-V6      I+V2     6-2V6 

.J.  8        ^  3(V7.V6) 

^'^VT+VS      (y7+ V5)(V7- VS) 

^  3(\/7->/5) 
7-6 

V7  =  2.6467.         V6  =  2.2361. 
.  3        ^3  (2.6467  -  2.2361) 

"  V7  +  v'e  2 


(2) 


7(2\/6+  V6) 


2V5 -  V6      (2  V6 -  V6)(2>/6  +  V6) 

_  7  (2  V6  +  Vtf)  ^  2  V6  +  V6. 
20-6  2 

V6  =  2.2361         V6  =  2.4405. 

7 =4.4722  +  2.4496^3^,    ^ 

2V6-.  V6  2 
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(8)  4~  V2^(4.-V2)(l- v^) 
I+V2      (l+v^)(l-V2) 

V2  =  1.4142.  6  V2  -  6  =  1.071.  Ang. 

(4)  — g— =         g(fi-^2V5) =30  +  l2Vg. 

6-2V6      (6-2\/6)(6  +  2V6) 

V6  =  2.4496.  30  +  12  Ve  =  50.304.  Ans, 

16.  Find  equiyalent  fraction!  with  rational  denominators  for  the 
following,  and  find  their  approximate  values : 

2  1         .       7V6      .  7-2>/3-f  SVS 

y/s'  V6-V2'  V7+ V3' 3  +  3V3-2V2 


(1)  A  =  2v^.  V3  =  1.7320. 

V3        3 

...  A  =  §i?^=1.164.^n,. 
>/3  3 

1  V54-  V2 


(«) 


V6-v^      (V6- >/2)(V6  +  v^) 

V6  +  V2 
3 

V6  =  2.2361.  V2  =  1.4142. 

.   1 ^  3^503  ^  ^^^g   ^^ 

>/6- V2  3 

(8)       7V6      ^        7V6CV7-V3) 
V7+V3      (V7+ V3)(V7->/3) 

^(7V8o-\/l6) 
7-3 

V36  =  6.9161.  VI6  =  3.8729. 

...       7V6      ^  7(5.9161-3.8729)  ^  3  ^^^   ^^ 

V7+ V3  4 
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7-2V3  +  3V2 

34.3V3_2V2 

^(7-2\/3  +  3V2)(3  +  3V3  +  2VS) 
(3  +  3  V3  -  2  V2)(3  +  3  V3  +  2^2) 
^21  +  2lV3+14V2~6V3-18-4V6  +  9v^  +  9V6  +  12 

9+18V3  +  27-8 
^  15  +  16 V3  -f  23V2  -f  6 V6 

28+18\/3 
^  (16  4-  16V3  +  23 v^  +  5V6)(28--  18V3) 
(28+18  V3)  (28  - 18  V3) 

_  420  4-  420V3  -I-  644 \/2  +  140V6~270\/3~870-414V6~270>/2 

784  -  972 

_-390-H60V3.,274\/6  +  374\/2 

-188 

_  196  -  76\/3  +  137  V6  - 187  \^ 

94 

VS  =  1.732  Vg  =  2.449  y/2  =  1.414. 

.  7-2V3  +  3V2 

3  +  3>/3-2v^ 

^  196  -  76  X  1.732  +  137  X  2.449-187  X  1.414 

94 
136.196 


94 


=  1.449.  Ana, 


Exercise  18. 

1.  Solve  2.  Solve 

a^-6.2jr2+l      1  3,3ft 

.4-  :=  —  -1- =:  o. 

3  6  2  l  +  a:      1-ar 

Simplify,  Simplify, 

2a^»-10  +  2a:2+i  =  3.  3-3x+ 3  + 3ar=  8-8a^ 

4jr2=12.  8a:2  =  2 

.\  3fi  =  S.  x^=\. 

/.  X  =  ±VS»  /.  x=  ±  L 
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3    Solve  -^ L-=:L  C  SolTe  64f«-9  =  2jt«  +  24. 


Simplify, 


9-2  =  28  ««. 

*•  =  *. 


««=11. 

.%  Jf=i:ViL 


5.  SolTe  ^^€^  =  7-5?±ii!. 

6  16  26 

Simplify,  16x«  -  62^  +  60  =  626  - 160  -  8  je«. 

13;rS=:826. 

««  =  26. 

.*.  X  =  ^  6. 

e.  solre  ?^=|I  +  ?^t^=7. 

Simplify, 
(3  j^  -  27)(jr2  +  9)  +  (a^  +  3)(90  +  4*«)  =  7(**  +  3)(*«  +  9). 
8x*  -  243  +  4  j:*  +  102  jc*  +  270  =  7ar*  +  84  Jt«  +  189. 

18xS==i62. 

X«=:9. 

.*.   X  =  i:  8. 

7    SolTe  4x«+6^2x^-6^7x«-26. 

^-  ^^^®  10  16  20 

Simplify,  24j:«+  80  -8j:«+  20  =  21j:«— 76. 

6x^=126. 
xa  =  26. 

.-.  X  =  ±  6. 

'•  *"^  18  n«»-8  9 

Transpose  the  3d  term  and  combine  with  1st. 
10x«+ 17- 10x^  +  8     12xa-f  2^q 
18  llxa-8 

26      12x«-f2_Q 
18      llx«-8 
Simplify,     276xS  -  200  —  216x3  -  36  =  0. 

69x«  =  236. 

x«=4. 
.-.  x=db2. 
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9.  Solve 

11.  Solre 

X*  —  aar  +  6  —  aar  (jr  —  1). 

a:3  +  6ar  +  a  =  6a:  —  l^a^. 
Transpose  and  combine, 
(1  + 62)  a:3  =  -  a. 

a*  —  aar  +  6  —  aa:^  —  ax. 
Transpose  and  combine, 
(l-a)xa  =  -6. 

1  +  6* 

1  — a 

a  — 1 

/.  x=±\ -. 

Ka  —  1 

10.  Solre  a3^  +  h  =  c. 

18.  Solve 

a 

/c-6 
'    a 

a6  —  X     h  —  cx 
b-^ax     hc-^x 
Simplify, 
oi^  —  abx  —  ftcx  +  x^ 

=  6*  —  ai»x  —  bcx  +  OCX*. 
(l-ac)xa=62(i-ac). 
x2  =  62. 

.*.   X  =  i:  6. 


18.   Solve 


3(x4-a)      2x  +  a 
4x  — a        2a  +  x 


=  1. 


Simplify, 

3(x  +  a)(2a  +  x)  — (4x  — o)(2x  +  o) 
ett2  +  9ax  +  3xa  +  a2  — 2ax  — 8x3 

-9x3 
x3: 


.•.   X=: 


(4x  — o)(2a  +  x). 

—  2o2+7ax  +  4x». 

-9aa 

aa. 

±a. 


14.  Solve 
Simplify, 


3a 


x4-4a_    7a3  +  2ax  —  x3 


X  — 6a      x+3a      (x  — 6a)(x  +  3a) 


3  ax  +  9  a3  +  X*  —  ax  —  20  a2 

2x3 
x« 


/.  x  = 


7a«  +  2ax 
18  a«. 
9aa. 
^3a. 


-x«. 
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15.  Solre 


a  +  2ar         a  +  6 


62 


(Amplify, 


2o3  +  ea6+46a+aa-4jr«  = 

4jr«  = 


(a+6)(a  +  2x) 

6«. 

8(a«  +  2a6  +  6«). 


Exercise  19. 


1.   Solre  afa-2x=16. 
Complete  the  squsre, 

jt«-2x+l  =  16. 
Extract  the  root, 

je-l  =  J:4. 
.*.  X  =  6,  or 


*8. 


3.   SolTejc«-14x  =  -48. 
Complete  the  square, 
a^-14x+49=l. 
Extract  tlie  root, 

x-7=  tl. 
/.  j:  =  6,  or  8. 


8.  Solve     a:3-x=12. 
Complete  the  square, 

Extract  the  root, 

x-J  =  ±}. 
/.  r  =  4,or  — 3. 


4.  SoWe  x«  -  3  z  =  28. 
Complete  the  square, 
a^»-3x+|  =  30t. 

Extract  the  root, 

X  —  f  =  ±  6  J. 
/.  z  =  7,  or  —  4. 


6.  SoWe 

x«-18x  +  42  =  0. 
«a.l8x  =  -43. 
Complete  the  square, 
xS.i8jr  +  42^==}. 
Extract  the  root, 

.*.  X  =  7,  or  6. 

6.  Solre 
x2-21x+ 108  =  0. 

x2-21x=-l08. 

Multiply  hy  4, 

4xa-84x  =  -432. 

Complete  the  square, 
4xa-84x  +  441  =  9. 

Extract  the  root, 

2x-21  =  ±3. 

2x  =  24,  or  18. 
/.  X  =  12,  or  9. 

7.  Solve  2x«+x  =  6. 
Multiply  by  8, 

16xa  +  8x  =  48. 
Complete  the  square, 
16x«  +  8x  +  l  =  49. 

Extract  the  root, 

4x+l  =  ±7. 

4x  =  6,  or-8. 
/.  X  =  li,  or  —  2. 
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8.  Solve 

Multiply  by  16, 

64ar2  4.112x=240. 
Complete  the  square, 
64ar2+ll2x  +  49  =  289. 
Extract  the  root, 

8x+7=dbl7. 

82  =  10,  or -24. 
/.  x=  IJ,  or  — 3. 

9.  Solve 

3x3-19x4-28  =  0. 
Multiply  by  12,  and  transpose, 

36x2-228x  =  -330. 
Complete  the  square, 
36x2  — 228x+361  =  26. 
Extract  the  root, 

6x-19=±5. 

6x  =  24,  orl4. 
.-.  X  =  4,  or  2 J. 

10.  Solve 
4x2+l7x-15  =  0. 

Multiply  by  16,  and  transpose, 

64x2 +  272x  =  240. 
Complete  the  square, 

64x2  +  272x  +  289  =  629. 
Extract  the  root, 

8x  +  17=±23. 

8x  =  6,  or  — 40. 
.-.  x=f,  or  — 6. 

11.   Solve 

6xa-x=12 
Multiply  by  6, 

36x2-6x=72. 
Complete  the  square, 
36x3-6x  +  J=72i. 
6x-i=±8}. 
6x  =  9,  or-8. 
•'•  *  =  It  or  —  1  J. 


12.   Solve 

6x2-yx  +  4  =  0. 
Multiply  by  6, 

25x2-i|Ax  =  -20. 
Complete  the  square, 

25x2 -1^4x4- H*  =  V- 
Extract  the  root, 

6x-Jj^  =  ±f     . 

6x  =  6,  ory. 

/.  X  =  1^  or  f  . 


18.  Solve 

6x2-7x+f  =  0. 
Multiply  by  6, 

36r2-42x  =  -10. 
Complete  the  square, 

36x2-42x4-^=$. 
Extract  the  root, 

6x-}=±f. 
6x  =  6,  or  2. 
.-.  ar  =  },  or  J. 


14.  Solve 
^^+{ar+l)(x4-2)  =  0. 

Simplify, 

ar2+ 14. 17x2  4- 61x4-34  =  0. 

18x2  4-61x  =  -36. 
Multiply  by  8, 

144x2  4-408x  =  — 280. 
Complete  the  square, 
144x2  4-408x4-289  =  9. 
Extract  the  root, 

12x4- 17  =  ±3. 
12x=-14, 
or  — 20. 

.'.  «  =  -U, 
or  - 1}. 
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15.   Solve 

17.  Solve 

(x-6)2  +  x2-5  =  16(x. 

f3). 

2x«-ll      x+1 

x2-10x  +  26  +  a^-6=16x 

+  48. 

2x  +  3          2 

2x2-26x=28. 

Simplify, 

Multiply  by  2, 

4x3-22  =  2xa+6x  +  8. 

4x3-62x  =  66. 

2x«-5x=:26. 

Complete  the  iquare. 

Multiply  by  8, 

4x2 -62x+ 169  =  226. 

16xS-40x  =  200. 

Extract  the  root. 

Complete  the  square. 

2x-13=il5. 

16xa-40x  +  25  =  226. 

2x  =  28,  or 

-2. 

Extract  the  root. 

.*.  X  =  14,  or 

-1. 

4x-6r=±16. 

4x=20,  or  — la 
/.  x  =  6,  or —2}. 

16.    SoWe 

18.  Solve 

x*     3x-10_ll  +  a 
6            3               3 

• 

x  +  1     x_ll 
X        6     2x 

Simplify, 

Simplify, 

x3  +  6x-38  =  22  +  2 

Ix. 

6x  +  6  +  x«  =  88.             ^ 

x«  +  4x  =  60. 

xa  +  6x  =  27. 

Complete  the  square, 

Complete  the  square. 

xa  +  4x  +  4  =  64. 

x«+6x  +  0  =  36. 

Extract  the  root, 

Extract  the  root, 

X  +  2  =  ±  8. 

x  +  8=^6. 

/.  X  =  6,  or  - 

-10. 

/.  X  =  8,  or  —  9. 

19.  Solve 

X? 

1 

8x     '    6           '6 

Simplify, 

6xa- 

-20  +  6xa=16x«  +  3x-6x«. 
2x«-3x  =  20. 

Multiply  by  8, 

16xa-24x=160. 

Complete  the  square. 

16x8. 

-24x  +  9=169. 

Extract  the  root. 

4x-8  =  ±13. 

4x=16,  or  — 10. 
.*.  X  =  4,  or  —  2}. 

90.  Solve 


Transpose  and  combine. 


*  + 


x  +  6_ 


X  — 6 
x  +  6 
x-6 


=  2(x-2). 


=  x-4. 
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x  +  3       X  — 3      ar»-9 

Simplify,  (3x  +  5)(x  -  8)  +  (x  +  3)*  :=  x  - 1. 

8x2  — 4x  — 16  +  x«  +  6x+9=x  — 1. 

4xa+a:  =  6. 
Multiply  by  16,  64  x*  +  16  x  =  80. 

Complete  the  square,  64  x^  +  16  x  +  1  =  81. 

Extract  the  root,  8x  +  1  =  ±  9. 

8x  =  8,  or  — 10. 
.*.  X  =  1,  or  —  1  J. 

29.  Solve  x+i     x  +  2^2x  +  li 

X  — 1      X  — 2        x+1 

11 


Thii  may  be  written,         1  +  — ^+  1  +— ^^  =  2  + 


X— 1  X— 2  x+1 

2,4  11 

1~ = • 

X— 1      X— 2      x+1 

Simplify,      2(x-2)(x+ l)  +  4(x- l)(x+ 1)=  ll(x-l)(x-2). 

2xa-2x-4  +  4x2-4=llx2-33x  +  22. 

6xa-31x  =  — 30. 

Multiply  by  20,  100  x^  -  620  x  =  -  600. 

Complete  the  square,  100  x^  —  620  x  +  961  =  361. 

Extract  the  root,  10  x  —  31  =  i:  19. 

10x=50,  orl2. 

/.  X  =   6,  or  IJ. 

80.  SolTe  2x-l     3x-l     7-x^4 

x+1        x  +  2       X  — 1  . 
This  may  be  written, 

2 ^  +  3 ? i  +  _l_  =  4. 

x+1  x+2  X— 1 

.1-+JL «_=o. 

X+1     X+2     X— 1 
Simplify, 

3(x  +  2)(x-l)+7(x+l)(x-l)-6(x+l)(x+2)=0. 

3a:24.  3x-6 +  7x3- 7-6x3- 18x- 12  =  0. 

4x2-16x  =  25. 

Multiply  by  16,  64  x^  -  240  x  =  400. 

Complete  the  square,  64  x^  —  240  x  +  226  =  625. 

Extract  the  root,  8  x  — 16  =  it  26. 

8x  =  40,  or  — 10. 

.'.  X  =    6,  or  —  1  J. 
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9L  Solve 

l-6x      l  +  6x  26x3-1 

Simplify, 
(l  +  6x)(3x  +  2)  +  (l-5r)(x-7)-e(xa-x+l)+6(l 

15xa+13x  +  2-6xa+36x-7-ex«  +  6x-e  +  6 

121x«  — 66x  +  6  =  0. 
121x«-66x  =  -6. 
Complete  the  iquare,      121  x*  —  66  x  +  ^  =  J. 
Extract  the  root,  11  x  —  f  =  ±  i- 

llx  =  8,  or2. 


26x«)  =  0. 
126x^  =  0. 


82.  Solve 
Simplify, 


Multiply  by  2, 
Complete  the  square, 
Extract  the  root. 


x  +  7         1-x  ^ 


9-4xa     2t  +  3 

x+7-(l-x)(3-2x)  = 

;p4.7_8+6x-2x2  = 

2xa-14x  = 

4x«-28x  = 

4x«-28x  +  49  = 

2x-7  = 

2x  = 

.'.  x  = 


2x-8 
->4(3  +  2x). 
-12-8x. 
16. 
32. 
81. 
±9. 

16,  or  — 2. 
8,  or  —  1. 


83.   Solve 

Simplify 
12  (x 
24 


2x+l  .2(x+l)_^i 
x  +  3  ^     x  +  2  " 


+  2)(2x+l)+24(x  +  3)(x+l)  =  25(x  +  3)(x  +  2). 
4x3  +  60x+24  +  24x«  +  Wx  +  72  =  26x«  +  126x  +  160. 

23xa+31x  =  64. 


Multiply  by  4  X  23, 

4x232xa  +  4x23x31x  =  4968 

r^ l.A^   aX^^  <•««.<•  a«m% 


Complete  the  square, 

28  X 23axa+  4  X23  X 31x  +  961  =  6929. 
Extract  the  root,  2x23x  +  31  =  ±77. 

46x=:46,  or-lOl 

,',  x=l,  or  — 2A 
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28.  Solre 

3ar+6  .  2'  +  3_  x  — 1 
ar  +  3       X  —  3     ofi  —  Q 

Simplify,          (3:r+6)(. 

r-3)  +  (ar+3)a=x-l. 

3xa-4x- 

16  +  a:«  +  6x+9  =  x-l. 

4a:»+x  =  6. 

Multiply  by  16, 

64xa+16x  =  80. 

Complete  the  square. 

64x2+ 16x+ 1  =  81. 

Extract  the  root. 

8x  +  l  =  ±0. 

8x=8,  or  — 10. 

.'.  X  =  1,  or  —  1  J. 

29.  Solve 

x  +  1  .  x  +  2_2x+13 
X  — 1     x-2       x+1 

Thii  may  be  written. 

1+    2     +1+    4     ^2        11   . 
^a?-l'         x-2             x+1 

2      .      4     _    11 

X— 1      X— 2      x+1 
Simplify,      2(x  -  2)  (x  +  1)  +  4(x  -  1)  (x  +  1)  =  11  (x  - 1)  (x  -  2) . 

2x2-2x-4  +  4xa-4=llx2-33x  +  22. 
6x2  — 31x  =  — 30. 
Multiply  by  20,  100  x*  -  620  x  =  -  600. 

Complete  the  square,  100 x^  —  620x  +  961  =  361. 

Extract  the  root,  10  x  —  31  =  it  19. 

10x  =  50,  orl2. 
.'.  X  =   6,  or  1  J. 

80.  SolTe  2x-1^3x-l_^_7-x^^ 

x+1        x+  2       X  — 1 
This  may  be  -written, 

2 ^  +  3 '^- 1  +  -_?-  =  4. 

x+1  x+2  X— 1 

3      •      '  «     =0. 


x+ 1      X+2     X— 1 
Simplify, 

3(x  +  2)(x-l)+7(x+l)(x-l)-6(x+l)(x+2)=0. 

3ar2  ^.  3a. _ 6  +  7  a^i.  7  « 6x2 -  18x  -  12  =  0. 

4x2- 16a;  =  25. 

Multiply  by  16,  64  x2  -  240  x  =  400. 

Complete  the  square,  64  x2  —  240  x  +  226  =  625. 

Extract  the  root,  8  x  — 15  =  i:  25. 

8x  =  40,  or- 10. 

.-.  X  =    6,  or  —  1  J. 
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Solve 

Simplify, 

(l  +  6x)(3x+2)  +  (l-6x)(*-7)-e(*«-x+l)  +  6(l 
16xa+13x  +  2-6xa+86x-7-exa+6x-e+6 

121x3-66x  +  e  =  0. 
121x3- 66x  = -6. 
Complete  the  iqnare,       121  x^  —  55  x  +  ^  =  ^. 
Extract  the  root,  llx-f  =  ±  J. 

llx  =  8,  OP 2. 


26x«)  =  0. 
125xS=:0. 


83.  Solve 
Simplify, 


x+7 


1-x 


9-4xa     2x  +  3 

x+7-(l-x)(8-2x)  = 

x+7-8  +  5x-2x2  = 

2xa-14x  = 

Multiply  by  2,  4  x*  -  28  x  = 

Complete  the  square,  4x^^28x  +  49  = 

Extract  the  root,  2  x  —  7  = 

2x  = 


2x-3 

-4(8  +  2x). 

-12-8x. 

16. 

32. 

81. 

16,  or  -  2. 
8,  or  - 1. 


38.   Solve  2x+l     2(x+l)^g, 

x  +  8  ^     x  +  2     "    "• 
Simplify, 

12(x  +  2)(2x+l)+24(x+3)(x+l)  =  26(x  +  3)(x  +  2). 
24xa+60x+24  +  24x3+96x+72  =  25x«+125x+160. 

23xa+31x=54. 
Multiply  by  4  X  23, 

4x23»xa  +  4x23x31x  =  4968. 
Complete  the  square, 

2«  X  232  x*  +  4  X  23  X  31 X  +  96 1  =  6929. 
Extract  the  root,  2  X  23  x  +  31  =  ±  77. 

46x  =  46,  or-108. 
/,  X  =  1,  or  —  2^. 
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Exercise  20. 


1.  Solve  ar3  — 2ax  =  3aa. 
Complete  the  square, 

a^»  — 2aa:  +  a^  =  4a«. 
Extract  tlie  root, 

X  —  a  =  ±  2  a. 
.'.  a:=3a,  or  —  a. 

2.  Solve  a-2+7a2=8aa-. 

x2-8a.r  =  — 7a2. 
Complete  the  square, 

x^  —  Sax-\-  16aa  =  9a«. 
Extract  the  root, 

ar  —  4a=±3a, 
.-.  X  =  7  a,  or  a. 


8.  Solve 

4  X  (x  —  a)  +  a^  = 
4x2  — 4ax  +  aa  = 
Extract  the  root, 

2x-a  = 
2x  = 


62. 

62. 

±6. 
a  ±6. 
a±6 


4.   Solve 

|-|^  =  2a(x  +  2«). 

3x2— 2ax  =  12ax  +  24oa. 
8x2-14ax  =  24a2. 
9x2-42  ax=  72  a2. 
Complete  the  square, 
9x2-42ax  +  49a2=121fl«. 
Extract  the  root, 

3x  — 7a  =  ±lla. 

3x=  18a,  or— 4a. 

/.  x  =  6a.  or  —  — . 

3 


6.  Solve  X*  =  ox  +  6. 

x2  —  ax  =  6. 
4x2  — 4ax  =  46. 
Complete  the  square, 

4x2  —  ^ax  +  a2  =  a2  +  46. 
Extract  the  root, 

2x  — a=±  Va^  +  4 6. 

2x  =  a±Va2  +  4/>. 

^      a±Va2  +  46 

X  := • 

2 


6.  Solve 


(x  +  o)2  _  (x  -  a)2 
62 


tS 


x  +  a 


=  ± 


X  — a 


(1) 

a 

6x  +  a6  = 
(6-a)x  = 

« »  X  ^s 


=  + 


X  — a 


ax  —  a2. 
-  a2  -  ab, 
g  (g  4-  6) 
g  — 6 


(«) 

x-f-g_ 
g 

6x  +  g6  = 
(a+6)x  = 

9     •       X    "-^ 


X  — g 
6 
—  gx  +  g2. 
g2-g6. 
g(a-6} 

a  +  6 
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7.   Solve   x3     ^  =   ^  . 

8.  Solve 

a     4  a* 

x3— (a  +  6)x  =  — a6. 

Aa^jfi  —  ^ax^B, 

4xa-4(a  +  6)x  =  -4a6. 

Complete  the  square, 

Complete  the  square. 

4a2x3-4ax+l  =  4. 

4xa-4(a  +  6)x+(a  +  6)« 

Extract  the  root, 

=  aS-2a6+6S. 

2ajr  — 1  =  ±2. 

Extract  the  root, 

2ax=:3,  or  — 1. 

2x-(a  +  6)  =  ±(a-6). 

.    ^       *    «•       1 

2x=2a,  or26. 

•  •  ^  =  :r->  or  —  -— . 

w 

2  a           2a 

,\  X  =  a,  or  b. 

9.  Solre                                 4P« 

-"'*+"%+l  =  0. 

mn 

^-'»'+"'«=  1. 

mn 

^Q      m2  +  fi«^  J   (m«  +  n«)«_  «*  +  2  m«n«  +  n*      ^  _  (iii«  -  n«)« 

mn         '      4  »i%i* 

4m%2                         4m%a 

m«  +  n^          fii«  —  n* 

X ■ =± 

2  mn               2  mn 

m  ^    n 

.-.  X  =  — ,  or  — 

n        m 

10.   Solve 

16xa-8(a+6)x--4a6. 

2  x(a  —  x)  _  a 

iexa-8(a  +  6)x  +  (a  +  &)* 

3a-2x       4 

=  a«-2a6+62. 

8ax  — 8x3  =  3a2  — 2ax. 

4x  — (a  +  6)  =  ±(a  — 6). 

8x2  — 10ax=  — 3a2. 

4x  =  2a,  or2&. 

16x2-20ax  =  -6o«. 

a        6 

.'.  x=  -,  or  -• 

16x-^-20ax  +  Va2=^. 

4 

2        2 
18.   Solve 

.^      5a      ^a 

(x  +  m)2  +  (x— m)2=  5mx. 

2           2 

x*  +  2mx  +  m*  +  x2  —  2mx  +  m« 

4x  =  3a,  or  2a. 

=  6  mr. 

3a  _a 
.-.  X  =  --,  or  -. 

2x2  — 5tox  =  — 2m2. 

4         2 

16xa-40mx=-16m2. 

11.   Solve 

16x2-40mx+26w2^9M2. 

/lA 

4x  — 5m=  i-  om. 

2i»  +  f=(a  +  i)x. 

4x  =  8m,  or  2m. 

2x2      (a  +  6)x=      "*. 

2 

*>            m 
X  =  2  m,  or  — • 

2 
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13.   Solve  axa  +  6a2x+-j-  =  0. 

4  a2x24-  20  a8x  =  —  9  a*. 
4o'*x8  ^.  20a«x  +  26 a*  =  25 o*  —  9a». 


2aar+6a3  =  ±aV26a2  — 9a. 

2 aar  =  —  5a2  ±  a  V26 a-^  —  9a, 

—  5a±V26aa-9a 
..  ar-                 2 

14.  Solve 

6(a-ar)2=(6-l)j:a. 

Expand, 

6a2-2a6a:  +  6a~»=r6j:a-a;«. 

ar2  — 2a6x=— a26. 

««  — 2a6ar  +  a262  =  a^  — a26. 

X  —  aft  =  ±  a  V62  —  6. 

/.  a:  =  a(6i:Vfta-6). 

15.   Solve 

X      , a+6_     a 
a  — a:         x         a  — ar 

jr«+(a+6)(a-ar)  =  ax. 

a^  —  (2a  +  6)x  =  —  a^  —  aft. 


x«-()  + 


/2a  +  &Y^g. 
V     2      J       4 

-,     2a  +  6,^6. 
2  2 


.-.  x  =  a  +  6,  or  a. 
ar^  —  a6  _  3?  +  g 

16.  Solve  '7:rb"~  2 

2a:«  — 2a6  =  a:2  +  (o  — 6)x  — a6. 
x3  _  (a  —  6)a:  =  a6. 
4a^  — 4(a  — 6)a:  =  4aft. 
4a:a-4(a-6)ar  +  (a-6)2  =  a2  +  2o6  +  6«. 

2x-(a-6)  =  ±(o  +  6). 

2x  =  2a,  or— 26. 
/,  X  =  a,  or  —  6. 
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17. 

Solve 

a+b       2a+6_ 
X  — 2a          a 

X 

a 

a<  +  a6  +  2ax-|-&x-4a3  — 2a6=r 

x«-2ax. 

• 

4jr< 

*4(4d 

a:3.(4a  +  6)x=: 

4xa-4(4a  +  6)x  = 

H.6)x+(4a  +  6)«  = 

2x-4a-.6r= 

2X=: 
.'.  x  = 

—  a6  — 3a«. 
-4a6-12a<. 

4aS  +  4a6  +  i*. 
±(2a  +  6). 
2a,  or  6a +  26. 
a,  or  3a +  6. 

18. 

Solve 

<Wf  .   «  +  *_ 

6»^     X 

6a  +  x 
26 

2  ax«  +  2  a6«  +  2  6«  +  2  6«x - 
(2a-6)a:a  +  (26«-6a6)x  = 

6a6x  +  6x<. 
-2a6». 

Multiply  by  4(2  a -6), 

4(2a-6)3xa+4(2o-6)(26«-6a6)T  =  -16aa6«  +  8a6». 
4(2a  -  6)«xa  +  (  )  +  (26« - 6a6)a  =  4M  -  12a6«  +  OaW 
2(2a-6)x  +  26«-6a6=±(26a-3a6). 

2(2a * 6)x  =  2a6,  or  —  4 6*  +  8a6. 

2o-6 

19.  Solye  — £*_- =  o  +  6  -  (a  -  6)x. 

ax  — 6x 

a6  =  (aa  -  6«)x  -  (a  -  6)«x«. 

(a  -  6)2x«  -  (o«  -  6«)x  =  -  a6. 

4(a  -  6)«xa  -  4(a2  -  6Si)x  =  -  4  ab, 

4(a  -  6)2xa  -  4(a2  -  62)x  +  (a  +  6)«  =  a*  -  2a6  +  6«. 

2(a-6)x-(o  +  6)  =  ±(a-6). 

2(a  — 6)x  =  2a,  or26. 

.-.  x=-2_,or     * 


a  — 6       a  — 6 


90.   Solye  6ab-Sb^^a. ^2a±jr^ 

2a  — X  3 

15a6-962-3ax=4a2-xa. 

xa-3ax=4aa-16o6  +  96*. 
4xa-12ax=16a«-60a6  +  366a. 
4x«-12ax  +  9aa=26a«-60a6+366«. 
2x  — 3a=±(6a  — 66). 

2x=8a  — 66,  or66  — 2a. 
.*.  x  =  4a  — 36,  or  36  — a. 
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21.   Solve  a^^a.  =  i^^±^^  +  ^-i^±n, 

2  4 

4ar2  —  4aar  =  6a6  +  46a:  +  3a2  +  363. 
4ar2-4(a  +  6)a:  =  3a2  +  6a6  +  362. 

^sfi-^  4(o  +  b)x  +  (o  +  6)2  =  4a2  +  Sab  +  462. 
2a:  — (o  +  6)=±2(o  +  6). 

2a:  =  3(a  +  6),  or  -  (a  +  6). 
/.  a:=  } (a  +  6),  or  —  J(a  +  6). 


22.  Solve  JiL  +  _2a_^4a_^ 


a:  +  a      ar  +  2a       a:       a;4-3a 
Divide  by  a  and  simplify, 
3(x  +  2o)a:(a:  +  3a)  +  2(a:  +  a)x(j:  +  3a) 

=  4(a:  +  a)(x  +  2a)(a:  +  3a)  +  x(^x  +  a)(r  +  2a). 
3a:8  +  15aa^»  +  ISa^a:  +  2a:«  +  8aa:2  ^.  ea^a: 

=  4aJ»  +  24aa:2  +  44a2T  +  24a'  +  a^*  +  3aj:a  +  2a2r. 
—  4aa^i  — 22  a2a:=  24  a«. 
4ara  +  22aa:  =  -24o2. 
4  j:«  +  22  oa:  +  H^a^  =  ^^a*. 

2a:  + Y«=±f«- 

2x  =  — 3a,  or  —  8o. 

3a  . 

/.  a:= — — ,  or —4a. 

2 

23.   Solve  o-6+£^a4i6^2 

o+6  +  a;      a:  +  6 

aa:  —  6ar  +  a:*  +  a6  —  62  +  6a:  +  o^  +  2a6  +  62  +  aa:  +  6a: 

=  2oa:  +  26a:  +  2a:2  +  2a6  +  262  +  26x. 

a:2_|.36ar  =  at_262  +  a2. 

a:2  +  36a:+f62  =  a2  +  a6  +  -. 

4 

x+ib=±fa  +  ^\ 

/.  X  =  a  —  6,  or  —  (a  +  26). 
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24.    SolYe  a  +  46_,a-46^46. 

r+26     x~26       a 
a^x  —  2a26  +  4a6x  —  806^  —  o«x  —  2o«6  +  4a6ar  +  8aA« 

=  46xa-166«. 
46xa-8a6x=-4a26+ W6«. 
4x«-8aar  +  4a«=1662. 
2x  — 2a=±46. 
.-.  x  =  a^26. 

26.  Solve  -    li£+£l_?i«±»)  =  4. 

0  +  6  x  +  o 

4d:3^.8ajr  +  4a>  — SaS  — 6a6~36S=4ax  +  46x  +  4aS  +  4a&. 

4x3  +  4(a-6)x  =  3a«+10o6  +  36«. 
4xa  +  4(a-6)x  +  (a-6)*=4oa  +  8a6  +  46«. 

2x  +  a  — ft=i:(2a  +  2ft). 

2x=  a  +  36,  OP  -  (8a  +  hi), 

2  2 

26.  Solye  (i«!zii^K£l±ii  =  2x. 

4a2+962 

(4o«-963)xa-2(4aa  +  »6^)*=9^-4o«. 
Multiply  by  4  a«- 96a, 
(4a2-962)2xa-2(4oa-96«)C4oa  +  96a)  =  72aa6a-816*-.16a«. 
(4a« -  963)2x3 -  (  )  +  (4aa  +  963)2  =  I44a36a. 
(4aa-962)x-(4a«  +  9(^  =  ±12a6. 

(4aa-963)x=(2a±36)2,  op(2a-36)3. 

2a  +  36  ^,2a-36 
2a-36        2a  +  36 

27.  SolYe  (3a«  +  6«)(xa-x+l)  =  (aa  +  363)(xa  +  x+l). 

2(aa-.6«)x3-4(a«  +  63)x  =  26«-2a2.         ^ 

a^  —  h^ 
Multiply  by  2-^, 

(a«  -  63)212  -  2 (a2  -  62)  (flS  +  62)x  =  -  a*  +  2  a263  -  6*. 

(a2-62)2x2-(  )  +  (a2  +  62)2  =  4a262. 

(a2-.62)x-(a2  +  62)=±2a6. 

(a2  -  62)x  =  (a  +  6)2,  op  (a  -  6)«. 

a  +  6  ^.0  —  6 
•   X  =     ^   ,  op 


•    m 


a^h       a  +  6 
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28.  Solve  *»*         ^        *»*-** 


x  +  2      x  —  2      ar(4  — ar2) 

4a^x(x  ^  2)  -  b^x(x  +  2)  =  62  -  4aa. 

(4a2  -  62)3-2  «  2(4a2  +  62)ar  =  62  -  4oi. 

Multiply  by  4  a2- 62, 

(4a2  -  62)2x2  -  2(4a2  -  62)(4a2  +  62)a:  =  - (4o2  -  62)2. 

(4 a2  -  62)2x2  -  (  )  +  (4 a2  +  62)2  =  16 a2ft2. 

(4a2  -  62)x  -  (4a'^  +  62)  =  ±  4o6. 

(4 a2  -  62)x  =  (2  a  +  6)2,  or  (2  a  -  6)«. 

2a  +  6  ^,2a  — 6 
.'.  X  — ■ — ,  or • 

2a  — 6       2o  +  6 


JW.  SolTe  £L±26  =  _^_^. 

o  — 26      (a  — 26)a:      ^2 

(a  +  26)i2  =  a2:r-4a62  +  86». 
(a  +  26)a:2-<z2a;=  _4o62+ 86«. 
Multiply  by  a +  26, 

(a  +  26)2x2-a2(a  +  26)a:  =  -4a262  +  166*. 

(a  +  26)2x2 __a2(a  +  26)a:  +  ^  =  - -4a262+  166*. 

4       4 


(a  +  26):r-|=i(|-462y 

(a  +  26)a:  =  o2-462,  or  462. 

462 


x  =  a  —  2  6,  or 


a  +  26 


80.  SolYe  £±l-.2_=jHlf. 

c         CT     ar  —  6a; 

(o  —  6)  r  (r  +  1)  —  2(a  —  6)  =  c(r  +  2). 

•  (o  —  6)x»  +  (a  —  6  —  c)a:  =  2(a  —  6  +  c). 

Multiply  by  4  (a  —  6), 

4(a  -  6)2x2 +  4(a-6)(a-6-c)a:  =  8a2-16a6  + 862  + 8ac- 86c. 

4 (a  -  6)2x2  +  (  )  +  (a  -  6  -  c) 2  =  9  a2  —  18  a6  +  9  62  +  6  oc  -  6  6c  +  f 2. 

4(a-- 6)2x2 +(  )  +  (a-6-c)2  =  9(a-6)2  +  6(rr-6)c  +  c2. 

2(o—  6)a:  +  a  -  6  —  c  =  i  [3(a  -  6)  +  c]. 

2(o  — 6)a:  =  2(a  — 6+c),or-4(a-6). 

a  — 6  +  c  o 

X  = J—  or  —  2. 

a-6 
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81.  Solve 


a 


—  c  _g— o__      86(x--c) 


X'^a     a  —  c      (a'~'e){X'~'d) 
(a  -  c)«  -  (x  -  ay  =  86(x  -  c). 
—  2ac  +  c«  — ««  +  2ajp  =  86x  — 86c. 

xa-(2a-.86)x=c«-2ac  +  86c. 
43^-4(2a-86)*  =  4c*-8ae+126f. 
4xa_(  )+(2a-86)«  =  4a«-12a6  +  96«-8ac+126c  +  4ca 

=  (2a-86)«-4(2a-86)r  +  4ca. 
2x-(2a-86)=i:(2a-86-2e). 

2x  =  4a  — 66  — 2e,  or2c. 
x=2a  — 86  — e,  ore. 

88.  Solye  x(x  +  6«  -  6)  =  ax(a  +  l)-(a  +  6)«(a  -  6). 

aa+(6a_6-o«-a)x  =  -(a+6)«(a-6). 
x«-(a  +  6)(a-6+l)x  =  -(a  +  6)a(a-6). 
4xa-4(a  +  6)(a-6+l)x  =  -4(a  +  6)«(a-6). 
4xa-(  )+(a  +  6)2(a-6+l)«  =  (a  +  6)a[(a-6)«-2(a-6)+l]. 

2x-(a  +  6)(a-6+l)  =  ±(a  +  6)(a-6-l). 

2x  =  2(a  +  6)(a-6),or2(a  +  6). 
X  =  o*  —  6*,  or  a  +  6. 
■» 

88.  Solye  -  +  ^ ^ —  = r 

2  X  a 

x«  -  (4  OT«  +  n2)x  =  -  2(4  HI*  -  ii«)mtt. 
4  xa  -  4(4  m«  +  fi«)x  =  -  8(4  m*  -  n^)mn. 
4  x2  -  4(4  m«  +  n«)x  +  (4  in^  +  n«)«  =  16  m*  -  82  fii«n  +  8  fii«fi«  +  8  mn«  +  «*. 
4  xa  -  4(4  ma  +  n^)x  +  (4  m^  +  n*)*  =  16(iiia  -  mn)^  -  8(ma  -  iiin)na  +  n*. 

2  X  -  (4  m*  +  n*)  =  ±  [4(ma  -  mn)  -  n2]. 

2x=r8ma  — 4mn,  or  4mn  +  2na. 
X  =  2iii(2m— a),  or  ii(2m  +  «). 

84.  Solve   -^? fl  +  ±^ar  +  i  +  i  =  0. 

m  +  n      \        mnj        m     n 

mna^  —  (mhi  +  mn*  +  m '\' n)x -^  (m -\- n)^  =^  0. 

Multiply  by  4  mn, 

^4  mWj^  —  4  mtt(m  +  ft)  (mn  +  l)x  =  —  4  mn(m  +  n)*. 

4  mhi^3^  -  (  )  +  (m  +  «)*(mn  +  !)«  =  (m  +  n)a(mn  -  !)«. 

2mnx  —  (»  +  n)(^mn  +  1)  =  ±  (m  +  n) (mn  —  1). 

2 mnx  =  2(m  +  n)»in,  or  2(m  +  n). 

m  -I-  n 
/.  X  =  m  +  n,  or • 

^  mn 
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8ft.  Solye 


2ab        (3r-l)6g^  (2x+l)fl^ 
3a:  +  l         2a:+l  3a:+l 

2a6(2r+l)+(9aa-l)62  =  (2*+l)aa«. 
(962-4aa)aa+(4a6-4a3)r  =  a2  +  62-2o6. 
Multiply  by  962- 4  a*, 

(968  -  4a2)aa:2  _  4«(a  _  5)(9fc2  «  4a2):P  =  (a  -  6)2(963  -  4a2). 
(96a-.4«2)2a:a.(  )  + 4a2(a-6)2  =  962(a-6)a. 
(962  -  4a2)a:  -  2  a(a  -  6)  =  ±  36(a  -  6). 
(962-4a2)a:=(2a  +  36)(a-.6),  or(2a-36)(a-6). 

a  — 6      __        a  — 6 


or 


X=z 


x  = 


or  — 


36 -2a' 

6  — g  

2a-36'"'2a  +  36 


or 


2a +  36' 
6-a 


36.  Solye 
3r  +  2a  — 46      86  — 7o   .      ar  — 4a 

26x  ax-26x      2(a6-262) 

(a-26)(x+2a-46)-1662+14a6  +  x2 

x2  —  3  ox  —  2  6x 

4x«-4(3a  +  26)x 

4x2 -4(8a  +  26)x  +  (3o  + 26)2 

2x  — (3a  +  26) 


=  0. 


2x 

.'.   X 


87.  Solye 


X  — 56 


a  +  26     a2_4fc3      (a  +  26)x 
(a-26)x-xa  +  (a-26)(x-66) 

aa_(3o«26)x 
4x2-4(3a-26)x 
4x2-4(3o-26)x+(3a-.26)2: 

2x-(3a-26) 
2x 


x  = 


-4ax  =  0. 
:862-6a6-2a« 

32  62-24  a6-8a2. 
;o2-12a6  +  3662. 

±(o-66). 

4(a  — 6),  or2a  +  86. 

2(a  — 6),  ora  +  46. 

x  +  196  — 2a 

26x  — ax 
—  (a  +  26)(x+196-2a). 
-2a2+10a6  +  4862. 
-8a2  +  40a6+1926. 
a2  + 28  a6+ 19662. 
±(a+146). 
4a+126,  or2a  — 166. 
2a  +  66,  ora  — 86. 


Solve  gLii26     2(x  +  4a  +  36)^Q 

x  +  26        X  — 6a  +  36 


88.  Solve         ?Lii!L*  +  -£i£±l£+^  =  0. 
x  +  26        X  — 6a  +  36 

(a-26)x-6a2  +  3a6  +  26(6a-36)  +  2x2+2(4a  +  36)x 

+  46x  +  46(4a  +  36)  =  0. 

2x2+(9a  +  86)T=5a2-29a6-662. 
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16*3+ 8(9a 


16a:3  +  8(9a  +  86)x  =  40aa-232a6 -486«. 

+  86)j+(9a  + 86)2=  121a«-88o6+ 166*. 

4x  +  9a  +  86=i:(lla-4&). 

4x=  2a  ~  126,  or  -  20a  —  46. 


4x=2a~126,  or 


iiAci  1  L  1  a,2  6T+6 

2xa  +  x-l      2x3_8ar+l      26x-6      a-ax^ 

2xa  +  x-l=(2x-l)(x+l). 
2xa-3x  +  l=(2x-l)(x-I). 
26x-6  =  6(2x-l). 
a  —  ajfi  =a(l— *)(l  +  x). 
/.  L.C.D.  =  a6(x-l)(x+I)(2T-l). 
a6(xa  -  1)  +  o6(x  +  1)  =  a«(x2  -  I)  -  6»(4xa  -  1). 
(aa-462)x2-2a6x  =  a«-6«. 
Multiply  by  (aa-462), 

(o'i -'4  62)2x2  -  2  a6(a«  -  4  62)x  =  a*  -  6  a362  +  4  6*. 
(o2  -  4  62)3a^  -  2  a6(a2  -  4  62)x  +  a262  =  a*  -  4  a262  +  4  6*. 

(a2-462)x-a6  =  ±(o2-262). 
(a2_462)x  =  a6  +  a2-262, 
ora6  — a«+262. 

a2  +  a6-262  a2-rf^;-262 

X  =  — ,  or  — • 

a2-462  a-»-46i 

a  — 6               a  +  6 
or — — 

a  — 26  a  +  26 


.*.  X  = r-r.  or  — 
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41.   Solve 


^  ■ 

V 


V 

V 


1  .  4fla:a+36C2-a:)_g 
X       2aj:2^.2a  +  36 
2aar2  +  2a  +  36  +  4aaJ»  +  6fta:  -  36a:3  =  4a:t« +4ax  +  66r. 

(2a-36)ar2-4<Mr  =  -2a-36. 
Multiply  by  2  a  — 36, 

(2a-36)2a4J_4a(2a-.36)a:  =  -4a2  +  962. 
(2a-36)2a:2_4a(2a-36)a:  +  4a2  =  962. 

(2a -36)  a: -2a  =±36. 

(2a  — 36)  a:  =  2a +  36,  or  2a  — 36. 

...X =1^+11.  on. 

2a -36 

42.  Solve 

x  —  a  2(a6  — aar+26g)      1 

26(x  +  a)  a(a:  +  a)2        "a 

a  (ara  -  a^)  +  4a6a  -  4a6a:  +  86«  =  26:pa  +  4a6a:  +  2a26. 

(a  —  26)  a^»  —  8a6a:  =  a»  —  4a68  +  2a26  —  868. 
(a-26)ar2-8a6a:=(a-26)(a  +  26)2. 
■ — Multiply  by  a  —  2  6, 

(a-26)2ar2-8a6(a-26)ar=(a-26)2(a  +  26)2 

=  (a2-462)3. 
(a  -  26)2a:a  —  8a6  (a  —  26)  x  +  16a262  =  (a^  +  462)2. 

(a-26)x  — 4a6=±  (a2  +  462). 

(a - 26) x=  (a +  26)2,  or -(a -26)2. 

.•.x  =  I^±4^,or26-a. 
a  — 26 

43.   Solve      2ajr+6  ^  2  oar  -  6  _  9  62ara  +  (4  a^  -  6  62)  g  -  (ga -t- ^2^ 
oa?  +  6         aa:  —  6  a2a:2  _  52 

2a2a:2 -  a6a: -  62  +  2 a2ar3  +  a6a:  -  62  =  962^2  +  (4a2  -  662)  X  -  (a2  +  62). 

(4a2  -  962)  x2 -  (4a2 -  662)  X  =  62  -  a«. 
•x^ulf iply  by  4  a2  —  9  62,  * 

(4a2-962)2x2-2(4a2-962)(2a2-.362)  =  13a262-4a*-96*. 

(4a2-962)2a:3-2(4a2-962)(2a2-362)  +  (2a2-362)2  =  aJ?62. 
(4a2-962)x-(2a2-862)  =  ±a6. 

(4a2-962)x  =  2a2  +  a6-362,or2a2-.a6-362. 

2a2  +  a6-362  ^,  2a2-.a6-362 

4a2-962     ' 


4a2-962 


x  = 


^^*-^.or    "  +  * 


2a  — 3i        2a  +  3& 
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44.  SolYe    JLtA±L  +  ^i^Lt£l  =  2. 
X  — So  +  b     *  +  6  +  c 

=  223  +  2(2ft'3a  +  c)x-6a6-6ac  +  2A*  +  26c. 
xa+  (26-10a-2c)x=10a6-2ac-6«  +  26c-9a«. 
x2  +  2(6  — 5a  — c)x+(6-5a-c)«=16a«  +  8ac  +  c*. 

x  +  6  — 5a  — c  =  ±  (4a  +  c). 

x  =  9a  —  6  +  2c,  ora  —  6. 


Exercise  21. 


1.  Find  all  the  roots  of 

(x-l)(x-2)(x«-4x+8)  =  0. 
x=l,x  =  2,  orxa-.4x  +  8  =  0. 

a:2_4x  +  4=— 4. 

x-2  =  ±2V=n^. 
x  =  2±2V^. 
/.  x=l,2,2±2V'^. 

2.  Find  all  the  roots  of 
(xa-2x  +  2)(x3-6x  +  7)  =  0. 

x8  — 2x  +  2  =  0, 
OP         x^  — 6x+7  =  0. 
xS»  — 2x  +  2  =  0. 
xa-.2x+l  =  -l. 

x-l  =  ±V=n^ 
x=l±V-l. 
xa-6x+7  =  0. 
x2-6x  +  9=:2. 

X  — 3  =  ±  V^. 
x  =  3dbV^ 
/.  x=l±\/^,  3±\/2. 

3.  Find  all  the  roots  of 

x«  +  27  =  0. 
x«  =  -27. 
x  =  —  3. 
.*.  X  +  3  is  a  factor  of  x«  +  27. 


x«  +  27=(x  +  3)(xa-8x  +  9)  =  0. 
x«  — 3x  +  9  =  0. 


_3i3V    :{ 


2 


/.  x  =  — 8, 


8±8V^ 


4.  Find  all  the  roots  of 

x*-81  =  0. 

(xa-9)(x«  +  9)  =  0. 

xa-9  =  0. 

x=±S, 
x>  +  9  =  0. 

x  =  ±3V^. 
/.  x=±3,  ±3V^. 

6.  Find  all  the  roots  of 

x«-27  +  4(x«-9)  =  0. 
(x-3){(xa^^x+9)+4(x+3)}=0. 
x-3  =  0, 
xa+7x+21  =  0. 

x+}  =  ±iV-:i5. 


or 


x  = 


7  ±  V—  ;-55 


2 


/.  x  =  3. 
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6.  Find  all  the  roots  of 

x*  +  9x2-16(a:a  +  0)  =  0. 
(a:2  _  16)  (arS  +  9)  ^  0. 
ar2  =  16, 
or  3fi  =  ^9. 

T=±4,  ±3V^. 

7.  Find  all  the  roots  of 
2x3  + 3x2 -.2a:- 3  =  0. 

(2x  +  3)(x2-.l)  =  0. 
2x  +  3  =  0, 
or  x2  —  1  =  0. 

a:  =  — f,±l. 

8.  Find  all  the  roots  of 

ar4-4x8  +  8x2-.32x=r0. 
x(x8 -  4x2 ^  8x -  32)  =  0. 
x(x-4)(x2  +  8)  =  0. 
X  =  0,    X  =  4, 
or  xa  4.  8  =  0. 

X  =  ±  2  V^. 


,',  x  =  0,  4,  ±2V^. 


9. 


Find  all  the  roots  of 

x8  — X  — 6=0. 

X  =  2  is  a  root. 

x«-x-6  =  (x-2)(x2  +  2x  +  3). 

x2  +  2x+8  =  0. 

x2  +  2x+l  =  -2. 

x+l  =  ±  V^. 

x  =  — 1±V^. 
.-.  X  =  2,  or  —  1  ±  V— 2. 

10.   Find  all  the  roots  of 
j:8_6x2+11x-6  =  0. 
X  =  2  is  a  root. 
:r8-6x2+llx-6 

=  (x-2)(x2-4x  +  8). 
a:2-4x  +  3  =  0. 
(x-l)(x-3)  =  0. 

X  =  3,  or  1. 
.-.  X  =  1,  2,  3. 


11.   Find  all  the  roots  of 
X*  -  3  x«  -  8  x2  +  6  X  +  4  =  0. 
x=  1,  or — 2,  satisfies  the  equation, 
ar*  — 3a4i— 8x2  +  6x  +  4 

=  (x-l)(x+2)(x2-4x-2). 
a:2«4a._2  =  0. 
x2  — 4x  +  4  =  6. 

x-2  =  ±v^. 

x=2±\/6. 
.-.  X  =  1,  -  2,  2  ±  V^. 

18.  Find  all  the  roots  of 
x«  +  x2  — 14x  — 24  =  0. 
X  =  4  is  a  root. 
(x-4)(x2+5x  +  6)  =  0. 
x2+5x  +  6  =  0. 
(x  +  2)(x  +  3)  =  0. 
x  =  — 2,  or  — 3. 
.-.  x  =  4,  — 2,  — 3. 

13.  Find  all  the  roots  of 
X*  -  6x8  +  9x2  +  4x  — 12  =  0. 
x2(x-3)2  +  4(x-3)=0. 
(x-3){x2(x-3)  +  4}  =  0. 
X  =  3,  or  x8  —  3  x2  +  4  =  0. 
X  =  —  1  is  a  root. 
x«-3x+4  =  (x4-l)(x2-4x  +  4). 
x  =  —  1,  orx2  —  4x+4  =  0. 
(x-2)(x-2)=0. 
x  =  2,  2. 
.-.  X  =  3,  —  1,  2,  2. 

14.  Find  all  the  roots  of 

x(x-3)(x+l)  =  a(a-3)(a+l). 
X  =  a  is  a  root. 

Simplify  the  equation, 
j:8_.a8-2x2-f  2a2_3x  +  3a  =  0. 
(x-a)  (x2+ax+a2-2x-2a-.'J)  =  0. 
x=  a, 

or     x2  +  ax  +  a2  — 2x-2a  — 3  =  0. 
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a:2  _|.  (a  _  2)a:=  2a  +  3  —  a«. 
4a:2  +  4(o-2)a:+(a-2)a 

=  -3a2  +  4a  +  16. 

2x  +  a  — 2=±  Vltf  +  4a  — 3aa. 


ap  = 


2~aj:  Vl6  +  4a-3a^ 


2-a±vl6  +  4o^3^ 
/.  a:  =  a, ^ ' 


15.  rind  all  the  roots  of 
2:(x-3)(:r  +  l)  =  20. 
x(x-3)(a:+l)  =4X1X6. 
By  inspection,      a:  =  4. 
x»  — 2ar2-3a:  — 20  =  0. 
(x-4)(a:2  4.2x  +  6)  =  0. 

a;  =  4, 
or  jpa  +  2j:  +  5  =  0. 

aa  +  2x+l  =  -4. 

x+l  =  i:2>/^. 
x=-l±2V^. 
...  r  =  4, -li2v^. 

16.  Find  all  the  roots  of 
(x-.l)(x-2)(x-3)  =  24. 
(x-l)(x-2)(x-.8)  =  4X3x2. 

By  inspection,         x=  6. 

x3-6aa+llx-6  =  24. 
x»-6x24-llx-30  =  0. 
(x-5)(x2-x  +  6)  =  0. 

x  =  5, 
or  xa-x  +  6  =  0. 

"X+}  =  -y. 


x-i  =  ±iV^^^^. 


/.  X  =  6, 


l±Vi:23 
x= • 


2 


17.  Find  all  the  roots  of 
(x  +  2)(x-3)(x  +  4)=rr240. 
(x  +  2)(x-3)(T+ 4)  =  8x8x10. 

By  inspection,       x  =  6. 

x«  +  3xa- lOx-24  =  240. 
xt  +  3xa-10x-264  =  0. 
(x-6)(x«  +  9x  +  44)  =  0. 

x  =  6, 
or  ««  +  9x  +  44  =  0. 

a«  +  9x+V=-V- 
x+f  =  ±§V^96. 

-9iV^^ 


X=: 


2 


.-.  «  =  6, 


-9±V^^^. 


IS.  Find  all  the  roots  in 

(ar+l)(*  +  6)(a— fl)  =  ^• 
(x+l)(x+6)(x-6)=8xl2Xl. 

By  inspection,       x  =  7. 
x»-3lx  — 30  =  86. 
x«-31x-126=0. 

(x-7)(xa+7x  +  18)  =  0. 

x=7, 
or  xa+7x+18  =  0. 

xa+7x+ v-=-y« 

x  +  }=±i>/^^^^- 


x  = 


—  7  i  V-  23 
2 


/.  x=7. 


-  7  ±  V-  23 
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Exercise  22. 

Determine,  without  solTing,  the  character  of  the  roots  of  each  of  the 
following  equations. 


a  =  1,  6  =  —  6,  c  =  8. 
62  —  4  ac  =  4. 
.'.  The  roots  are  real,  different, 
and  exact. 

5.  a:2-.4ar  +  2  =  0. 

a  =  1,  6  =  —  4,  c  =  2. 
62-4ac  =  8. 
.*.  The  roots  are  real,  different 
surds. 

3.  x2  +  6j:+13  =  0. 

a  =  1,  6  =  6,  c  =  13. 
6a-4ac  =  -16. 
.*.  The  roots  are  hoth  imaginary. 

4.  4ar2-12x+7  =  0. 

a  =  4,  6  =  —  12,  c  =  7. 
6a_4ac  =  32. 
.*.  The  roots  are  real,  different 
surds. 

6.  5x2  — 9a: +  6  =  0. 

a  =  5,  6  =  —  9,  c  =  6. 
62_4ac  =  -.49. 
.'.  The  roots  are  hoth  imaginary. 


6.  16x2- 66x  + 49  =  0. 
a=16,6  =  -56,  c  =  49. 
62  — 4ac  =  0. 

.*.  The  roots  are  real  and  equaL 

7.  3x2-2x+12  =  0. 
a=3,6  =  — 2,c=12. 
62-4ac  =  -140. 

.'.  The  roots  are  both  imaginary. 

8.  2x2-19x+17  =  0. 

a  =  2,6=-19,c=17. 
62-4ac  =  225. 
.*.  The  roots  are  real,  different, 
and  exact. 

9.  9x2 +  30x  + 25  =  0. 
a=9,6  =  30,c  =  25. 
62-4ac  =  0. 

.'.  The  roots  are  real  and  equal. 

10.       17x2-12x+ff  =  0. 

a  =  17,6  =  -12,  c  =  ff 
62-4ac  =  0. 
.*.  The  roots  are  real  and  equal. 


Determine  the  values  of  m  for  which  the  two  roots  of  each  of  the 
following  equations  are  equal. 

11.       (3  m  +  l)x2  +  (2  m  +  2)x  +  fn  =  0. 
a  =  3m  +  l,  &  =  27n  +  2,  c  =  iii. 

62  -  4  ac  =  4  m2  +  8  m  +  4  - 12  Jii2  -  4  m . 
62  —  4  ac  =  4  +  4  m  —  8  m2. 

If  the  roots  are  equal,     62  —  4  ac  =  0. 

8m2  — 4m  — 4  =  0. 
16m2  — 8ot+1  =  9. 
4m  — l  =  d:3. 

4m  =  4,  or —  2. 
.*.  m  =  1,  or  —  J.  Am, 
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12.   (to  — 2)a:a_|.(OT-5)x  +  2»i-5=rO. 

a=wi—  2,  6=m  —  5,  c  =  2m  —  6. 

62_»4ac=m2-10m  +  26  — 8m^  +  86m— 40. 
6^-4ac  =  -.7m«  +  26m  — 16. 
If  the  roots  are  equal, 

7m2  — 26m  +  16  =  0. 
(7m-6)(m-3)  =  0. 

.-.  m  =  f ,  or  8.  AnM, 

IS.  2 mx*  +  ^ -  0»»x  —  6a:  +  6fii  +  1  as  0. 

a  =  2m  +  l,  6  =  — 6m  — 6,  c=s6m  +  l. 

63  — 4ac  =  86m>  +  72m  +  S6-48mS-d2m-4. 

62-4ac  =  -12m<  +  40m  +  32. 
If  the  roots  are  equal,' 

12  m^^  40m  — 32  =  0. 

3ma-10m  — 8  =  0. 

(m-4)(3m  +  2)=:0. 

.-.  m  =  4,  or  —  }.  An». 

14.  mx«  +  2j?«  +  2m,=  3mj?  — 9*+10. 

(to  +  2)x«  -(3«  -  9)x + (2  m  - 10)  =  0. 

a=m  +  2,6  =  -(3m-9),c  =  2m-10. 
fta-4ac  =  m<-80m+161. 
If  the  roots  are  equal, 

m^  — 30m +  161  =  0. 
(m-7)(m-23)  =  0. 

/.  m  =  7,  or  23.  An», 

Bxercise  23. 

1.   The  product  of  two  consecutive  numhers  exceeds  their  sum  hy 
181.     Find  the  numbers. 
Let  X  equal  the  first,  and  r  +  1  the  second  number. 
Then  r  (ar  +  1)  =  their  product, 

and  2  r  +  1  =  their  sum. 

/.  x(a:+l)  =  2x+l  +  181. 
xa+x  =  2x+182. 
xa-x=182. 
xa-x  +  i=182J. 
x-J  =  ±131. 

x=  14,  or -13. 
.*.  The  numbers  are  14  and  15. 
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2.  The  square  of  the  sum  of  two  consecntiye  numbers  exceeds  the 
sum  of  their  squares  by  220.    Find  the  numbers. 

Let  X  equal  the  first,  and  x  +  1  the  second  number. 
Then  2 x  +  1  =  their  sura, 

and  x*  +  (r  +  1)^  =  the  sum  o^  their  squares. 

.-.  (2x+l)2=r2+(x+l)2  +  220. 
4x2  +  4x+l  =  2x2  +  2x  +  221. 

2xa  +  2x  =  220. 
4x2 +  4x+ 1  =  441. 
2x+l=±21. 

2x  =  20,  or— 22. 
X  =  10,  or  —  11. 
.*.  The  numbers  are  10  and  11. 

3.  Tlie  difference  of  the  cubes  of  two  consecutiye  numbers  is  817. 
Find  the  numbers. 

Let  X  equal  the  first,  and  x  +  1  the  second  number. 
Then  x*  =  cube  6f  first, 

and  (x  +  1)8  =  cube  of  second. 

.-.  (x+l)8-x«  =  817. 
3x3 -I- 3x+ 1  =  817. 
x2  +  X  =  272. 
x2  +  x+ J  =  2721. 
x+ J=±16}. 

X  =  16,  or  — 17. 
.*.  The  numbers  are  16  and  17. 

4.  The  difference  of  two  numbers  is  5  times  the  less,  and  the  square 
of  the  less  is  twice  the  greuur.    Find  the  numbers. 

Let  X  =  the  lesser  number. 

Then  x^  =  twice  the  greater  number. 

x2 
.'.  ~-  =  the  greater  number. 

X2 

•  .   "~~  ^"*  X  ^—  O  X. 

2 
«»-12x  =  0. 

x=0,  or  12. 
|'  =  0,or72. 

.*.  The  numbers  are  12  and  72. 
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5.  The  Dumerator  of  a  certain  fraction  exceeds  tiie  denominator  by 
1.  If  the  numerator  and  denominator  be  interchanged,  the  turn  of  the 
resultiog  fraction  and  the  original  fraction  i»  2j^.  What  waa  the  orig- 
inal fraction  % 


Let  X  s=  the  denominator. 

Then  x  +  1  =  the  nnmerator. 


x-f  1_ 

=  the  fraction  after  nnmerator  and  de- 

x+1 

x+l 


=  the  fraction. 

X 
X 


X  4-  1 

^  nominator  are  interchanged. 


80(2xa  +  2x+l)=61(x«  +  x). 
xS  +  «  =  30. 
x»+x+J  =  80t. 

X  =  6,  or  —  6. 

X  +  1  =  0,  or  ~  6. 
.'.  The  fraction  is  (. 

6.  The  denominator  of  a  certain  fraction  exceeds  twice  the  numer- 
ator by  3.  If  3^  be  added  to  the  fraction,  the  resulting  fraction  is  the 
reciprocal  of  the  original  fraction.    Find  the  original  fraction. 

Let  X  ==  the  numerator. 

Then  2x4-3  =  the  denominator. 

^  '  ^  =  the  fraction. 
2x  +  d 

'        =  its  reciprocaL 

X 


+  8A  =  2£±1 


2x  +  3        *•  r 

14x3  +  46x  (2x  +  3)  =  14  (2x  +  3)S. 
48x3-33x=126. 
16xa-llx  =  42. 

16x«-llx  +  W  =  HJ*. 

4x-JgL=±V. 

4x=8,  or  — y. 

«  =  2,or-fJ. 

2x  +  3=7,  or}. 
The  fraction  is  }. 
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7.  A  fanner  bought  a  number  of  geese  for  ^24.  Had  be  bought  2 
more  geese  for  the  same  money,  he  would  have  paid  f  of  a  dollar  less 
for  each.    How  many  geese  did  he  buy,  and  what  did  he  pay  for  each  ? 

State  the  problem  to  which  the  negative  solution  applies. 

Let  X  =  number  of  geese  bought. 

24 
Then  —  =  price  of  each  goose, 

X 

24 

and  ■         =  price  he  would  have  paid  for  each  if 

*"*"  he  had  bought  two  more  for  the 

same  money. 
.     24        24     2 


r  +  2      X      6 

120x  =  120  (a:  +  2)  -  2ar  (x  +  2). 
2x«  +  4x  =  240. 
xa  +  2x=120. 
x«  +  2x+ 1  =  121. 

X  +  1  =  ±  11. 

x=10,  or  — 12. 

?^  =  2.4,or-2. 

X 

.'.  He  bought  10  geese  at  f  2.40  apiece. 

The  second  solution  x=r  — 12  is  to  be  rejected.     If  howeyer  the 

problem  read:    Had  he  bought  2  geese  less  for  the  same  money,  he 

would  have  paid  f  of  a  dollar  more  for  each,  the  algebraic  statement 

would  be 

24    __24  .  2 


X  — 2      X      5 
which  leads  to  the  quadratic  equation 

x>-2x=:120^ 
the  roots  of  whicb  are  12  and  — 10. 

8.  A  laborer  worked  a  number  of  days,  and  received  for  his  labor 
f  36.  Had  his  wages  been  20  cents  more  per  day,  he  would  have 
received  the  same  amount  for  2  days'  less  labor.  What  were  his  daily 
wages,,  and  how  many  days  did  he  work  ? 

State  the  problem  to  which  the  negative  solution  applies. 

Let  X  =  number  of  da  vs  be  worked. 
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36 
Then  —  =  nomber  of  dolUn  he  receired  per  day. 

36     1 

—  +  -  =  number  of  dolUn  he  would  hare 

'  receWed  per  daj  if  he  had  receired 


4 


20  cento  more. 


(x-2)(180  +  x)=180x. 
178*  +  ^a- 360  =  180  X. 
2**2x  =  360. 
jBa-2x+ 1  =  361. 
x-l  =  ±19. 

X  =  20,  or  — 18. 

??  =  1.80,or-2, 

X 

.*.  He  worked  20  days  at  9 1.80  per  day. 

If  the  problem  read :  Had  his  wages  been  20  cento  Ums  a  day,  he 
would  have  received  the  same  amount  for  2  days  more  labor,  the  alge- 
braic statement  would  be 


(,+2)(5_|)=3e. 


which  leads  to  the  quadratic 

xS  +  2x  =  360, 
the  roote  of  which  are  18  and  —  20. 

9.  For  a  journey  of  336  miles,  4  days  less  would  hare  sufficed  had  I 
travelled  2  miles  more  per  day.    How  many  days  did  the  journey  take  ? 
State  the  problem  to  which  the  negative  solution  applies. 

Let  x  =  number  of  days  which  the  journey 

took. 

Then  —  =  number  of  miles  travelled  a  day. 

X 

X  — 4  =  number  of  days  it  would  take  if  I 
travelled h  2  miles  a  day. 

X 


/.  (x-4)^?^  + 2^=336. 

(x-4)(336  +  2a:)  =  336x. 

2x2 +  328X-.  1344  =  336  X. 

2a:3_8x=1344. 
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a:3-4x=672. 
a2-4a:  +  4  =  676. 
a:  — 2  =  ±26. 

x  =  28,  or— 24. 

55?  =  12,  or  - 14. 

X 

.*.  The  journey  took  28  days. 

The  negative  solutions  would  have  been  applicable  if  the  problem 
had  read :  For  a  journey  of  336  miles,  4  days  more  would  have  been 
necessary  had  I  travelled  2  miles  less  per  day.  The  algebraic  state- 
ment would  be 

(x  + 4)^5^-2^=336, 

which  reduces  to 

a:a  +  4a:  =  672, 

the  roots  of  which  are  24  and  —  28. 

10.  A  farmer  hires  a  number  of  acres  for  ^420.  He  lets  all  but  4 
for  $420,  and  receives  for  each  acre  $2.50  more  than  he  pays  for  it. 
How  many  acres  does  he  hire  ? 

Let  X  =  number  of  acres  hired. 

420 
Then  —  =  rent  paid  per  acre. 

X 

X  —  4  =  number  let  for  $420. 
420 


ar  —  4 


=  rent  received  per  acre. 


420  _2,      420 


ar  — 4  X 

840  ar  -  6  3:2  +  20x  =  840x  -  3360. 

6a^^-20ar=3360. 

x2-4a:=672. 

a:2  — 4x  +  4  =  676. 

a:-.2  =  ±26. 

x=28,  or  — 24. 
.*.  He  hires  28  acres. 

11.  A  broker  sells  a  number  of  railway  shares  for  $8240.  A  few 
days  later,  the  price  having  fallen  $9  per  share,  he  buys,  for  the  same 
sum,  5  more  shares  than  he  had  sold.  Find  the  number  of  shares 
transferred  on  each  day,  and  the  price  paid. 

Let  X  =  number  of  shares  sold  on  the  first  day. 
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Then   =  number  of  dollars  received  per  share  on  the  first  day. 

X 

3240 

0  =  number  of  dollars  paid  per  share  on  the  second  day. 

X 

X  +  5  =  number  of  shares  bought  on  the  second  day. 

.-.  (x  +  6)  ^—p  -  9^  =  3240. 

(x  +  6)  (3240  -  9x)  =  3240  X. 
—  Ox^  +  3240x  *  45x  4- 16200  =  8240X. 

0x3  + 45x=  16200. 
x3  4.5x=1800. 

x  =  40,  or— 46. 

3240      ^,         8240     ^      ,^  ,      ,, 
=  81. 9  =  72.       x+6  =  45. 

X  X 

,'.  He  sold  40  shares  at  ^81  per  share,  and  bought  46  shares  at  972 
per  share. 


IS.  A  man  bought  a  number  of  sheep  for  9800.  He  kept  lb,  and 
sold  the  remainder  for  9270,  gaining  half  a  dollar  on  each  sheep  sold. 
How  many  sheep  did  he  buy,  and  what  did  he  pay  for  each  1 

Let  X  =  number  of  sheep  bought. 

300 
Then  —  =  number  of  dollars  paid  for  each  sheep. 

X  — 15  =  number  of  sheep  sold. 

270 

=  number  of  dollars  receiyed  for  each 

X— 16  , 

sheep. 

270    ^300     1 


X  — 15       X       2 
540x  =  600x-0000  +  xa-.16x. 
x«  +  46x  =  9000. 
««  +  46x  +  i^  =  A£pA. 

x  +  Y=±ifA. 

x=75,  or  — 120. 
800 
X    "~ 


.'.  He  bought  75  sheep  at  94  apiece. 
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18.  The  length  of  a  rectangular  lot  exceeds  its  breadth  by  20  yards. 
If  each  dimension  be  increased  by  20  yards,  the  area  of  the  lot  will  be 
doubled.    Find  the  dimensions  of  the  lot. 

Let  X  =  number  of  yards  in  breadth. 

Then  x  +  20  =  number  of  yards  in  length. 

x(x  +  20)  =  number  of  square  yards  in  the  area. 
X  +  20  =  breadth  increased  by  20  yards. 
X  +  40  =  length  increased  by  20  yards. 
(x  4-  20)  (x  +  40)  =  number  of  square  yards  in  area  after 

the  increase. 
.•.  (x  +  20)  (r  +  40)  =  2  x(x  +  20) . 

.-.  ar  +  20  =  0,  and  x  =  — 20; 
or  X  +  40  =  2x,  and  x  =  40. 

X  +  20  =  60. 
.*.  The  lot  is  40  yards  wide  and  CO  yards  long. 

14.  Twice  the  breadth  of  a  rectangular  lot  exceeds  the  length  by 
2  yards ;  the  area  of  the  lot  is  1200  square  yards.  Find  the  length  and 
breadth. 

Let  X  =  number  of  yards  in  breadth. 

Then  2 x  —  2  =  number  of  yards  in  length. 

x(2x  —  2)  =  number  of  square  yards  in  the  area. 
.-.  x(2x-2)=l200. 
x3  -  X  =  600. 

x-J=±V. 

x=26,  or— 24. 
2x-2  =  48. 

.*.  The  lot  is  25  yards  wide  and  48  yards  long. 

15.  Three  times  the  breadth  of  a  rectangular  field,  of  which  the  area 
is  2  acres,  exceeds  twice  the  length  by  8  rods.  At  9  6  per  rod,  what 
will  it  cost  to  fence  the  field  ? 

Let  X  =  number  of  rods  in  breadth. 

Then  3x  —  8.=  twice  the  number  of  rods  in  length. 

Q  „  Q 

=  number  of  rods  in  length. 

— ^ — ""   f  =  number  of  square  rods  in  its  area. 
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2 
3a^-.8:r  =  640. 
9jr>-24r+16=1096. 
3x-4=:fe44. 

3x=:48,  or— 40. 
x=16,or  — i^. 

2 
.*.  Tlie  field  ib  16  rods  wide  and  20  rods  long. 
Its  perimeter  is  therefore  2xl6+2x20=:72  rods. 
At  5  dolUrs  a  rod  the  fencing  would  therefore  oott  6  X  78  dolUrs,  or 
#360. 

16.  Two  pipes  running  together  fill  a  cistern  in  lOf  hoars ;  the  largrr 
will  fill  the  cistern  in  6  hours  less  time  than  the  smaller.  How  long 
will  it  take  each,  running  alone,  to  fill  the  cistern  f 

T^t  X  =  number  of  hours  it  takes  the  smaller  pipe. 

Then  x  —  6  =  number  of  liours  it  takes  the  larger  pipe. 

-  =  part  which  the  smaller  pipe  will  fill  in  one  honr. 

1 


x-6 


=  part  which  the  larger  pipe  will  fiU  in  one  hoar. 


-  -I =  part  which  both  pipes  together  will  fill  in  one  hoar. 

I     X  — 6 

*"r     x-6      lOJ      72 
72(x-6  +  r)  =  7x(x-6). 

7aa-186x  =  -.432. 
49jra-1302x  =  -3024. 
49x<-  1302x  +  8649  =  662& 
7x-93=±75. 

7x=168,oria 
X  =  24,  or  ^^. 

X  — 6  =  18,  or  — V- 
.-.  The  smaller  pipe  will  fill  the  cistern  in  24  hoars,  the  larger  in  18 

hours. 

17.  Three  workmen.  A,  B,  and  C,  dig  a  ditch.  A  can  dig  it  alone  in 
6  days  more  time,  B  in  30  days  more  time,  than  the  time  it  takes  t he- 
three  to  dig  tile  ditch  together;  C  can  dig  the  ditch  in  3  times  the  fiine 
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the  three  dig  it  in.    How  manj  dmys  does  it  take  the  three,  working 
together,  to  dig  the  ditch  ? 

Let  X  =  number  of  days  it  takes  the  three  together. 

Then         x  +  6  =  nomber  of  days  it  takes  A, 
X  +  30  =  number  of  days  it  takes  B, 
8x  =  number  of  days  it  takes  C. 

-  =  the  part  the  three  together  can  do  in  one  day. 
•=.  the  part  that  A  can  do  in  one  day. 


x  +  6 
1 
x+dO 


=  the  part  that  B  can  do  in  one  day. 


—-  =  the  part  that  C  can  do  in  one  day. 
ox 

.1.1^11 


x  +  6     x  +  30     3x     X 

'^-(-  I  ?^)  I  ffT(-j.^jJWxl^}ixi  ?^ft)-'^rr11^)(r  +  30). 

,  3x2  +  9d^  +  3x2  +  18x  =^  +/72x  +  360. 

■  T/x^-^'^^         2"^  \y      2x=12,  or— 30. 

T//iy  -  W'-^3^^y-Al>  ^  ,    .    '  ^^   6,  or -16. 
^'  '^         .*.  It  will  take  the  three-together  6  days  to  dig  the  ditch. 

J,8.   A  cl»tem  hultling  000  gallons  can  be  filled  by  two  pipes  running 

^   't(i]{i^h^r  in  as  many  hours  as  the  larger  pipe  brings  in  gallons  per 

'""liiiiiute;  the  smaller  pipe  brings  in  per  minute  one  gallon  less  than  the 

larger  pipe.    How  long  will  it  take  each  pipe  by  itself  to  fill  the  cistern? 

Let  X  =  number  of  gallons  the  larger  pipe  brings  in  in  1  min. 

Then  x  —  1  =  number  of  gallons  the  smaller  pipe  brings  in  in  1  min. 

2x  —  1  =  number  of  gallons  both  pipes- bring  in  in  1  min. 

120  X  —  00  =  number  of  gallons  both  pipes  bring  in  in  1  hour. 

000 

=  number  of  hours  it  would  take  both  pipes  to  fill  the 


120r-fl0 

cistern. 


000 


•      =:X. 


•  • 


120x-eK) 

000=120x^.604?. 
2xa-x=15. 
iex«-8r+ 1  =  121. 


TBACBERS'    EDITION. 


116 


4x-l  =  ±ll. 

4x=12,  or-lO. 
X  =  3,  or  —  J^. 
x-l  =  2. 

—  =  300.    800  minates  =  6  hoort* 

X 

900 


x-l 


=  460.    450  minutes  =  7|  hoan. 


.'.  The  larger  pipe  will  fill  the  cistern  in  5  honrs,  the  smaller  In  7) 
hours. 

0 

19.  A  number  is  formed  by  two  digits,  tWsecond  being  less  bj  8 
than  one-half  the  square  of  the  first.    If  0  jie  add^dJo^he  number,  th< 
order  of  the  digits  will  be  reversed.    Find  the  number^ 

x  =  flrstdigit-      y  ^y^  -f  /  —    L 
S^  =  its  squap^.  ;  y 


Let 
Then 


lOx  +      —  3  ^  thynumber. 
2 


e  number  reversed. 


10(|'-3)  +  x  = 
.-.  lOx+f -3  +  9=^10/^^-3^  + 


^^  J  f-  ^ 


9xs 


.*.  The  number  is  45. 

20.  A  number  is  formed  by  two  digits;  5  times  the  second  digit 
exceeds  the  square  of  the  first  digit  by  4.  If  3  times  the  first  digit  be- 
added  to  the  number,  the  order  of  the  digits  will  be  rerersed.  Find  the 
number. 


L  '- 


Let 
Then 


X  =  first  digit, 
x^  +  4  =  6  times  second  digit. 
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— i_  ==  second  digit. 

10  a:  +      ^    =  the  number. 
6 

10  ( ^iillA  +  x  =  the  number  reversed. 

\    ^     J 

...  i0x  +  ^  +  3x=10f^Ux. 

12a:  =  f(x2  +  4). 
9x2-.  60a:  =  —  36. 
ea:2  _  60  :r+ 100  =  64. 
3ar  — 10=±8. 

3a:=18,  or2. 
X  =  6,  or  }. 

^±i  =  8. 
5 

.*.  The  number  is  68. 

21.  A  boat's  crew  row  3  miles  down  a  river  and  back  again  in  1  lionr 
and  15  minutes.  Their  rate  in  still  water  is  3  miles  per  hour  faster 
than  twice  the  rate  of  the  current.  Find  the  rates  of  the  crew  and  the 
rate  of  the  current* 

Let  r^  their  rate  in  still  water. 

Then  x  —  3  =  twite  the  rate  oMhe  current 

X  -  ^-.<a   Y  ^  ^  ^-^^^  ^  ^'  ^    ^  =  the\ite  of  t^cur 


rt  o  /^  *  4 =  their  late^own  stream.  \\ 


3v^3     ^-^^ 


/ 


x^^t 


X  — =  their  rate  up  stream. 

2  /^    ^^ 


y  "Y  /         X  /*  i  ^  _^p  =  nohiber  ©f  hours  they  take  to  row 

-^    ^  t^  ^   ^  V  ^    ;         J^      *'*"^2^    /  down  tUree  miles. 

J, "    -^ ^  >  y-  i  '    ■  ^y~  number  of Vhours  they  take  to  row 

X -^        back  thre4  miles. 

Mour  and  15  mu^ntes  =  |  hours. 
3         .     /s  6 


•  •  ■ 


«•  «  1 


2    ^  2 


J" 
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(^        V      (^ 


3r-3'^ 

t+8 

*  y 

f 

8(jr  +  3)  +  24(x 

\)  = 

5;{^ 

l)(a 

r  +  8). 

62:8- 

22\=3 

/h. 

252«-110r+12J^ 

:196. 

69 

yi^ 

Li:  14. 

J 

/6x= 

V.or 

-8. 

/ 

Xs= 

:6^d 

X  — 

»  =  1. 

2 

/.  The  rate  of  the  carrent  is  1  mile  per  hour ;  and  the  rate  of  the 
crew  in  still  water  is  6  miles  per  hour. 

82.  A  jeweller  sold  a  watch  for  f  22.76,  and  lost  on  the  cost  of  the 
watch  as  many  per  cent  as  the  watch  cost  dollars.  What  was  the  cost 
of  the  watch  ? 

Let  X  sz  namher  of  dollars  paid  for  the  watch. 

Then  x  —  22 1  =  loss  in  dollars. 

100^^:^=  loss  in  per  cent 
,.100  £=22}^^ 

100a--2276  =  a:«. 
a«-100jr  =  -2276. 
«s.  100x4- 2500  =  226. 
X  — 60  =  ±15. 

x  =  65,  or  36. 
.-.  The  watch  cost  either  966  or  936. 

28.  A  farmer  sold  a  horse  for  9138,  and  gamed  on  the  cost  }  as 
many  per  cent  as  the  horse  cost  dollars.    Find  the  cost  of  the  horse. 
Let  X  =  number  of  dollars  r***^  ^y  the  horse. 

Then  138  —  x  =  gain  in  dollars.  /  y  - 

100  ^??^=^  =  gain  in  per  cent  (  ^^*  ' 


100 


X 

138-x     X 


X  8 

110400 -800x  =  x«. 
x<  + 800  x=  110400. 
«•  +  800«  + 160000  ==  270400. 
«  +  400=±620. 

«  s  120,  or  -  920. 
.*.  The  horse  cost  9120. 
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d4.  A  broker  bought  a  number  of  9 100  shares,  when  they  were  a 
certain  per  cent  below  par,  for  $8600.  He  afterwards  sold  all  but  20, 
vlien  they  were  the  same  per  cent,  above  par,  for  $9200.  How  many 
siiares  did  he  buy,  and  what  did  he  pay  for  each  share  ? 

Let  X  =  number  of  shares  bought. 

8500 
Then  ^^^^  =  number  of  dollars  paid  for  each. 

X 

X  —  20  =  number  sold, 
wfiuu  __  ^^jni^^i  Qf  dollars  received  for  each. 


x-20 


100-§500^_?200__iQ^ 
X        ar  — 20 
2_85^     92 


X      x  — 20 
2a2-40x-.85x+ 1700  =  92  ar. 

2j<2-217a:=-.1700. 
16a^»- 1736  a:  =  -13600. 
16  z*  -  1 736  or  +  47089  =  33489. 
4a:-217  =  ±183. 

4  a:  =  400,  or  34. 
X  =  100,  or  J^. 

§^  =  86. 

X 

.*.'  He  bought  100  shares  at  $86  per  share. 

85.  A  drover  bought  a  number  of  sheep  for  $110;  4  having  died,  he 
sold  the  remainder  for  $7.33J^  a  head,  and  made  on  his  investment 
4  times  as  many  per  cent  as  each  sheep  cost  dollars.  How  many  sheep 
did  he  buy,  and  how  many  dollars  did  he  make  ? 

Let  X  =  number  of  sheep  bought. 

Then  —  =  number  of  dollars  paid  for  each  sheep. 

X 

ar  —  4  =  number  sold. 
7|(a:  —  4)  =  number  of  dollars  received  for  them. 
.  7J(x—  4)  — 110  =  number  of  dollars  gained. 

100  '^K^-^)-^^Q  =  the  amount  gained  in  per  cent. 
110  *  .  '^ 

110  X 


^(txU-zJ^-^      f^y^^-^^^^^^     ^ 
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a:3— 19x  =  fl6. 

(x-22)(x  +  3)  =  0. 

/.  z  =  22,  or— 3. 
7}(x  -  4)  -  110  =  22. 
.'.  He  bought  22  sheep,  and  made  922  profit. 


26.  A  certain  train  leares  A  for  B,  distant  216  milei ;  8  hom  later 
another  train  leaves  A  to  travel  over  the  same  route ;  the  second  train 
travels  8  miles  per  hour  faster  than  the  first,  and  arrives  at  B  45 
minutes  behind  the  first.  Find  the  time  each  train  takes  to  travel  over 
the  route. 

Let  X  =  number  of  miles  per  hour  which  the  first  train  makes. 

Then  x  +  8  =  xftmber  of  miles  per  hour  which  the  second  train  makes. 

216 

=  number  of  hours  it  takes  the  first  train  to  go  from  A 

^  toB. 

216 
— = —  =  number  of  hours  it  takes  the  second  train  to  go  from 

^+®         AtoB. 

The  second  train  gains  3  hours  less  46  minutes,  or  2}  hours,  on  the 

first  .  i  -^  •>  V 


/>^ 


f9:e*-fT2i[ 

+  144  =  7056. 
=  ± 

'^^,  or— 96. 
x  =  24. 


t- 


-■t 


216 


=  9. 


216 


7-'  -f  5^  - 


7^ 


=  6J. 


X  X  +  8 

.*.  The  first  train  travels  over  the  route  in  9  hours ;  the  second,  in  6} 
hours. 


27.    A  coach,  due  at  B  twelve  hours  after  it  leaves  A,  after  trn  veiling 
from  A  as  many  hours  as  it  travels  miles  per  hour,  brouks  down  ;  it 


I' 


^    120 
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[|  then  proceeds  at  a  rate  1  mile  per  hour  less  than  half  its  former  rate, 
^      and  arrives  at-B  three  h^urs  iMer. — -fiijad  the  distance  from  A  to  B. 
(4;    I  I<6t       ^  x  =  nunw^r  of  miles  froin  A  to  B. 


' !  I  Then  "^ 


■I- 


a 

Oft 


^ 


12 


=  rat^  %f  the  coach 


lit  ^st.     I 


(» 


—  =  liumb^p:  of  houri  travelled  fit  this  rate. 
12     ' 

-^^  at  numbel  of  mil^  travelled  pit  this  rate. 
144  :  I  I 


fl     '     X —''=  number iof  miles  remaiqii 

—  —  ^  =  rate  of  ioach  after  thek^cident. 

X* 
X .-  *  { 

1 44  '  '  f 
^  =  number  bf  hf  urs  takm  to  travel  the  remaining 

—  —  i  distance.  'i 

24      *  J  /j 

t    X    .  14^ 


••t^  + 


5-=  12 +  3. 


=  15. 


6x2  -  144  a:  +  1^28  a:  -  12x2^  ipSO/-  ^6920. 

269; 
0. 
6084. 
x-42=+^78. 

x=lfeo,  or  — 36. 
.*.  The  distance  from  A  to  B  is  120  miles. 


Exercise  24. 


1. 

Square  (1), 
4  X  (2)  is 

Subtract, 
Extract  root. 
Add  (1)  and  (5), 


i 


Substitute  the  value  of  x  in  (1), 


x2  +  2xy  +  y2== 

^^y        = 

3^-'2xyJ^f  = 

x  —  y- 

2x  = 

y  = 


8 
16 
64 

eo 

4 

±2 

10,  or  6 
6,  or  3 
3,  or  5 


(1) 
(2) 
(8) 
(4) 

(6) 
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2.                                                           (      x-^y^e  (1) 

]jry  +  27  =  0  (2) 

xy  =  ^21  (8) 

Square  0).                            ««  +  2xjf  +  3r*=       86  (4) 

4x(3)i8                               4xy         =-108  (6) 


Subtract, 

a»-2ay  +  y«=     144 

Extract  root, 

X-Jf=i:12 

Add  (1)  and  (6), 

2x=18,or  — 6 

/.  jr=  9,  or  — 8 

Substitute  the  yalue  of 

xin(l),             y=   -8,  or  9 

8. 

Cx-3r=   6 
1      xy  =  24 

Square  (1), 

x«-2xy  +  y«=   26 

4x(2)i8 

4xy          =96 

Add, 

^•+2xy  +  y5»=121 

Extract  root. 

x+y  =  ±ll 

Add  (1)  and  (6), 

2x=:16,  or— 6 

/.  X  =   8,  or  —  8 

ISubstitnte  the  yalne  of 

xin(l),              y=   8,  or -8 

4. 

x-y=16 
xy  +  (K)=   0 

Ty  =  -a) 

Square  (1), 

x«-2xy  +  ^*=     266 

4  X  (3)  18 

4xy          =^-240 

Add, 

a*  +  2xy  +  y^=       16 

Extract  root. 

x+y=±4 

Add  (1)  and  (6), 

2x  =  20,  or  12 

.-.  X  =  10,  or   6 

Substitute  the  yalue  of 

xin(l),             y=:-6,or-10 

ft. 

(x+2y  =  12 
(         xy  =  18 

Square  (1), 

x«  +  4xy  +  4y3=144 

8  X  (2)  is 

Sxy            =  144 

Subtract,  ar*  — 4*y  +  4y*=     0 

Extract  root,   ■  »  — 2y=   0 

Add  (1)  and  (6),  2*=  12 

A  x=    6 

Substitute  the  valce  of  x  in  (1),  9=  ^ 


0) 
(2) 
(3) 


0) 
(2) 
(3) 
(4) 
(6) 

(«) 


0) 
(2) 
(3) 
(4) 
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Square  (1), 
24  X  (3)  is 

Subtract, 

Extract  root, 
Add  (1)  and  (6), 

SubBtitute  the  value  of  x  in  (1), 


2x-\'Sy 
xy  + 16 
xy 

4a;a+12ary  +  9y2 
24iXi/ 


1 
0 
-15 

1 
-360 


2x  — 3y  = 
4x  = 

3y  = 

.••  y  = 


7.  (  y  =  9-.3ar         (1) 

(ar2=10-.a:y        (2) 

ar2=10-.ar(9-.3ar) 
xa=lO— 9x+3a:3 

2a^  — 9jr  =  — 10 
4x2-.18x  +  20t  =  t 
2a:  — 4J=db  J 
2a:  =5,  or  4 
.%  X  =  J,  or  2 
Substitute  the  value  of  ar  in  (1), 
y  =  },  or  3 


361 

±19 

20,  or  - 18 
6,  or  —  4} 
—  9,  or  10 
-3,or3i 


8. 


(  ar  +  2y  =  12 


O) 
(2) 
C3) 

(4) 
(6) 

(6) 


0) 
(3) 


a:y  +  y*  =  36 
From  (1),  x  +  y  =  12  — y 
From  (2), 

y(x  +  y)  =  86  (4) 

Substitute  the  value  of  x  +  y  from 

(3)  in  (4), 

y(12-y)  =  85 
y2-12y  =  -35 
y2-12y  +  36=l 
y-6=±l 
/.  y  =  7,  or  6 
Substitute  the  value  of  y  in  (1), 
xs-2,  or2 


9.  fx-3y  +  9  =  0 

iary  — y2  +  4  =  0 
From  (1),^  x-y  =  2y  — 9 

From  (2),  y(ar  — y)  =  — 4 

Substitute  the  value  of  x  —  y  from  (3)  in  (4), 

y(2y-9)=-4 
2y2  — 9y  =  — 4 
16y2-72y  +  81=49 
4y-9=±7 
4y  =  16,  or2 
.-.  y  =  4,  or  J 
Substitute  the  value  of  y  in  (1),    x  -  S,  or  —  Jj^ 


(1) 
(^) 
(3) 
(4) 
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10. 
Square  (2), 

(l)i8 

Subtract, 

(1)18 

(4)  is 
Subtract 

Add  (2)  and  (6), 


I 


2xy 
2xy 


+  y«  = 


100 
14 

196 

200 

96 

100 
96 


(1^ 
(2) 
(«) 


Substitute  the  yalue  of  x  in  (2), 


«*-2xy  +  y»=     4 

16,  or  12 
8,  or   6 

6,  or   8 


11. 


x»  +  y«=17 


I  4a:  + tf  = 


0) 

y  =  16  (2) 

From  (2).  y=16-4* 

.-.  x2+(16-4ar)8=17 

17x2- 120  a- =  -208 

172x2  _  120  X  17  X  +  8000  =  64 

17x^60s±8 

17x3=62,  or  68 
,\  X  =  f  I,  or  4 
Substitute  the  yalue  of  x  in  (2), 

|r  =  ff  or-1 

13.    (2x2-,2  +  8=,o  (I) 

^    8x-y-2=:0  (2) 

From  (2),  y  =  8x-2      (3) 

Substitute  in  (1), 
2x2-.(3x-2)2+8=0 

—  7x2+12x4-4  =  0 

49x2-84x  +  96  =  64 

7x-62=:±8 

7ir=14,  or— 2 
.•.  X  =    2,  or  —  5 
Substitute  the  value  of  x  in  (3), 

y  =  4,  or  -  ^^ 


*-y 

2x 


w 


y  = 

IS.  (     X^+X^s 

(2x  — 8y  = 

From  (2),  y  = 

Substitute  in  (1), 

,     i2£-ljx^ 

3 

6x2  — x  = 

100x2-20x+l  = 

10x-l  = 

10x  = 

.•.   X=s 

Substitute  the  value 

14.  i    x«-^y«  = 

\  Sx  — 2^  = 

From  (2),  y  = 

Substitute  in  (1), 

6x«-64x  = 

26x2 -270* +729:5: 

5x-27  = 

6x  = 

.•.  x  = 

Substitute  the  vAlue 

y  = 


40 

1 
2r-l 


8 


(1) 
(2) 

(8) 


40 


120 
2401 

i:40 

60,  or -48 

6,or-V 
of  X  in  (8), 

8,  or  -  H 

13  (1) 

9  (2) 

3t-9 


2 


(3) 


18 


-188 
64 

:lr8 

36,  or  19 

7,  or  V 
of  X  in  (8), 
6,  or  J 
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15. 


Simplify  (1), 


ary  =  54 


"  18 


(1) 

(2) 

(3) 
(4) 


y  +  x=  16 
Square  (4), 

y2  +  2a:y  +  a^  =  226 
4x(2)i8  4ary  =216 

Subtract,    y^  —  2xi/  +  3^=     9 

y-a:  =  ±3  (5) 

Add  (5)  and  (4), 

2y  =  18,  orl2 
.'.  y  =  9,  or  6 
Substitute  the  value  of  y  in  (2), 

a:  =  6,  or  9 


1 

36 
0 


(1) 
(2) 


36 


From  (2),  x  = 

Substitute  in  (3), 

y-(2y-15)  = 

36(-y+15)  = 

2y2  +  21y  = 

16y2+168y  = 

16y2  4.168y  +  441=: 

4y  +  21  = 

4y  = 

/.  y  = 

Substitute  the  value 

X  = 


(3) 
2y-16    (4) 


C2.y-16yy 

36 
2ya-15y 
640 
4320 
4761 
±69 

48,  or  —  90 
12,  or  -  ^ 
of  X  in  (4), 
9,  or -60 


17.   (x2  +  4y  +  ll  =  0 
t  3ar  +  2y  +  l  =  0 
2  X  (2)  is 

6x4-4y  +  2  =  0 
Subtract  from  (1), 

a:2_6x  +  9  =  0 
ar-3  =  0 
.*.  x  ^  o 
Substitute  the  value  of  x  in  (2), 

y  =  — 6 


(1) 
(2) 


18. 


a:+3y+l  =  0 


(1) 


Simplify  (2), 

a:2+2ary+4y+l=2ary+4y2+2a:+4y 
a:2  — 2ar+l  =  4ya 
x  — 1  =  ±2y 
Therefore  either 

a:-2y-l  =  0  (3) 

or  ar  +  2y  — 1  =  1  (4) 

Subtract  (3)  from  (1), 
6y  +  2  =  0 

Substitute  the  value  of  x  in  (3), 

Subtract  (4)  from  (1), 
y  +  2=0 
.-.  y=-2 
Substitute  the  value  of  y  in  (4), 

x  =  6 
.'.  X  =  5,  or  ^ 
y  =  -2,or-f 
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(Ta  +  ya=106    (1) 


19- 

xy=    46    (2) 

(l)i8       x*'  +ya=106 

2  X  (2)  is         2Ty         =    90 

Subtract,  a:3_  2  xy  +  y2=    16 

x-y  =  ±4    (3) 

ar«  +ya=106 

2xy         =   90 

Add,         xa+2ary  +  ya=196 

x  +  y=±14  (4) 

Add  (3)  and  (4), 

2x=i:18,  orilO 
.-.  X  =  i   9,  or  db   6 
Substitute  the  value  of  x  in  (2), 

y  =  ±  5,  or  ±  9 


21.  (xa-xy=   3  (1) 

tya  +  xy  =  10  (2) 

Substitute  y  =  vx  in  both  equations, 

x2-i;:r3=   3  (3) 

r2x3+i;x=10  (4) 

Divide  (3)  by  (4), 

t;«  +  »      10 
10-10t;=3t?a  +  3» 
3t?3+l3i;-10  =  0 
(3i;-2)(»  +  6)  =  0 

»  =  f ,  or  —  6 
Substituting  the  values  of  v  in  (3), 

}:ra  =  3 
x2=9 
x=±3 
or  6x8  =  8 

xa=J 
x=±  VJ 
y  =  t;x 
/.  y  =  ±2, oftSVJ 
/.  X  =  ±  3,  or  ±  VJ 
y  =  ±2,  ofTSVi 


80.          (  «*  +  y*  =  62 

xy  +  24=   0 

(1) 

(2) 

xy  =  -24 

x«  +  2xy  +  y*=4 

x+y=±2 

(3) 

*a  — 2xy  +  y*=100 

x-y  =  ±10 

(4) 

Add  (3)  and  (4), 

2x=i:12, 

or  db8 

x=±   6, 

or  ^4 

Substitute  the  ralue  of  x  in  (2), 

3r==F   4, 

or  =f6 

2882 


(  xy  +  y*=  4  (1) 

(2x«-y«=17  (2) 

Substitute  y  =  ox  in  both  equations, 

t;:ra  +  i;«xa  =s   4  (3) 

2xa-t;axa=17  (4) 

Divide  (3)  by  (4), 

p-t-r^_  4 
2-t^»     17 
17i;+17t;a  =  8-4i;a 
21i;2+i7„_8  =  0 
2iai;«  +  21Xl7»  =  168 

21«t;a  +  21  X  17 1;  +  *P  =  *}^ 

21i;  +  V=±¥ 

21i;=7,  or— 24 

i;  =  J,  or  -  f 

Substitute  the  value  of  v  in  (4j, 

a^»=9,  or^ 

.-.  x=:db3,or±7>/J 

y=  ±  l,orT4V^ 
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23.  (a:2  +  3ar^  =27(1) 

t  xy-y^=  2(2) 

Subtract,     ar^  +  2  xy  +  y*  =  25 

«  +  y  =  ±5  (8) 

x  =  5  — y 
Substitute  in  (2), 

(5-y)y-y'=2 

2y2-6y  +  2  =  0 

(2y-i)(y-2)  =  o 


y 

X 

or  a:  = 

Substitute  in  (3), 
(-5-y)y-y2  = 
2y2+6y  +  2  = 
(2y  +  l)(y  +  2)  = 

y  = 

x  = 
/.  x  = 


y  = 


:  i,  or  2 
for  3 

:  — 5  — y 

2 

0 
0 

-i,or-2 
-I,  or -3 
rb  f ,  or  ±  3 
±  i,  or  ±  2 


24. 


(x2+xy=   60    (1) 
)y2  +  ary=    40    (2) 


Add,         x2  +  2xy  +  y2-i00 

X  +  y  =  ±  10 

(1)  is  x(x  +  y)  =  60 

.*.  X  =  ±  6 

(2)  is  y(y  +  a:)  =  40 

.♦.  y  =  ±  4 

2&       (    x2  +  2xy-    y2=   28  (1) 
(3x24-2xy  +  2y2=    72  (2) 

Add,     4x2  +  4xy+    y2=100 

2x+y=±10 

y  =  ±10-2x(3) 
Substitute  in  (2), 

3xa+2x(±10-2x) 
+  2(±10-2x)2=72 
7x2t60x=-128 


49x2  7  420x  +  900=:4 
7xt30  =  ±2 

7x=i:32,  or:k28 
.'.  X  =  ±  *^,  or  i  4 

y  =  ±  ^,  or  ±  2 

26.         (x2-4xy=45  (1) 

1     y2-xy=   6  (2) 

Substitute  y =t;x  in  both  equations, 
x3-4i;x2  =  46  (3) 

t;2x2-trxa±=   6  (4) 

Divide  (3)  by  (4), 

v2-»       6 
6  — 24t;  =  45t;S  — 45i; 
45t>2-21»-6=:0 
(15i;  +  3)(3tf-2)=0 

»  =  -i,or| 
Substitute  the  Yalue  of  «  in  (3), 
x2  =  25,  or-27 
.*.  X  =  ±  6,  or  ±  8V— 3 
y=¥l,  or±2VI^ 


27.          (x2  +  3xy  =  56  (1) 
(2y2  +  xy=18  (2) 
Substitute  y  =  f x  in  both  equa- 
tions, x2  +  3»x2  =  66  (3) 
2i;2x2  +  t;x2=18  (4) 
Divide  (3)  by  (4), 

l  +  3!;_66 
2t;2+t;      18 
18  +  64!;  =  110t;2+55y 

110»24.t,-18=0 
1102i;2+ 110  t;  +  J=  1980} 

110l?+}  =  i:44} 

110 1;=:  44,  or  45 
»  =  A,or-5^ 
Substitute  the  value  of  v  in  (3), 
x2  =  25,  or  -  242 

/.  X  =  ±  5,  or  ±  11  "v/^ 
y  =  ±  2,  or  T  J  V^ 
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28.  <  *«-xy  +  y«  =  37  (1) 

\3^  +  2xy-\-S=   0  (2) 

Substitute  y  =  vx  in  both  equations, 

a^_„:ra+r»a«  =  37  (8) 

2a  +  2i7jt«  =  -8  (4) 

Divide  (8)  by  (4),  '-fUf=-'} 

8-8i?  +  8i?«  =  — 37-74» 
8(^'  +  66o  =  -46 
16  »«+ 132 1; +  272^  =  1821 

4r  =  '8,or*30 
r=:-f,or-J|^ 

Substitute  the  value  of  v  in  (4),  *•  =  16,  or  ^ 

.-.  x^±A,0T±2Vl 
y  =  qp  3,  or  T  16>/| 

29.  (2«  +  *y  +  2y«  =  44  0> 

l2a«-xy  +  y2=16  W 

Substitute  y  ==  vx  in  both  equations, 

2xa-rx«  +  »»x»=16  (4) 

1  4-  w  +  2 17^     44 
Divide  (3)  by  (4),  -t^t_  =  -- 

16+16»  +  82»«=88-44o  +  44w* 
12»«-60r=-72 
,;a-6v  +  6  =  0 
(i;-2)(i;-3)  =  0 

/.  w  =  2,  or  3 

Substitute  the  value  of  v  in  (3),  x«  =  4,  or  2 

/.  x=?i:2,  or  ±  v2 
y  =  :fc4,  or  ±3V2 

80.  j8x«-8xy-ya  =  40  (1) 

l9x«  +  xy  +  2y«  =  60  (2) 

Substitute  y  =  rx  in  both  equations, 

8x«-8rx«-i;V  =  40  W 

9x«  +  r2«  +  2i;2x3  =  60  (4) 

8  — 3i;  — r2     2 
Divide  (3)  by  (4),  g^v^2v^  =  3 

24  -  Or  -  31*2  =  18  +  2r  +  4i;2 
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7!;2+lli;  =  6 

7t;2+ii„-_6  =  0 
(7v-3)(t;  +  2)  =  0 

»  =  f ,  or  —  2 
Substitute  the  value  of  v  in  (3),  ar2  =  ^,  or  4 

/.  x=±}v^,  or  ±2 
i/  =  ±  fVJ,  or  ^^  4 

®1-  {Sa^  +  Sxy-{.    y2=    52  (1) 

(5x2+7ary  +  4^2^140  (2) 

Substitute  y  =  vx  in  both  equations, 

Sx^-{.Svx^+    v^x^=   62  (3) 

6ar2  +  7t;a:2  +  4i;2<p2  -  149  ^^. 

Divide  (3)  by  (4),  3  +  3i;  +  i;g  ^  ^ 

5+7»  +  4ra     140 

3  +  3t;  +  i;g  ^13 
5  +  7v  +  4t;2~36 
106^2  +  105i;  +  35t;2  =  65  +  91i;  +  62oa 
17t^-14i;-40=0 
(17i;  +  20)(i;-2)=0 

/.  i;  =  -.f^,  or2 
Substitute  the  value  of  v  in  (3),     JJJa^  =  52,  or  13a^  =  t2 

.-.  X  =  ±  -^,  or  ±  2 
Vl9 

y=T-i^,  or  ±4 
Vl9 

®^-  (4a:2  +  3ary  +  6ya  =  27  fl) 

I7x2+6xy  +  9y2  =  47  . 

Substitute  y  =  rx  in  both  equations, 

4a:2  +  3i;a^»+6r2xa=27 
7a:2^.5y3^^9y2^2_47 

Divide  (3)  by  (4),  4  + 3i;  + 6i;2_27 

7  +  6i;  +  9t;2     47 
188  +  Ulu  +  235i;2=  189+  136v  +243i;2 
8y2  — 6i;  =  — 1 
16i;2-12y+2i  =  J 
4t;-f=iJ 
4t;=l,  or  2 
w  =  i,  or  i 


(3) 

(4) 
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Substitute  the  value  of  v  in  (8),      {}  x^  =  27,  or  ^x^  =  27 

.*.  X  =  ±  — -,  or  ±  2 

y  =  ±  — n.  or  *  1 
V3 

83.  (6x«  +  3xy  +  2y«=188  (1) 

(    x«-    xy+    y^=   19  (2) 

Subtract,  4x«  +  4xy+    y>=ld9 

2x  +  y  =  ±18 

.-.  y  =  i:18-2x  (8) 

Substitute  in  (2), 

x«-x(±13-2x)  +  (±18-2x)«=19 
xaTl3x  +  2xa+169T62x  +  4x«=19 

7x«=fd6x  =  — 160 
7x«t66x+160  =  0 
(7x:f80)(xt6)  =  0 

.'.  X  =  jb  ^,  or  ±  5 
Substitute  value  of  x  in  (3),  y  =  ±  \l,  or  ±  3 


84. 

(x«  +  y«  =  66 
I    x+y=   6 

0) 
(2) 

Divide  (I)  by  (2), 
Square  (2), 

Jca  +  2xy  +  y«=     26 

(3) 

Subtract, 

-3xy          =-12 

Subtract  (6)  from  (3), 
Add  (6)  and  (2), 

xy  =  4 
*»-2xy  +  y^  =  9 
x-y=J:8 
2x=8,  or2 
/.  X  =  4,  or  1 

(6) 
(0) 

Substitute  value  of  x  in 

(2),                  y  =  1,  or  4 

85. 

x«-y«  =  98 
x-y=   2 

0) 

(2) 

Divide  (1)  by  (2), 
Square  (2), 

*«+    xy  +  y2  =  49 
x3-2xy  +  y^=   4 

(3) 
(4) 

Subtract, 

dxy          =46 

xy=16 

(5) 
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Add  (5)  und  (3), 

«S4-2aEy  + ^1^:04 

x+y=±8 

(6) 

Add  (6)  and  (2), 

2x=10,  or- 

6 

/,  X  =   6,  or  - 

3 

, 

Substitute  yalue  of  x  in 

(2),                 jf=  3,or- 

5 

36. 

Ca^  +  y»  =  279 
1    x+y=     3 

(1) 

(2) 

DiTide  (1)  by  (2), 

a*—    ^y  +  jr*=93 

(8) 

Square  (2), 

^  +  2xyHhy^=»   9 

(4) 

Subtract, 

^^xy         =84 

xy  =  -28 

(6) 

Subtract  (5)  from  (3), 

xa-2xy  +  y«=121 

»-y  =  *ll 

(«) 

Add  (2)  and  (6), 

2|P=14,er- 

•a 

.*.  X  =   7,  or  - 

-4 

Substitute  Talues  of  x  in  (2),               ^  =  —  4,  or 

7 

S7. 

(x«-y»=218 
I    X'-y^     2 

(1) 

(2) 

IMyide  (1)  by  («), 

a^+    xy  +  ya=109 

(3) 

Square  (2), 

af3-2xy  +  y«=     4 

(4) 

Subtract, 

3xy         =  106 

xy  =  36 

(5) 

Add  (5)  and  (3), 

xa  +  9jcy  +  y2=144 

x+y  =  ±12 

(6) 

Add  (2)  and  (6), 

2x=14,or- 

10 

/.  X  =   7,  or  - 

•  5 

Substitute  yalues  of  x  in  (2),               y  =  5,  or  - 

.  7 

88. 

i          x«  +  y»=152 
1xa-xy  +  y«=   19 

(1) 

(2) 

Divide  (1)  by  (2), 

*  +  y  =  8 

(3) 

Square  (8), 

x3  +  2xy  +  y«=64 

(2)  is 

xa-    xy  +  y2=19 

Subtract, 

3xy          =45 

xy=16 

(4) 

Subtract  (4)  from  (2), 

xa-2xy  +  y2  =  4 

x-y=±2 

(5) 

Add  (3)  and  (6), 

2x=10,  or6 
/.  X  =  5,  or  3 

Substitute  yalue  of  x  in 

(3),                 y  =  3,or5 
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89. 

(          jr««y«=13a4 
(x«  +  ary  +  y«-    168 

(1) 

(8) 

Divide  (1)  by  (2), 

x--y  =  8 

(8) 

Square  (8), 

*«-2xy  +  y«=       64 

(2)18 

*■+    xy  +  y^=     168 

Subtract, 

-3xy  =  -  99 

xy  =  33 

(*) 

Add  (2)  and  (4), 

:r*  +  a'y  +  y«=196 

x  +  y=i:14 

(6) 

Add  (3)  and  (6), 

3x  =  22,or*6 
.'.  x=  11,  or  — 8 

Substitute  yalue  ^f  j 

rin(3),                 y  =  8,or-n 

40. 

C      jr«  +  y«  =  9l 

<xy(x  +  y)  =  84 

0) 

(2) 

3  X  (2)  is 

8x«y  +  3xy«  =  262 

(3) 

Add  (1)  and  (|),  x* 

+  3jr«y  +  Sjry«  +  y«  =  348 

Extract  cube  root. 

ap  +  y  =  7 

(4) 

Substitute  in  (2), 

xy  =  12 

(6) 

Square  (4), 

«^  +  2ary  +  y«  =  49 

4  X  (6)  is 

4xy          =48 

Subtract, 

««-2xy  +  ya=    1 

X  — y  =  J:l 

(«) 

Add  (4)  and  (6), 

2x=8,  or« 

• 

.'.  X  =  4,  or  3 

Substitute  yalue  of  a 

in  (4),                 y  =  8,  or  4 

41. 

,x«-y«  =  98 

0) 

.-.  =  ?5 

(2) 

^                xy 

Simplify  (2), 

x^y  — xy«  =  80 

8j«y-3xy2  =  90 

(3) 

Subtract  (3)  from  (1), 

«^ 

-Sx«y  +  3xy«-y«  =  8 

Extract  cube  rool^ 

x-y  =  2 

(4) 

Substitute  in  (2), 

2  =  §2 

»y  =  16 

(6) 
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Square  (4), 
4x(5)i8 

a^»-2a:y  +  ya=   4 
4ary          =60 

Add, 

Add  (4)  and  (6), 

««  +  2xy  +  y«  =  64 
a:  +  y  =  ±8 

2a:=10,  or  — 6 
/.  a?  =  6,  or  —  8 

(6) 

Substitute  value  of 

a?  in  (4),                  y  =  3,or-6 

42. 

* 

y     *     2 
1  +  1  =  1 

(1) 
(2) 

Simplify  both  equations,               ar»  +  y«  =  ?^ 

(3) 

'+y=f 

(4) 

Divide  (3)  by  (4), 

xa^    xy  +  y«=27 

j:3  +  2ry  +  y2=          ^ 

(6) 

Square  (4), 

Subtract, 

^Sxy         =27-^ 

ar8y2-12xy- 108  =  0 
(ary  +  6)(a:y-18)  =  0 

ary  =  18 

From  (4), 

ar  =  6,  or3 
y  =  3,  or  6 
a?y  =  — 6 

From  (4), 

,+  y  =  |  =  -8 

a:«  +  2a:y  +  y2=       g 
4ary          =  —  24 

Subtract, 

*«-2xy  +  y''=     83 
x-y  =  d=V88 

-SiVSS 

-3tV33 
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43. 


Simplify  both  equations, 

Divide  (3)  by  (4), 
Square  (4), 

Subtract, 


91 
12 

_7_ 
12 

A*y 

13 


itt'^y^ 


-Sry 

49a:3y«-482ary-1872 
(xy-12)(49xy  +  166) 

Substitute  value  of  xy  in  (4),         x  +  y 

Square  (7),  «*  +  2  xy  +  y« 

4  X  (6)  is  4xy 

Subtract, 


xa-2xy  +  y«=    1,  or 

^  1,  or  jb 


0 
0 

12,or-4A^ 
7,or-i,^ 

49,  or     J^ 

48,  or  -  Vy^ 

w 


Add  (7)  and  (8), 


Substitute  value  of  x  in  (7), 


or-y 

2x  =  8,  or  6,  or 

.'.  X  =  4,  or  3,  or 

y  =  8,  or  4,  or 


7 
-I3i 


0) 

(2) 

(8) 

(4) 

(6) 


(6) 
(7) 


(8) 


793 


-13±  V793 


14 

-13t  V793 

14 


44. 


Square  (1), 
(2)  is 

Subtract, 


*    y    2 

1.1       5 
Lx«'^ya     36 

sfl     xy     y*       4 

1           +  1       ^ 
xa          ■^'ys     36 

2  4 
ary              36 

J.-1 
xy     9 

(1) 

(2) 


(3) 
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Subtract  (3)  from  (2), 


1 
jc2 


Add  (1)  and  (4), 
Substitute  Talue  of  r  u)  (1), 

<^^      ^1  Cube  (2), 


xy     y^ 

1_1 

X     y 

2 

X 

y 


36 

3,  or  d 
6,  or  3 


W 


(l)i8 

Subtract, 


From  (2), 
Substitute  ia  (3)» 

Square  (2), 
4x(4)i8 

Ad4, 


—  3x2y  +  3xy^ 

-3xy(x-y 

X  — 


.':'^rv^ 


L' 


)W^M 


I ^' 


'         (1)  u 


Frdhi  (2), 
Substitute  in  (3), 


Square  (2), 
4  X  (4)  is 
Subtract^ 
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47. 

• 

(1) 

•    ' 

[    '  +  '  =  ^ 

(8) 

Sqaare  (2), 

^^2,^^,^^^ 

(!)« 

^        +y»-           ^ 

Subtmot, 

2x.         =?6^*-i£i 
^                 86           2 
25i3ys-162xy  =  0 

.-.  *y=rO,orW 

(i)  jryafeOgiTesxaeOandysO 

(ii)'y=«W 

(8) 

Bubstitate  value  of 

xylii(l), 

*^        +y«=  V 

2  X  (3)  is 

2*Jf         =W 

Subtract, 

««-2xy  +  y2=    fi 

*-y*±f 

<*) 

Substitute  Talue  of 

*yiii(2),        «  +  y«=V 

.-.  x=V,or| 
y  =  f.ori^ 

48. 

Cx«y«-16Ty  +  eO  =  0 
(                     x+y=7 

0) 

(2) 

«»y«-16xy  +  64  =  4 

xy  — 8=i:2 

xy  =  10,  or  8 

(8) 

Square  (2), 

«*  +  2xy  +  y«=40 

4  X  (3)  is 

4.ry          s 40,  or  24 

Subtract, 

«a*.2xy  +  y«s=   9,  or  26 

X  —  ys=±3,  or±6 

W 

/.  X  =  6,  2,  6,  or  1 

y  =  2,  6, 1,  or  6 

41^. 

(x«y«  =  4'ry  +  12 
1    xy  =  x  +  y  +  l 

(1) 

(2) 

aiy«^4xy  +  4=16 

xy-2  =  i4 

»y  =  6,or-2 

(8) 
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Substitute  in  (2), 

Square  (4), 
4x(3)is 

^  +  y  =  5,  or  — 
j:3  +  2a:y  +  5f«  =  25,or 
4xy          =24,  or- 

2 
3 
9 

-8 

(4) 

Subtract, 

a:2-2ary  +  y2=    i^  or    17 

a:  —  y  =  ±  1,  or  ±  Vl7 

Q 

/,  a:  =  3,  or  2,  or  — - 

2 

(6) 

y  =  2,or3, 

or-^ 

T  Vi7 

2 

• 
50. 

^          36 

(1) 

* 

I        ^^        6 

(2) 

Divide  (1)  by  (2), 

r2-    xy  +  y^-ljlL 

Square  (2), 

:r2  +  2xy  +  y2_             26^ 
^     ^                     36 

Subtract, 

^Sxv          -'^'^      25x2.y2 
^                6            36 

Substitute  in  (2), 

Square  (6), 
4  X  (4)  is 

25x^y^'~160xy  —  0 

.'.  xy  =  0,  or  6 
a:y  =  0  gives 
ary  =  6 
ar+y  =  6 

a:2  +  2ary  +  y2--26 
4a:y          =24 

X  =  0  and  y  = 

0 

(4) 
(6) 

Subtract, 

a;2-2a:y  +  y2=    i 

ar-y  =  ±l 
/.  a:  =  3,  or  2 
y  =  2,  or  3 

51. 

(l)is 
Square  (2), 

{x^^y^=67--xy 
I     ar  +  y  =  ary  —  6 

a:2  +  y2  =  67-ary 
ara  +  2ary  +  y2=     x^y^- 

-10a:y  +  26 

(1) 
(2) 

Subtract, 


—  2a:y  =  — a;3y24.    9ary  +  42 
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Substitute  in  (2), 


Subtract, 


x^tf^  -  11  xjf  —  42 
(:ry-14)(Ty  +  3) 

x  +  y 

«*  +  2*y  +  y« 
4ary 


a«-2xy  +  ya 

X 
xy 

*  +  y 

/.   X 


i. 


«.*- 


7 


52. 


Subtract, 


! 


^•  +  y« 

:«:«  +  y" 


From  (2), 

a*-ary  +  y« 

DiTide  (1)  by  (3) 

jf  +  y 

Square  (4), 

af»  +  2xy  +  y« 

(3)  is 

xS—    xy  +  y* 

l-3xy 
ary  +  37 
37 

1^3xy 
37 

1  — axy-f  9j*y* 
1309 


37 


3xy 


9  x2y2.  4113  xy -60652 
x«y2  -  457  xy  -  6628 
(xy  +  12)(xy-469) 

Substitute  value  of  xy  in  (4),  x  +  y 

(3)  is                                    xa-  xy  +  y^ 

(5)  is  3?y 
Subtract, 


l-6xy  +  9xa.yg      p, 
1369 

0 

0 

0 

- 12,  or  469 

1,  or  -  38 

37 
- 12,  or     469 


x-y  = 


(1) 
(2) 
(3) 

(4) 


(6) 


x«--2xy  +  ya=     49,  or -432 

±  7,  or  ±  12  V^ 

4,  or  — 3,ot'— 19  ±  Qy/^ 


.'.  x  = 


y  =r  -  3,  or  4,  or  - 19  ¥  6  V-  3 


1^8  COLtEOB  ALGBBRA. 


68..  (a:*  +  y**706  (1) 

Raise  (2)  to  4th  powei", 

a:*  4-  4«»^  +  0*V  +  4«y«  +  y*  =       16 
(I)  is         x^      +  y*  =      706 

Subtract,  4  arSy  -f  6  *V  +  4  a? jf»         =  -  690 

xy  (2x3  +  8  jfy  -^  2y2)  =  -346  (8) 

Square  (2),  *«*  +  2a:y  +>«  =  4 

2ar«  +  4xy  +  2y3=8 

2a^  +  2.y«=8-4ary 

Substitute  the  value  <rf  2ar2  +  2y2  in  (3), 

*y  (8  —  ^y)  =  —  346 

«2^2.  8x^=346 
a^^^a- 8x^+16  =  361 
ary-4  =  ±19 

xy  =  28,  or  - 15  (4) 


Square  (2), 

x«  +  2xi/  +  ya=       4 

4  X  (4)  is 

4x.y          =     92,  or -60 

Subtract, 

x2-.2xy  +  y2-_88,  or     64 

x-.y  =  ±  V- 88,  or  ±8 

.-.  X  =  1  ±  V—  22,  df  6,  or  - 

-3 

y  =  1  T  V—  22,  or  —  3,  or  6 

54. 

CT6-y*  =  211 

(     X— y=l 

(1) 

C^) 

Divide  (1)  by  (2), 

.r*+    a:»y+    ary+    xy«  +  y*  =  2n 

(3) 

Raise  (2)  to  4th  power,  x*  —  4  x«y  +  6  a:V  —  4  xy«  +  ^  =      1 

Subtract, 

6x«y- 6x2^2  4- 6a:/          =210 
5xy(x«-xy  +  y2)  =  210 

xy(x3-xy  +  y2)  =  42 

(4) 

Square  (2), 

xa^axy  +  y«=l 

x3  +  y«=l  +  2xy 

Substitute  ralue  of  x^  +  f  in  (4), 

*y(i  +  *y)  =  42 

xay2  +  xy  _  42 

««y^  +  ary  +  J  =  42t 

xy  +  J=±6} 

xy  =  6,  or  —  7 

(5) 
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Square  (2), 

*«-2j:y  +  y«=l 

4  X  (5)  is 

4jr3f         =24,  or -28 

Add, 

**  + 2xy  +  y«  =  26,  or -27 

a:  +  3f  =  i:6,or±8V-a 

(«) 

From  (5)  and  (6), 

r-3,     2,orl*.«^^« 

«_o       o  ^-  — li'^JV- 
jf  =  2,  — 3,  or  ^ 

8 

65. 

(x«  +  y»  =  8368 

I    *+y=8 

0) 

(2) 

Divide  (1)  hy  (2), 

**-    a^y+    *«y«-    '^•  +  1*=       421 

(3) 

Raise  (2)  to  4th  power,  x*  +  4x«y  +  e*«y«  +  4xv'  +  .¥*  =     4096 

Subtract, 

-  6x«y  -  6*«y«  -  6a:y»          =  -  a676 

jf«y  +  «*y«  +  »y»  =  736 

xy(T»  +  xy  +  y2)  =  786 

W 

Square  (2), 

*»  +  2xy  +  y«  =  64 
Jf«  +  *y  +  y«  =  64-xy 

Substitute  in 

(4). 

xy  (64  -  xy)  =  786 
x8ya.64xy  =  -786 
xaya-.64xy+1024  =  289 
xy-32  =  ±17 

xy  =  49,  or  16 

(6) 

Square  (2), 

xa  +  2xy  +  y«=.       64 

4  X  (6)  is 

4xy         =     196,  or  60 

Subtract, 

x«-2xy  +  y4  =  -132,or4 

X  — y  =  ±2V— 33,ori:2 
/.  x  =  4  ±  V— 33,  or  6,  or  3 
y  =  4qF  V-33,or3,or6 

66.  r??  +  3L^  =  i7A.yV 

-  +  -  =  - 
^     X      y      4 

Simplifj  both  equations,  x*  +  y*  =  ^^x*y* 

Raise  (4)  to  4th  power,  x*  +  4x«y  +  6x»y3  +  4xy<  +  ^ 
(3)  is  X* +y* 

Subtract,  4  x«y  +  6  x^  +  4  xy« 


0) 

(2) 

(3) 
(4) 


=     i^y 
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2xy(2.T2  +  3ary  +  2y)=  Jx*y*  '      (5) 

Square  (4),  or^  +  2 ary  +  y2  =  ^s^y^ 

2a:3  4. 2ya  =  far^ya  — 4ary 
Substitute  in  (5),  2a:y(f  a^2y2-.ary)  =  Ja:*y* 

Ja4^  -  {a*y«  +  2a^2ya  =  0 
a:*y*  —  9aJ^y«  +  8a:^y^  =  0 
a:aya(Ty-l)(ary-8)  =  0 

.«.  xy  =  0,  or  1,  or  8  (6) 

Substitute  yalue  of  ary  in  (4),         x-\-y  =  0,  },  or  6  (7) 

Square  (7),  ar^  +  2  ary  +  y«  =  0,     ^,ot2Q 

4  +  (6)  is  4ary  =0,       4,  or  32 

Subtract,  a:3-2a:y +  y2  =  0,-fj,  or    4 

ar  —  y  =  0,  ±  J  V— 66,  or  ±  2 

O 


67.  (ara  +  y«  =  a:y  + 19  (1) 

V   xJt-y^xy'-l  (2) 

Square  (2),  ar^  +  2  ary  +  y«  =  a^^y*  - 14  xy  +  49 

(l)is  x2  +y2=  ary +  19 

II  ■    ■    I       ■  -  -    -         -I 

Subtract,  2  ary  =  x^y^  -  16  ary  +  30 

ar2ya-17ary  +  30  =  0 
(ary  — 2)(a:y  — 16)  =  0 

ary  =  2,  or  16  (3) 

Substitute  ralue  of  ary  in  (2),         a?  +  y  =  —  6,  or  8  (4) 

Square  (4),  ar*  +  2ary  +  y*  =  26,  or  64 

4  X  (3)  is  4ary  =    8,  or  60 

Subtract,  ««  — 2  ary +  y^=  17,  or   4 

x-^y  =  ±  VTf,  or  2 

...  ar  =  ~^^^or6,or3 
y  = ,  or  3,  or  5 
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58. 


^x— y      x+y 
I  ««  +  f«  = 


10 

8 

46 


Simplify  (1), 

*«  + 2xy +  y«  + x*-2xy  +  y« 

2(x«  +  y«) 

^Ca^  +  y") 

From  (2),  x*  +  y* 

/.  6(2a-y«) 
a«-y« 

22« 


0) 


59. 


(2)  is 


Add  (3)  and  (4), 
Subtract  (4)  from  (2), 


*y 

ar  +  y 

j:«  — 2Ty  +  y« 


60. 

From  (1), 
Substituting  from 


0)  ^m 


031 

a:^  +  jry  +  y^=    49 
93] 


0) 
(2) 
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V^. 


(2)i. 
Subtract, 

Add  (2)  and  (4), 
Subtract  (4)  from  (3), 


a^-l-^y  +  y'  =  49 
2xy         = 

x  +  y  = 

X  — y  = 
/.  x  = 

y  = 


(3) 


Substltu 


x  — Vxy  +  y 


Subtract,  —  2  Viy     = 

Vxy  = 

xy  = 

Substitute  value  of  Vxy  in  (2),      ar  +  y  = 

(l)i8 

3x(5)i8 
Subtract, 


8     ^  <:^^'  K-'_^ 


-4     (iX^^^-^'^^A*) 

(6) 


Jt*  +   «y  +  y*  = 

3a:y  = 


=  16 
10 
84 
48 


63. 


[3  j  ^v  (^ 


x^  — 2ary  +  ya=: 
ar  — y  = 

y= 

1     ar  +  y  = 
Rearrange  both  equations,  x^ -^  xy  ■\-  y^  ■= 

ar—  \/xy  +  y  = 


36 

:b6 

8,  or  2 
2,  or  8 

819  —  xy 
21+  y/xy 
819 
21 


(1) 
(2) 
(3) 
(4) 


819 


Subtract, 


a:+ V^  +  y  =  39 


2\/xy         =18 

Vxy=   9 
xy  =  81 


^.^^^y^-*^ 


(6) 
(6) 


TEACHEBS'   EDITION.  143 


Substitute  the  yalne  of  Vxy  in  (4), 

(3)  is  o^-¥    *y  +  y«  =  819 

3x(6)i«  8xy  =243 


Subtract, 

*«-2xy  +  ya  =  676 

X— y=±24 

/.  x  =  27,  orS 

y  =  3,  or  27 

68. 

From  (2), 

fx*  +  y«  =  07 

]x«  +  y«  =  49-jr^y« 

**  +  **y»  +  y«  =  49 

0) 

(2) 

(l)i8 

:r*  +  y* 

2*«  +  2x«y«  +  2y«-   98 

=   97 

Add, 

jr*  +  2xa 

'y«  +  y*  +  2x«  +  2y>=196 

(:b3  +  y»)«  +  2(x«  +  y«)  + 1  =  196 

j^  +  y'  +  l  =  ±l4 

x«  +  y*=13,  or-16  (3) 

Substitute  ralue  of  x«  +  y^  in  (2),  afly*  =  86,  or  64 

xy  =  ^  6,  or  ±  8  (4) 

(3)  is  *•  +y«=s     13,  or- 16 

2x(4)i8  2xy  =  ±  12,  or  ^  16 

**  +  2xy  +  y«=    26,  l,l,or-31 

x  +  y  =  ±6,  ±1,  ±  1,  or  ±  V— 31 
Similarlj,  x  —  y  =  i:l,  ±6,  ^  V— 31,  or  ±  1 

.-.  X  =  ±  3,  i:  8,  i:  2,  ^  2, 

iaV^^  iJrV^^Tsf  -ijrVirgT  -.1  j:\/i:8i 

2        '  2        '  2  '  2 

y=±2,  t2,±3,t3, 

ItVI^  -i±V=r3i  -itV=^  liV^si 


2  2  2  2 

In  all  16  pairs  of  solutions. 


64. 


From  (2), 


2z*  + 3x^  +  12  =  8^ 
8»  +6y   +   1  =  0 

(1) 

(2) 

8 
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Subfltitute  value  of  x  in  (1), 

j  +  iyiy  +  J^,4ya-.y-5y»+ 12  =  3y« 

22y2-lly=110 
2^8  — y  — 10  =  0 
(y  +  2)(2y-5)  =  0 

.-.  y  =  -  2,  or  f 

Substitute  ralue  of  y  in  (2),  x  =  3,  or  —  J 

66.  r^+?=i  CD 

a      b 

«+*  =  4  (2) 

a:     y 

From  (1),  6x  +  ay  =  oft  (3) 

From  (2),  6x  +  ay  =  4  xy  W 

.'.  4xy  =  aft 

Square  (3),  b^x^  +  2  abxy  +  aV  =  a«6» 

aft  X  (4)  is  4aftxy  =a«ft» 


Subtract, 

ft2a:3-2aftxy  +  aV  =  0 
ftx  — ay  =  0 
bx  =  ay 

Substitute  ralue  of  ftx  in  (3),            2  ay  =  aft 

'-i 

■■■  "i 

66. 

iar  +  y  =  a 

(    4xy  =  a2-4fta 

0) 

(2) 

Square  (1), 

x2  +  2xy+y2=a2 

(2)  is 

4xy          =a2  — 4fta 

Subtract,  x^  —  2  xy  +  y^  =  4  fta 

X  — y =  ±2ft 


^      a  ±  2ft 

X  =■  ■ 

2 

a=F2ft 


teachers'  edition. 


145 


67. 


Subtract, 


or  ar  +  y 

(1)  *-y 

X 

Substitute  value  of  x  in  (1),  jf* 

•••  y 

X 

(2)  «  +  y 

X 

Substitute  value  of  x  in  (1), 

(o-6-y)« 

a«-2a6+62-2(a-6)y  +  y« 

ya-.(a-6)y 


ax  +  6y 
frx+ay 


x«-y»  =  (a-6)(x-y) 

)    ■("      ft)(J      J) 
0, 


=  0 


=  («  +  % 
0,or(a  +  4) 

:  0,  or  (a  +  6) 

:  a*  —  a6  +  (6  —  a)y 
:a'  — a6-f  (6— a)y 
:a6-ft* 


(1) 


>1^ 


4  t.' 


•••  y  = 


x  = 


a^fr 


2 

a~6 
2 


±}v'(a-4)(o  +  34) 


68. 


Subtract^ 


! 


x«  — xy 
xy-y« 


aa  +  62 
2aZ» 


x«-2xy  +  y«  = 
x-y=r 
(l)i8  x(x-y)  = 

Substitute  value  otx^y  from  (3),      x  =  i: 


a«-2a6  +  6« 
±(a-6) 


y=± 


a*& 
2a^ 

a-6 


(1) 
(2) 

(8) 
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Substitute  value  of  x  in  (1), 

¥y^-¥y  =  i2t 

22y2-lly=110 
2y2  — y  — 10  =  0 
(y  +  2)(2y-5)  =  0 

.-.  y  =  — 2,  orf 
Substitute  ralue  of  y  in  (2),  a:  =  3,  or  —  f 

66.  r-  +  ?  =  l  (1) 

(2) 


From  (1),  hx-ifay^ab  (3) 

From  (2),  6x  +  ay  =  4  xy  (4) 

•  •   4  X'i 

Square  (3),  }^x^  +  2  ahxy  +  a^y' 

a6x(4)  is  4a6xy 


Subtract,  ft^x^  -  2  a6xy  +  a V  =  0 

6x  — ay  =  0 
hx-=.ay 
Substitute  yalue  of  hx  in  (3),  2ay=^ab 

b 
^  =  2 

a 
,,x  =  - 

66.  ix-k-y^a  (1) 

(    4xy  =  a«-4ia  (2) 

Square  (1),  x^  +  2  xy  +  y«  =  a^ 

(2)  is  4xy  =a2  — 462 

Subtract,  x8-2xy  +  y2=         46^ 

X  — y=  ±26 

.   ^__a±  26 

• .  X  ^— 


y  = 


2 

0726 
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er. 


Subtract, 


\'^= 
i»»= 


ax  +  bji 
bx+ay 


«»-y«  = 


f 


(a_t)(x-y) 
("      m*      J) 


or 


• 

0. 

:0- 

-6 

0) 

*-y  = 

:0 

• 

x  = 

■s 

Substitate  Tslne  of  x  in 

0). 

y«= 

•••  y  = 

*  = 

=  (o 
0, 

:0, 

or(a  +  6) 
or(a  +  6) 

(2) 

*  = 

-ft 
-6-y 

Substitute  value  of  x  in 

(1). 

(a-6 

-y)*= 

:a« 

-a6+(6- 

•«)y 

a«  — 2a6+62. 

-2(a 

-6)y  +  y«= 

:a« 

_a6+(6- 

•«)jr 

y« 

-(« 

-6)y  = 

ra6 

-6» 

(1) 

(2) 


^Vi^ 


^0 


.-.  y  = 


a-.6 


jr  = 


2 

0-6 


Uj^Ca-AXa  +  SO 


T}V(a-6)(a  +  3^) 


Subtract, 


! 


xy-jf>  = 


2a6 


(i)i8  *(*-y)= 

Substitute  value  of  x  ^  y  from  (3),      x  = 


««»  — 2xy  +  y*  =  a«  — 2a6  +  6« 

a«  +  ft« 


y= 


a  — 4 
2a^ 

a-6 


(1) 
(2) 

(8) 
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a:*  +  y«  +  ar  +  jr  =  18 
a:y=    6 


Add  to  (1), 


(1) 
(2) 


Square  (3), 
4  X  (2)  is 

Subtract, 


a:24.2ary  +  y«  +  ar+y  =  a0 

(^  +  y)^+(^+y)  +  l  =  30j 

X  +  y  =  6,  or  —  6 

4  xy  =  24 

x3-.2xy  +  y2=    l,Qrl2 

a:  — y  =  d=l,  or±\/l2 
.-.  x  =  3,  2, -3±  V3 

y  =  2,3,-3TV3 


(3) 


70. 


Square  (2), 


C       x*  +  y*  = 

I2(x3  +  y2)  = 
4(x*  + 2x2^2  +  ^4)  = 

x*  +  y*  = 
Substitute  yalue  of  x*  +  y*  and  2^-^y^'m 

V^y^  = 

17x3y9_  100x^^-288  = 
(^y-8)(17^jg)B6)  = 


=  10(x2  +  y2)  4.  72 
:  5xy 
:25x2y2 
:J^x2y2 

(1), 

:25xy  +  72 
0 


(1) 
(2) 


Substitute  value  of  xy  in  (2), 


2  X  (3)  is 
Subtract, 


2(xa  +  y2)  = 

xa  +  ya  = 

2xy  = 


(3) 


40,  orOyi 
20,  o/|^ 
16,  or 


Similarly, 


4  »..'<:  C 


71. 


Square  (2), 
(1)  is 

Subtract, 


x« 


xa  +  ya  = 

r+y«  = 
^+y«  = 


2x8y>-16 
xy+1 

^y«+^+  1 

2x3y«         ^-16 


0  =-  ^V+^i^io 
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*«y«  =  16 

Substitute  ralues  of  xif  in  (1)  and  (2), 

x«  +  y«=17 


(4)18 
2  X  (3)  is 

Subtract, 


OP 


72. 

a  X  (1)  is 
b  X  (2)  is 

Add, 
(l)is 


(2)  is 


78. 


x  +  y=6,or*8 

^  +y«=    17 

2xy  =±    S 

*«-2xy  +  y«=       9,  or  26 

X  —  y  =  ±3,  or±6 
.•.  X  =  4, 1, 1,  —  4 
y  =  l,4,-.4,l 
x=±4, 1 
y=l,i:4 


(3) 

(4) 
(6) 


f  ay«  +  6xy  =  6 
I  hjfl  +  oxy  =  a 

a&ry 


(1) 
(2) 


•  ( 


.•.,=-±A-r.v/A-  '-r 


V2ab         ^5ia 
x(6x  +  ay)  =  a  ^' 

.-.  x  =  -*^  =  ±V^ 


y 


■ 


Clear  of  fractions, 

(3)  is 
Sobtract, 


(*  +  y)*= 

x«  +  y»= 


V2a6 
1 

2 

a* 


(1) 

(2) 
(3) 
(4) 


-*y 


0  =  =^  +  xy 


«jr  =  0,  or  —  a' 


(6) 
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Substitute  value  of  xy  in  (3),     (ar+ y)^  =  0,  or  —  a^ 

a:2  +  2ary  +  y2--o,  or—    a^ 
4xy         =0,  or  —  4a2 


(6) 


4  X  (6)  is 


From  (6), 


a:2  — 2ary  +  ya  =  0,  or      Sa^ 

ar  — y  =  0,  or  dbaVS 
ar  +  y  =  0,  or  ±  aV—  1 


74. 


(1) 
(2) 


3:«  +  y«  =  2(a«  +  6«) 
Substitute  ralue  of  «*  +  y*  from  (2),  /  ^ c^ y 


a:y  =  o«  — 62  (3) 

(2)  is  «2  +y2-:2(tt2+62) 

2x(3)i«  2xy  ar2(a2-62) 

Add, 


Similarly^ 


'im^ 


1 


76. 

Frotn  (2), 
Add, 

Similarity 


't    ) 


ifi  +  2xy  +  y^  =  4a^ 
ar  +  y  =  ±2o 

r  a:2  +  y2-.8a6  =  5(a2  +  62)  (ij 

(  jry-6a6  =  2(a2  +  62)  (2) 

x2  +y2=6a2  +  8o6  +  562 

2a:y  =4a2  +  10a6  + 462 

a^»  +  2a:y  +  y2  =  9a2  +  18a6  +  062 

x  +  y  =  ±3(a  +  6) 
»— y  =  ±(a  — 6) 
.-.  x=±(2a  +  6),  ±(a  +  26) 
y  =  ±(a  +  26),  ±(2a  +  6) 
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76.  {x^  +  y^=ax^  (1) 

]     a:  +  y  =  6xjf  (2) 

Square  (2),                          x«  +  2  xy  +  y*  =  ^^y* 
(l)i8  j«  +yi=:oxy 

Subtract,  2ary         =6«j:«y«  — axy 

6a2ay«-(a  +  2)xy  =  0 

...xy  =  0.or?±i  (8) 

Substitute  yaluea  of  xy  in  (1)  and  (2), 

^  +  y«  =  0,or^i2±2)  (^j 


x  +  y  =  0,ori«^  (6) 


(4)  is 


(an- 2) 
ft 

^  +y«==0.orHiE±2i 


6« 


2x(3)i8  2xy         =0,or?ii^ 

Subtract,  Jt3-2xy  +  y*  =  0,  or  -^ 

,.y  =  0.or^:^^ 

•  '  26 

^  a4-2T  Va*-4 

Jf  =  0,  — i- — — 

^       '  26 

77.  {  2(x»  +  y«)  =  6xy-9a6  (1) 

1  2(a  +  6)(x  +  y)  =  3(xy  -  a6)  (2) 

Subtract  3  X  (2)  from  (1), 

ara  +  2xy+y»-3(a  +  6)(x  +  y)  =  0 
('  +  y)['  +  y-3(a  +  6)]  =  0 

/.  x+y  =  0,  \  (3j 

or  X  +  y  =  3(a  +  6)  * 

Substitute  values  of  x  +  y  in  (2), 

S(xy  -  oft)  =  0,  or  6(a  +  6)* 
xy  — o6  =  0,  or2(a  +  6)2 

xy  =  ab,  or  2a>  +  bab  +  26^  (4) 
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Square  (3),  a^+2xif  + y^  =  0,  or  d(a  +  6)2 

4  X  (4)  is  4xif         =     4a6,or8ag  +  20a64-86« 

Subtract,  a:^  — 2xy +  ^a  =  — 4a6,  or    a^—  2a6+    6^ 

a:  —  y  =  ±  2V— a6,  or  i  (a  —  6) 
/.  ar  =  ±  V—ab,  2a  +  &,  a  +  26 
y  =  T  V— a6,  a  +  2&,  2a  +  6 

78.  ^     a:«  +  y2  +  «2  =  49  (1) 

(2) 
(3) 


/      X-  -t-  y*  +  2*  =  4» 

)         a?  +  y  +  «=^ll 
(2ar  +  3y— 4«=   6 


2X(2)  is  2x+2y  +  2«  =  22 


^ 


Subtract,y^*'»^  l^)  —  y  +  6  «  =  16 

y  =  6«-16  (4) 

Substitute  in  (2),  a:  +  6  2  — 16  +  «  =  11 

ar  =  27-72  (5) 

Substitute  yalue  of  ar  and  y  in  (1), 

(27  -  7^)2  +  (6«  - 16)2  +  «2  =  49 
729- 3782 +  49«2+36«2-l922  + 256  +  22  =  49 

8622-6702  +  936  =  0 
43  22 -285  2.+ 468  =  0 
(432-156)(2-3)  =  0 

.-.2  =  3,  or  J^ 
Substitute  values  of  2  in  (4)  and  (6),  y  =  2,  or  ^^ 

x  =  6,or}| 

79.  (  a:y  +  y2  +  X2  =  40  (1) 

I        4x  =  3y  =  22  +  4  (2) 

x  =  l±2 
2 

^         3 
Substitute  ralues  of  x  and  y  in  (1), 

222+82  +  8    .    222  +  42   ,    22+22         .ft 

6  +— 3— +^1— =  ^ 

222  +  82  +  8  +  422  +  82  +  322  +  62=240 

922  +  222-232  =  0 
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(*- 


x  = 


0 

4,  or 
4,  or 
8,  or 


1 


x«  +  3r«  +  «*  =  84 

«  +  Jf  +  «  =  14 

jf*  =  x« 


Substitute  yalues  of  y*  and  jr  in  (1)  and  (2),  i 

ji«  +  «  +  «a  =  84  ^y^^^^^ 

?5h  Vxz  4- «  =  14 
^M  I  a)  (a     ^/wT  t  r) 


0) 
(2) 
(3) 


«*--W 


(5) 


*T 


Vj»  +  «=:    6 


(«) 


a»  =  16-      ^ 
Substitute  values  of  xz  in  (4), 


(7) 


2  X  (7)  is 
Subtract, 


+  2«=68 
2xr         r=32 


*«  — 2xr  +  ««  =  86 

X— «=±6 

Substitute  value  of  Vxz  in  (6),      x  +  «  =  10 

/.  x=8,  or  2 
«  =  2,  or8 
y  =  4 

/.  X=:2,  8 

y  =  4,4 
»  =  8,2 


c^ 


y-.^ 


and  from  (2), 


/■•• 


rr> 


81. 

I" 

Multiply  (1)  by 
Multiply  (2)  by  x. 

Subtract, 


/2xy4-x  +  y  =  22 
)2y«  +  y  +  «  =  68 
(2x2  +  x  +  «=:32 

2  x\jz  -^  xz  -^  yz  =  22  z 
2  xyz  -^  xy  ■{-  xz  = 


(1) 

(2) 
(3) 


68x 


y«— Ty  =  22i  — 58r 


;*) 
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Subtract  (1)  from  (2), 

2^2:  —  2ary  +  2  —  a:  =  36 
2  X  (4)  is  2yg  — 2gy =  442-116g 

Subtract.  z-a:  =  36-442+ 116x 

452-117x=36 
62-13x  =  4 

z  =  i±J^  C5) 

Substitute  value  of  2  in  (3), 

8£±26^         .4  +  13£^32 
5  5 

8a:  +  26*3  +  5a:  +  4  +  13a:  =  160 
26a:3  +  26a:=166 

(x+3)(a:-2)=0 

/.  a:  =  2,  or  —  3 
Substitute  value  of  a:  in  (5),  2  =  6,  or  —  7 

Substitute  value  of  x  in  (1),  4y  +  2  +  y  =  22 

5y  =  20 

y  =  4  * 

or  -6y-3  +  y  =  22 

-6y  =  26 

y  =  — 6 

.•.  a:  =  2,  or  —  3 
y  =  4,  or  —  6 
2  =  6,  or— 7 


a!^-\-xy  +  xz  =  a^  (1) 

yij^yz-\-xy  =  2ab  (2) 

22+ar2  +  y2  =  &g (3) 


\  z-  f  XX  T  y^  —  V 

Add,        x2  +  2ary  +  y2  +  2x2  +  2y2  +  22  =  a^  +  2a6  +  6« 

(x  +  y  +  2)2=(a  +  6)a 

ar  +  y  +  «  =  ±(«  +  *) 
(1)18  x(x-\-y-\'Z)  =  a^ 

±  ar  (a  +  6)  =  a* 

a2 


•  • 


a  +  & 
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C2)iB 


y  =  ± 


2ab 
2ab 
2  ah 


(3)i. 


a  +  fr 


«(ar  +  y  +  «)  =  ** 


/.  ir=i 


ft* 


a+fr 


Exercise  25. 

1.  If  the  length  and  breadth  of  a  rectangle  were  each  increaaed  1 
foot,  the  area  would  be  48  square  feet ;  if  the  length  and  breadth  were 
each  diminished  1  foot,  the  area  would  be  24  square  feet.  Find  the 
length  and  breadth  of  the  rectangle. 

I^et  X  =  number  of  feet  in  length, 

and  y  =  number  of  feet  in  breadth. 

^^   ' "'"  "  ^y  tj^fciaeisasej!  ftcTaiigle. 


t>x^ 


Simplify  (1), 
Simplify  (2), 

Add, 


(*  +  l)(y  +  l)  =  48 
(«-l)(y-l)  =  24 

«y  +  *  +  y  +  l  =  48 

xy  — X  — y  +  l  =  24 


(1) 
(2) 

(3) 


2xy4-2  =  72 

2j:y  =  70 
/.  xy  s  36 

Subtract  (4)  from  (3),        2(x  +  y)  =  24 

.-.  x  +  y=12 

x>  +  2xy  +  y*=144 
4xy         =  140 


(6) 
(6) 


Square, 
4  X  (5)  is. 

Subtract, 

Extract  root. 
From  (6)  and  (7), 


x*-2xy  +  y«=     4 

x-y=±2 
2x=14,  orlO 
/.  X  =  7,  or  5 
y  =  6,  or  7 
.'.  The  rectangle  is  7  feet  long  and  5  feet  wide. 


(7) 


'=^ 


154  COLLEGB   ALGEBRA. 


8.  A  farmer  laid  out  a  rectangular  lot  containing  1200  sqnare  yards 
He  afterwards  increased  the  width  1|  yards  and  diminished  the  length 
3  yards,  thereby  increasing  the  area  by  60  square  yards.  Find  the 
dimensions  of  the  original  lot. 

Let  X  =  number  of  yards  in  length, 

and  y  =  number  of  yards  in  width. 

Then,  xy  =  1200  (1) 

(«-8)(y  +  J)  =  1260  (2) 

SirapUfy  (2),         ay  +  f  ar  —  3y  —  J  =  1260 
Substitute  value  of  xy  from  (1), 

1200  +  }ar-3y-J=1260 
)x-3y  =  64i 
*-2y  =  43  (3) 

Square,  t/fi-^^xy-^-^y^^z    1840 

8x(l)  is  8a:y  =   9600 

Add,  x2  +  4ary  +  4ya  =  11449 

Extract  root,  x  +  2  y  =  db  107  (4) 

From  (3)  and  (4),  2  x  =  160,  or  -  64 

x  =  76 

y  =  16 
.*.  The  original  lot  was  76  yards  long  and  16  yards  wide. 


8.  The  diagonal  of  a  rectangle  is  89  inches;  if  each  side  were  3 
inches  less,  the  diagonal  would  be  86  inches.  Find  the  area  of  the 
rectangle. 

Let  X  =  number  of  inches  in  one  side, 

and  y  =  number  of  inches  in  the  other  side. 

Then  Vx^  +  y^  =  number  of  inches  in  the  diagonal, 

and  V(x  —  3)2  +  (y  —  3)^  =  number  of  inches  in  the  diagonal  if 

each  side  were  3  inches  shorter. 
.-.  Vx2  +  y2  _  89  (1) 

V(x-3)2  +  (y«3)a  =  86  (2) 

Simplify  (1),        xa  +  y2  =  7921  (3) 

Simplify  (2),        x^  -  6  x  +  y*  -  6  y  =  7207  (4) 

Subtract,  6x  +6y=    714 

x  +  y=119  (6) 
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ar3  +y« 


14161 

am 


•  •  y  y- 


.*.  The  area  of  the  rectangle  U  dl20-f[4ttare  inches. 


<■< 


a) 


^/^/ 


{'^  0 


4.  The  diagonal  of  a  rectangle  is  66  inches ;  if  the  rectangle  were 
3  inches  shorter  and  0  inches  wider,  tlie  diagonal  would  still  be  66 
inches.    Find  the  area  of  the  rectangle. 


X  =  number  of  inches  in  length, 
y  s=  number  of  inches  in  width. 
y/x^  +  y'*  =  number  of  inches  in  the  diagonal. 


Let 
and 

Then 

and        V(x  —  3)*  +  (y  +  ©)*  =  number  of  inches  in  the  diagonal  if  the 

rectangle  were  8  inches  shorter  and 
9  inches  wider. 
.•.  V3Ty*  =  06 
V(x-8)a  +  (y  +  9)«  =  65 

Simplify  (1),      jt*  +  y«  =  4226 


Simplify  (2),      3:«~6x  +  jy^-H8.y  =  4186 
Subtract,  6x         —  18y=     90 

x-8y=:16 

x=16  +  8jr 
Substitute  value  of  x  in  (3), 

225  +  90i^  +  9y*  +  y«  =  4226 
10y«  +  90y  =  4000 
ya  +  9y  =  400 


(1) 
(2) 

(8) 


(5) 


COLLEGE   ALGEBRA. 


J'  +  Oj  +  V-'*' 

.:  !l  =  l0,or~25\ 


.:  The  ATEK  of  the  Kctangle  ii  IOC 

B.   The  difference  of  two  nnmlieri  ia  |  of  the  groAler 
their  BquATOB  U  360.    Find" ''  ~ 


"f-i^-^  'i^-C'h 


liP> 


^l 


(1) 


.-.  The  namberg  are  16  e ... 

6.  Tlie  mm,  the  product,  and  the  difference  of  the  squarei  of  two 
nambera  sre  all  equal,    find  the  numbers. 

I  nomber. 


Simplitj,                        2x  =  j?-f^ixJ 
■1A2/ 

Substitute  value  of  y  in  (2),      A  x  =  *»  -  \ 
^-2xJA 

■   /    '.-JZiXvi 

From  (8)  and  (4),-     /          xfs  =  i±W5 

(1) 

/               xi'y  =  \±^o/h 

.:  The  number*  are  S  ±  J  Vs  and  j  i.  J  VS. 

=  ^^..-^C     ,  _  ."-iJ            J-i^^t'j 

l^fl- 

■:     -,y   IJ,     -.---r^p    1^1 

^:':-y  '/.'.     ■    ■>-,\-^-J'U) 
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7.  The  sum  of  two  nuinbers  is  5,  and  the  sum 

I  of  their  cubes  is 

336. 

Find  the  numbers. 

Let 

X  —  tlie  one 

number. 

and 

y  =  the  other. 

Then 

a:+y  =  5 

(1) 

*»  +  y»  =  336 

(2) 

Divide  (2)  by  (1), 

a:^-    xy  +  ya=r67 

(3) 

Square  (1), 

a:3  +  2xy  +  ya  =  25 

Subtracts 

-3zy          =42 

xy  =  - 14 

W 

(3)  is 

j^-  xy-^-y^^    07 

(4)  is 

xy         =-14 

Subtract, 

xa-.2xy  +  y2=     81 

X— y=±9 

(P) 

From  (6)  and  (1), 

2x=14,  or- 

-4 

X  =    7,  or  - 

-2 

y  =  -  2,  or 

7 

.%  The  numbers  are 

7  and  —  2. 

8.  The  sum  of  two  numbers  is  11,  and  the  cube  of  their  sum  exceeds 
the  sum  of  their  cubes  by  792.    Find  the  numbers.  J     '       *    " 

Let  X  =  the  one  number,      -^  -   '   i  ^  .  *  v  * 

and  y  =  the  other.  *  7  ^  •  / 

Then  x  +  y=ll  (1) 

(^  +  y)8--r8-^''^:^702       /  (2) 

Simplify  (2),.  3x«y +  3xj^:?92     /    ^    ,  ^  ^^     /  ,  ,  .  _  - 

<x^jr=^64     \  (3) 

Substit]U«''fSLtue  of  x  + 


«    -/  / 


xy  =  24    -  (4) 

Square  (1),  x^  +  2xy  +  y^  =  121 

4  X  (4)  is  4xy  =    96 

Subtract,  x2^2xy  +  y='=    26 

x-y  =  ±6  (6) 

JFrom  (1)  and  (6),  '    2x  =  16,  or  6 

.-.  x=    8,  or  3"  ^ 

y=    3,  or  8 
.'.  The  numbers  are  3  and  8. 


/    » 


,  t- 
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Let 
and 
Then 


9.  A  number  is  formed  by  two  digits.  The  second  digit  is  less  by  8 
than  the  square  of  the  first  digit ;  if  9  times  the  firdt  digit  be  added  to 
the  number,  the  order  of  the  digits  will  be  reversed.    Find  the  number. 

X  =  the  first  digit, 
y  =  the  second. 
10  X  +  y  =  the  number. 
10 y  +  x=r  the  number  after  the  order  of 
the  digits  is  reversed. 
y  =  a^^S  (1) 

10ar  +  y  +  9x  =  lOy  +  a:  (2) 

—  9y  +  18x  =  0 
—  y  +  2jr  =  0 

y  =  2x  (3) 

Substitute  value  of  y  in  (1),         2  x  =  a:^  —  8 

a:2  — 2a:  =  8 
a^^-2x+l  =  9 
a:  — 1  =  ±3 

a:  =  4,  or  —  2 
From  (3),  y  =  8,  or-4 

.*.  The  number  is  48.     ^7     ' 


Simplify  (2), 


••.  The  number  is  48.     ^>     /  *  i  A    ^  .  ^       »   ^y^^ 


10.  A  number  is  formed  tjy  three  digits,  the  third/digix  ^ 


iigit'Deing  the  l1. 

sum  of  the  other  two ;  the  product  of  the  first  and  third  digits  exceeds  c/ — ' 
the  square  of  the  second  by  5.  If  390  be  added  to  the  number,  the,^?^  ^^^ 
order  of  the  digits  will  be  reversed.    Find  the  number.  //L'^ - • 

'  Let  '^  x=tl5^tpt  digit,  ^^- 


f     and 


Thfen 


•y 


A  / 


lu 


tlM 

the  dumber. 


^C'. 


lQ»£i  i^i  4/x  =lhe 


/ 


t 


^e  order  of  the 

100  X  +  lO'i/  +  z  +  a^=  aCO%  +  lOy  +  ar 
Simplify  (3^  99 j>^'  9Q  2 ;/-  396 

^,,   "     x->?=^4y 

Substitute  value  of  x  in  (1), 


4  =^^  4  +  y 


s. 


\ 


•.■> 


\ 


/ 


^  ..  - 


V. 


r 
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.*.  The  number  is  347. 

11.  The  numerator  and  denominator  of  a  certain  fraction  are  each 
greater  by  1  than  those  of  a  second  fraction ;  the  sum  of  the  two  frac- 
tions is  {I,  If  the  numerators  were  interchanged,  the  sum  of  the  frac- 
tions would  be  }.    Find  the  fractions. 

Let 
and 


Then 


X  =  the  numerator. 
If  ss  the  denominator. 

-  =  the  fractions, 


Subtract  (2)  from  (1),      1 i-  ^  ""  li 

Simplify,  12(y-l-5f)  =  -y«  +  jr 

y«-y  =  12 

y«-y  +  i  =  i2l 

y-J  =  ±3J 

y  =  4,  or  — 8 
Substitute  Talue  of  y  in  (1), 

17 

12' 
X       x-l_8 
-8      -4       2 
From  (4),  7x-4=17 

x=3 
From  (6),  -7x  +  3=18 

7x  =  -15 
X  =  8,  y  =  4  are  the  only  available  solutions. 
.*.  The  fractions  are  }  and  }. 


(1) 

(2) 
(8) 


X   ,    X— '1 

4         3 


or 


(6) 
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12.  There  are  two  fractions.  The  numerator  of  the  ^rst  is  the  square 
of  the  denominator  of  the  second,  and  the  numerator  of  the  second  is 
the  square  of  the  denominator  of  the  first ;  the  sum  of  the  fractions  is 
^^f  and  the  sum  of  their  denominators  5.    Find  the  fractions. 


Let 
and 

Then 
and 


x=  the  denominator  of  the  first  fraction, 
y  =  the  denominator  of  the  second  fraction. 

—  =  the  first  fraction, 
X  ' 


Simplify  (1), 

Divide  (3)  by  (2), 
Square  (2), 

Subtract, 


x^ 

—  =  the  second  fraction. 

-I       — "^ 
X       y       D 

ar  +  y  =  5 

a*  +  y^  =  ^xy 

i2—    xy  +  y^=ixy 


-3xy  =Jary  — 26 

—  iyta:y=:  — 26 
xy  =  6 
Substitute  value  of  xy  in  right  side  of  (4), 

x^  —    xy  -\-  y^=7 
xy         =0 


(5)  is 
Subtract, 

From  (2)  and  (6), 


The  fractions  are  f  and  f . 


a;2  —  2  xy  +  y^  =  1 

x-y=il 

2x  =  6,  or4 

.*.  X  =  3,  or  2 

y  =  2,  or3 

x2  =  9,  or4 

y2  =  4,  or9 


(1) 

(2) 
(3) 


(5) 


(6) 


18.  The  sum  of  two  numbers  which  are  formed  by  the.  same  two 
digits  is  f  f  of  their  difference ;  the  difference  of  the  squares  of  the 
numbers  is  3960.    Find  the  numbers. 

Let  X  =  the  One  iigiU 

and  y  =  the  other.    ' 

Then  lOx  +  y  =  the  one  number, 

and  lOy  4-  X  =  the  other. 


/ 
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.-.  10T  +  y+10y  +  j-=:  JJ(10x+|f-10y-x)        (1) 
(10  X  +  y)«  -  (lOy  +  xy  =  3960  (2) 

Simplify  (1),  18(llx+ lly)  =  66(9r-0y) 

2x+2y  =  6T  — 6y 
—  3x  =  -7y 

'=iy  (3) 

Simplify  (2). 

100xa+2Oxy  +  y2- 100  ya-20xy-x«  =  3900 

00  x« -.90^^  =  3000 

x«-ya=40  (4) 

Substitute  yalue  of  x  from  (3)  in  (4), 

y«=9 
/.  y  =  ±  3 

From  (3),  x=±7 

.-.  The  numbers  are  73  and  37. 

14.  The  fore  wheel  of  a  carriage  turns  in  a  mile  132  timet  more  than 
the  hind  wheel ;  if  the  circumference  of  each  were  increased  2  feet,  the 
fore  wheel  would  turn  only  88  timet  more.  Find  the  circumference  of 
each  wheel. 

Let  X  =  number  of  feet  in  circumference  of  fore  wheel, 

and  y  =  number  of  feet  in  circumference  of  hind  wheel. 

65^90  =  1  mile. 

5280 
Then  - —  =  number  of  times  the  fore  wheel  will  turn  in  1  mile. 

X 

5280 

• =  number  of  times  the  hind  wheel  will  turn  in  1  mile. 

y 

5280 

=  number  of  times  the  fore  wheel  would  turn  in  1  mile  if 

.     *  "*"  its  circumference  were  increased  by  2  feet. 

^        =  number  of  times  the  hind  wheel  would  turn  in  1  mile  if 


^. 


^  "^  its  circumference  were  increased  by  2  feet 

^^^^  ^_64^3,     Z    ,,    -         ;(2) 

x  +  2      y  +  2       >^      ^^2.  -.^-^      n' 


x  = 


40y-40x  =  xy  ,       (3) 
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Simplifj  (2),  6280^  -  6280 x  =  88 x^  +  176  x  +  176^  +  852 

60  y  —  60  X  =  xy  +  2  X  +  2  y  +  4 
68y  — 62x  =  xy  +  4  (4) 

Subtract  (4)  from  (8),    22x-18y  =  -4 

llx-9y  =  -2 

x  =  ^JLz2  (5) 

11  ^  ' 

Sabstitnte  yalne  of  x  in  (3), 

40v-^(»y-^)=:ffly--2)y 
^       11  11 

440y-360y  +  80=9y3.2y 
9y«-82y  =  80 

3y-¥==tV 

3y  =  30,or-f 

y=io 

Prom  (6),  X  =  8 

.'.  The  fore  wheel  is  8  feet  in  circumference,  the  hind  wheel  is  10 
feet  in  circumference. 

16.  Two  travellers,  A  and  B,  set  out  from  two  distant  towns,  A  to 
go  from  the  first  town  to  the  second,  and  B  from  the  second  town  to  the 
first,  and  both  travel  at  uniform  rates.  When  thej  meet,  A  has  trav- 
elled  30  miles  farther  than  B.  A  finishes  his  journey  4  days,  and  B 
9  days,  after  they  meet.  Find  the  distance  between  the  towns,  and  the 
number  of  miles  A  and  B  each  travel  per  day. 

Let  X  =  number  of  miles  A  travels  per  day, 

and  y  =  number  of  miles  B  travels  per  day. 

Then  4x  =  number  of  miles  A  travels  in  4  days. 

9y  =  number  of  miles  B  travels  in  9  days. 

4x  4-  Oy  =  number  of  miles  between  the  two  towns. 

4x 

—  =  number  of  days  B  has  travelled  when  they  meet 

y 

-^  =  number  of  days  A  has  travelled  when  they  meet. 

,M=^  (1) 

y     ^ 

4x=9y-30  (2) 

Simplify  (1),  ^  4xa  =  9ya 

2x=±3y  (3) 
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Substitute  value  of  2 x  in  (2),  i:6y  =  0y  —  30 

-3y  =  -30, 
or  —  15y  =  —  30 

/.  y  =  10,  or  2 
Substitute  value  of  y  in  (3),  x  =r  15,  or  —  3 

4x+ 9^=150,  or  40 
.*.  A  travels  15  miles  a  day,  B  travels  10  miles  a  day,  and  the  towns 
are  160  miles  apart. 

16.  Two  boys  run  in  opposite  directions  around  a  rectangular  field,  of 
which  the  area  is  one  acre ;  they  start  from  one  corner,  and  meet  13 
yards  from  the  opposite  corner.  One  boy  runs  only  {  as  fast  as  the 
other.    Find  the  length  and  breadth  of  the  field. 

Let  r  =  number  of  yards  in  length, 

and  y  =  number  of  yards  in  breadth. 

X  +  y  =  half  the  perimeter. 
4840  sq.  yds.  =  1  acre. 
Then  xy  =  4840  (1) 

x  +  y-13  =  J(*  +  y+l8)  (2) 

Simplify  (2) ,  x  +  y  =  143  (3) 

Square,  x*  +  2  xy  +  y«  =  20449 

4x(l)is  4xy  =  I9m) 

Subtract,  x*  —  2xy  +  y^=    1089 

x-y  =  ±33  (4) 

From  (3)  and  (4),  2x  =  176,  or  110 

/,  x=   88,  or   56 
y  =    55,  or    88 
.*.  The  field  is  88  yards  long  and  65  yards  wide. 

17.  A  man  walks  from  the  base  of  a  mountain  to  the  summit,  reach- 
ing the  summit  in  5j^  hours ;  during  the  last  half  of  the  distance  he 
walks  i  mile  less  per  hour  than  during  the  first  half.  He  descends  in 
3|  hours,  walking  1  mile  per  hour  faster  than  during  the  first  half  of 
the  ascent.  Find  the  distance  from  the  base  to  the  summit  and  the 
rates  of  walking. 

I^t  y  =  number  of  miles  from  the  base  to  the  summit, 

and  X  =  number  of  miles  the  man  walks  per  hour  at  first. 

Then      —  =  number  of  hours  it  takes  him  to  walk  half  way  up. 
2x 
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=  number  of  hours  it  takes  him  to  walk  up  the  2d  half. 


2(x-i) 

=  number  of  hours  it  takes  him  to  walk  down. 


(x+l) 


^     =3i  (2) 


ar+  1 
Simplify  (1),  2xy'-y-{-2xy=:22a^^llx 

4ry-22a:3  =  y-lla:  (3) 

Simplify  (2),  4^^  =  16 a:  + 16  (4) 

,  =  15x^16  (6) 


Substitute  value  of  y  in  (3), 


_15jr-}-16 


a:  (16  ar  +  16)  -  22  ar2  =  ±!i:t.nL±2:  «  11  ar 

4 

60  a:*  +  60  a:  -  88a^«  =  16  a:  +  16  —  44x 
-28x2  + 80  a;  =16 
106x2-623x=-106 
106  x2  -  623  X  +  (^)2  =  Af  |i 
14x-^=±J^ 
14x  =  42,  or  J 
x=   3,  or^ 
Substitute  value  of  x  in  (6),  y  =  16,  or  4  ^ 

x-i  =  2J,  or-3j\ 

The  second  set  of  solutions  is  therefore  to  be  neglected. 

.'.  The  distance  from  the  base  to  the  summit  is  16  miles.  The  man 
walks  3  miles  an  hour  for  2}  hours,  and  2 J  miles  an  hour  for  3  hours ; 
on  the  return  he  walks  4  miles  an  hour. 

18.  A  besieged  garrison  had  bread  for  11  days.  If  there  had  been 
400  more  men,  each  man's  daily  share  would  have  been  2  oimces  less  ; 
if  there  had  been  600  less  men,  each  man's  daily  share  could  have  been 
increased  by  2  ounces,  and  the  bread  would  then  have  lasted  12  days. 
How  many  pounds  of  bread  did  the  garrison  have,  and  what  was  each 
man's  daily  share  ? 

Let  X  =  number  of  ounces  of  bread  on  hand, 

and  y  =  number  of  men. 

Then  -^  =  each  man's  daily  shAre. 

11  y 
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=  Tf::-2  (1) 


ll(y  +  400)      lly 

12(y  +  e00)      lly^  ^^^ 

Simplify  (1),  a-y  =  xy  +  400x  — 22y«  — 8800y 

22y2  +  8800y-400x=0  (3) 

Simplify  (2),  llxy  =  12  xy- 7200x4-264 y«- 168400 y 

264y«+xy-7200x-168400y  =  0  (4) 

18  X  (3)  is  896 y»  -7200x+ 168400y  =  0 

Subtract,  — 132  y*-\-xy  -  316800  y  =  0 

y(132y-x  + 316800)  =  0 

.-.  y  =  0, 
or  132y-x  + 316800  =  0 

x==132y  4- 316800  (5) 

Substitute  y  =  0  in  (3),  x  =  0 

Substitute  x  =  132y  +  316800  in  (3), 

22  y»  +  8a00  y  -  62800  y  - 126720000  =  0 
y3  +  400y  -  2400y  -  6760000  =  0 

yS-2000y  =  6760000 
y3  -  2000  y  4- 1000000  =  6760000 
y  - 1000  =  i:  2600 
/.  y  =  3600 
Substitute  value  of  y  in  (6),  x  =  702000 

-iL=:20 

.*.  The  ganison  had  702000  ounces,  or  49600  pounds,  of  bread,  and 
each  man's  dally  share  was  20  6unce8. 

19.  Three  students.  A,  B,  and  C,  agree  to  work  out  a  set  of  problems 
in  preparation  for  an  examination ;  each  is  to  do  all  the  problems.  A 
solves  9  problems  per  day,  and  finishes  the  set  4  days  before  B;  B 
solves  2  more  problems  per  day  than  C,  and  finishes  the  set  6  days 
before  C.    Find  the  number  of  problems  in  the  set. 

Let  X  =  number  of  problems, 

and  y  =  number  C  can  do  in  one  day. 

Then  -  =  number  of  days  it  takes  A  to  do  all  the  problems. 

-  4-  4  =  number  of  days  it  takes  B  to  do  all  the  problems. 


f.x^<^^.    y- 


.y^-     ---^    ' 
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N 


1+^ 


=  number  of  problems  B  can  do  in  one  day. 


-  =  number  of  days  it  takes  C  to  do  all  the  problems. 


...£  =  £  +  4  +  6 

y    9 


=  y  +  2 


-  +  4 

9 


Simplify  (1), 
SimpUfy  (2), 

Subtract, 


9ar=ry  +  90y 

9x  =  .ry  +  36y  +  2a:  +  72 

0  = 


54y  — 2a:  — 72 

ar-27y  +  36  =  0 

a:=:27y  — 36 
Substitute  value  of  x  in  (3), 

243y  -  324  =  27  ya  -  36y  +  90y 
27ya-189y  =  -324 

y9-7y  =  -12 
y2-.7y  +  ^  =  t 

y-J=±J 

y  =  4,  or  3 
Substitute  value  of  y  in  (4),  a:  =  72,  or  45 

/.  There  are  either  45  or  72  problems  in  the  set. 


(1) 

(2) 
(3) 


(4) 


V 


\ 


80.  A  cistern  can  be  filled  by  two  pipes ;  one  of  these  pipes  can  fill 
the  cistern  in  2  hours  less  time  than  the  other ;  the  cistern  can  be  filled 
by  both  pipes  running  together  in  1^  hours.  Find  the  time  in  which 
each  pipe  will  fill  the  cistern. 

Let  X  =  number  of  hours  in  which  the  grater  pipe  can  fill  the 

cistern,  ^^^,^^-— 

and  -  y  =  number  of  hours  in  which, Ihe'lesser  pipe  can  fill  the 

cistern.  .  -  ' 

Then        -  =  part  the  gre^ier  pipe  can  fill  in  one 
-  =  pact  the  lesse 

y    "'  -^ 

-  +  -  ^r^pafTboth  pipes 


">'.«'' 


i. 
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.'.  The  pipes  can  fill  the  cistern  in  3  and  6  hours  respectively. 


81.  A  and  B  hare  a  certain  manuscript  to  copy  between  them.  At 
A's  rate  of  work  he  would  copy  the  whole  manuscript  in  18  hours ;  B 
copies  9  pages  per  hour.  A  finishes  his  portion  in  as  many  hours  as 
he  copies  pages  per  liour ;  B  is  occupied  with  his  portion  2  hours  longer 
than  A  is  with  his.    Find  the  number  of  pages  copied  by  each. 

X  =  number  of  pages  A  copies, 
y  =  number  of  pages  B  copies. 
X  +  y  =  number  of  pages  in  the  manuscript. 


Let 
and 
Then 


'"^  y  =  number  of  pages  A  copies  in  one  hour. 


18  r 


x  +  y 


=  number  of  hours  it  takes  A  to  finish  his  part 


-  =  number  of  hours  it  takes  B  to  finish  his  part 
9  *^ 


+  2 


Simplify  (1), 
Simplify  (2), 

(3)  is 
2  X  (4)  is 

Subtract, 


.     ISjt  ^g-f  y 
"  a:  +  y        18 

y^_18r 

9      x  +  y 
a:«+2xy  +  y2_324x 

xy  +  y2=i62x+18x+18y 
*y  +  y*=180x+  18y 

3fl-^2ry+    y2_    S'lix 

2Ty  +  2//2=    360x+36y 


(1) 

(2) 
(3) 


x^ 


-    y2  =  _3ejr-36y 
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.-.  x^y  =  0  (7) 

or  a:^y  +  86=0  (8) 

Substitute  x-{-y  =  Om  (3),  a-  =  0 

From  (7),  y  =  0 

From  (8),  a:  =  y-36 

Substitute  value  of  x  in  (3), 
y2^^2y^\- 1296  +  2y^ -  T2y  +  y2=  334 y  _  11664 

4^2  _468y  =  - 12960 
4^2  _468j^  + 13689  =  729 
2^ -117  =  ±27 

2y  =  144,  or90 
y  =    72,  or  46 
From  (8),  x=   36,  or    9 

.*.  A  copies  36  or  9  pages,  and  B  copies  72  or  45  pages. 

82.  A  and  B  have  4800  circulars  to  stamp,  and  intend  to  finish  them 
in  two  days,  2400  each  day.  The  first  day  A,  working  alone,  stamps 
800,  and  then  A  and  B  stamp  the  remaining  1600,  A  working  altogether 
3  hours.  The  second  day  A  works  3  hours  and  B  1  hour,  and  they 
accomplish  only  ^^  of  their  task  for  that  day.  Find  the  number  of 
circulars  each  stamps  per  minute,  and  the  number  of  hours  B  works  on 
the  first  day. 

Let  X  =  number  A  stamps  per  hour, 

and  y  =  number  B  stamps  per  hour. 

800 
Then,    - —  =  number  of  hours  A  works  alone  on  the  first  day. 

X 

=  number  of  hours  A  and  B  work  together  on  the  first  day. 

x-\-y 

...  §50  +  i600=3  (1) 

X        X  -{■  y 

Sx-{-y  =  j\x2i00  (2) 

Simplify  (1),  800a:+800y  +  1600ar  =  3ar2+ 3ary 

Sx^-{-Sxy  =  2400  ar  +  800^ 
800  X  (2)  is  1728000  =  2400  ar  +  800  y 

Subtract,  Sx^  +  Sxy  =  1728000 

x^-{-xy=  676000  (3) 

From  (2),  y  =  2160-3ar  (4) 
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Substitute  value  of  y  in  (3), 

x2  +  2160  a:  -  3a:«  =  67«000 

-  2x2 +  2160x  =  676000 

*a- 1080  a:  =-288000 

x3  .  1080  X  +  291600  =  3600 

x-640=i:60 

.-.  X  =  600,  or  480 

SubflUtute  yalue  of  x  in  (4),  y  =  360,  or  720 

1600      6  _4 
=    ,  or  - 

x  +  y     3       3 

.'.  A  can  stamp  600  per  hour,  or  10  per  minute,  B  860  per  hour,  or  6 
per  minute ;  and  B  works  }  hours,  or  1  hour  and  40  minutes  on  the 
first  day.  Or,  A  can  stamp  480  per  hour,  or  8  per  minute,  B  720  per 
hour,  or  12  per  minute,  and  B  works  j  hours,  or  1  hour  and  20  minutes, 
on  the  first  day. 

23.  A,  in  running  a  race  with  B,  to  a  post  and  back,  meets  him  10 
yards  from  the  post.  To  come  in  even  with  A,  B  must  increase  his 
pace  from  this  point  41^  yards  per  minute.  If,  without  changing  his 
pace,  he  turns  back  on  meeting  A,  he  will  come  in  4  seconds  behind  A. 
Find  the  distance  to  the  post. 

Let  X  =  number  of  yards  to  the  post, 

and  y  =  number  of  yards  A  runs  per  minute. 

Then        x  +  10  =  number  of  yards  A  has  run  when  he  meets  B. 
X  — 10  =  number  of  yards  B  has  run  in  the  Baroe  time. 

^^^ —  =  number  of  minutes  elapsed  up  to  the  time  of  meet- 

^  ing. 

x-10     y(x-lO)  K^     *      ^    « 

.  -„  =:^-^ T7r-=  number  of  yards  B  runs  per  mmute. 

3--H0       X  + 10  '' 

y 

lf{x  -^  w)  _^  4j  3  _  number  of  yards  B  would  run  a  minute  after  in- 

X  +  10  .      , . 

^  creasing  ins  pace. 

jc  +  10  X  -  10 


x+10  ^ 

X  — 10         X  —  10 

x+lO 


(1) 


(2) 


■ 
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Simplifj  (1), 


(g  +  10)« 


JC-IO 


(x  +  10)«y  =  y  (x  - 10)«+  a^  (x*  - 100) 
40ary  =  Afax2.iiipi  (3) 


Simplify  (2), 


j:2-100 


£-10       J^ 

y         15 


xy  —  lOy 

16y  (x2  - 100)  =  16y  (x  - 10)«  +  yU*  -  1^) 
SOOxy  -  1600y  -  1500y  -  y2x  +  10y«  =  0 

300xy-3000y-y2x+10y2  =  0  vTV^ 

y(300x-3000-yx  +  10y)  =  0  A- P^^"^^ 

y(300-y)(x-10)  =  0  i^    ^V/     ^  <^4^ 

>=0, 


li^ 


300-y  =  0, 


or 
or 
Substitute  y  =  0  in  (3) ,  0  =  ^f  ^  a:2  «  aji 

.-.  x«  =  100 
x=±10 
Substitute  y  =  300  in  (3),      12000  x  =  ^^x^  -  ^^^^ 

29  x2 -.  8400  x  =  2900 
(29)2x2  -  29  X  8400  X  =  84100 
(29)2x2  -  (  )  +  (4200)2  =  17724100 
29  X- 4200  =±4210 

29x=8410,  or-lO 
.-.  X  =  290,  or  —  \% 
Substitute  x  =  10  in  (3),  400  y  =  0 

y  =  0 
.'.  Tlie  algebraic  solutions  are  y  =  0,  x  =  ±  10,  and  y  =  300,  x  =  290, 

or  —  JJ.    Of  these  only  y  =  300,  x  =  290  are  available — ■ 

.*.  The  distance  to  the  post  is  290  yards,  A  runs  300  yards  a  minute,  \ 
and  B  280  yards  a  minute. 

24.  A  boat's  crew,  rowing  at  half  their  usual  speed,  row  3  miles 
down  stream  and  back  again,  accomplishing  the  distance  in  2  hours 
and  40  minutes.  At  full  speed  they  can  go  over  the  same  course  in 
1  hour  and  4  minutes.    Find  the  rate  of  the  crew  and  of  the  current. 

Let  X  =  number  of  miles  the  crew  row  per  hour  at  full  speed, 

and  y  =  velocity  of  the  current  in  miles  per  hour. 

Then      -  +  y  =  number  of  miles  the  boat  will  go  per  hour  with  the 

current  if  the  crew  row  at  half  speed. 


/" 


t  / 


^ 


.t    J 


f/ 
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—  y  =  namber  of  miles  the  boat  will  go  per  hotur  agmlntt 
the  current  if  the  crew  row  at  half  ipeed.  ^ 
|inutes  = 
1  hmir  nnd  d  ininnt 
3  3 


3  3 


T+y     x—y 


=  2| 


=  liV 


(») 


(2) 


or 


Simplify  (1),     y-3y  +  ^+3y  =  |(^-y«^ 

9x  =  2x4-8y«  (3) 

Simplify  (2),      8x  - 3y  +  8x  +  3y  =  J!(x^ - y«) 

90ir=16x«-16y«  (4) 

2X(3)  is  18x=   4T2-16y« 

Subtract,  72x=12x> 

12x3-72x  =  0 

x»  — 6x  =  0  , 

x(x~6)  =  0  If  /      .;  I 

/.  x  = 

x  =  a 

8y«  =  0 
.-.  y  =  0 

64  =  72-8y«         '       *   '  ^  s«    t 
8y«  =  18     .  '       . 

y  =  ±f 
.'.  The  crew  row  6  miles  per  hour,  and  the  current  is  {  miles  per  hour. 


Substitute  x  =  0  in  (3), 
Substitute  x  =  6  in  (8), 


/ 


<  t 


J 


I    c 


25.  A  farmer  sold  a  number  of  sheep  for  $286.  He  received  for 
each  sheep  $  2  more  than  he  paid  for  it,  and  gained  thereby  on  the  cost 
of  the  sheep  \  as  many  per  cent  as  each  sheep  cost  dollars.  Find  the 
namber  of  sheep. 


Let 
and 
Then, 

and 


y 

y  +  2 

286 

y  +  2 


X  =  number  of  sheep, 
=  number  of  dollars  paid  for  each. 
=  number  of  dollars  received  for  each, 

=  number  of  sheep. 
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_  100  =  gain  per 

y 

•  •         ~  —  * 

y  +  2 

cent. 

(1) 

-100  =  1 
y         2 

From  (2),                             y^  =  400 

(2) 

,\  y=±20 

Substitute  value  of  y  in  (1),       ^^  —  x 

/.  X  =  13 
.*.  The  number  of  sheep  was  13. 

86.  A  person  has  f  1300,  which  he  divides  into  two  parts  and  loans 
at  different  rates  of  interest,  in  such  a  manner  that  the  two  portions 
produce  equal  returns.  If  the  first  portion  had  been  loaned  at  the  sec- 
ond rate  of  interest  it  would  have  yielded  annually  $36;  if  the  second 
portion  had  been  loaned  at  the  first  rate  of  interest  it  would  hare 
yielded  annually  f  49.    Find  the  two  rates  of  interest. 

Let  X  =  first  rate  of  interest, 

and  y  =  second  rate  of  interest. 

3600 
Then,  =  number  of  dollars  in  the  first  part, 

4900  ^        i.  ^  „       .     ^ 

and  =  number  of  dollars  m  the  second  part. 

y  X  ^^""'^  ^  ' 

Si»Ii«Bry  (1),  gfiQOar.-fc  iaOfty    4?Q0,By 


36x+49y  =  13xy  ^  (3) 

SimpUf y  (2),  36  a^2  =  49  y2 

6x=±7y 

^=±Jy  (4) 

Substitute  value  of  x  in  (3), 

±42y  +  49y  =  ±V.y* 

^y2=91y,or-.7y 

y2=   6y,  or -T^y 

.-.  y=!^6,  or— T<^ 

Substitute  values  of  y  in  (4), 

x  =y),  7,  or  T^y 

.'.  The  first  rate  of  interest  was  7%,  the  second  was  6%. 


D 


t,_.'i: 


'jzJ-^H^ 


—    QyVi,^  At>x^f\,K'^U^ 
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27.  A  person  has  |5000,  which  he  dirides  into  two  portions  and 
loans  at  different  rates  of  interest  in  such  a  manner  that  the  return 
from  the  first  portion  is  double  the  return  from  the  second  portion. 
If  the  first  portion  had  been  loaned  at  the  second  rate  of  interest  it 
would  haye^ielded  annually  |245;  if  the  second  portion  had  been 
loaned  at  the  first  rate  of  interest  it  would  haye  yielded  annually  $00. 


Find  the  two 


Then 


and  the  two  rates  of  interest. 
X  =  the  first  rate  of  interest, 
y  =  the  second  rate  of  interest. 
24500 


and 


y 

9000 


=  the  number  of  dollars  in  the  first  portion, 
=  the  number  of  dollars  in  the  second  portion. 

^xi^2x?5rx 


60^ 


(1) 

(2) 


p 


49x+18y  =  10xy 


49x^=r86y> 

7x=  ±6y 

x=±fy 
Substitute  yalue  of  or  in  (3), 

±42y+ 18y  =  ±iyiy« 

Vy«  =  00y,or24y 

.-.  y  =  0;7,  orV 
Substitute  yalue  of  y  in  (6),    ,      x  =  0,  6,  or  —  ^ 

^pi  =  3600  ^' 

-^^0  =  1600 
The  two  aoteMs  are  |3600  and  %  1600,  and  the  two  rates  of  inter- 
est are  6  %  and  7  %. 

28.  A  number  is  formed  by  three  digits ;  10  times  the  middle  digit 
exceeds  the  square  of  half  the  sum  of  the  three  digits  by  21 ;  if  99  be  - .' . 
added  to  the  number,  the  digits  will  be  in  reyerse  order ;  the  number    . 
is  11  times  the  number  formed  by  the  first  and  third  digit.    Find  the    / 
number. 

Let  X  —  the  first  digit, 

,  ^-^     ^"""-^^v,^^  y  =  the  second  digit, 
and  /'    V  -fc-/— *»---^»«  tb©  Uiird-dfgit. 


i  -K  ~ 


V     _i_ 


y^ 


^  ^ 


-r  c^^ 


7 


/  — 


-r-   5 
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Then,  1005^^*^J^+«=  the  numbe^T" 
and         \jnz-\-\Oy\x  =  ^'Q  number  tAU^  the  order 

reversed. 
lOx  4^  2  =  the  number  |oiined  bj  first  and 

lOOx -AlOy  +  « +  ^9  =  y)0«  +  lOy  +  X 
10la:+10y  +  «  =  ll(10a:  +  2)     / 
>m  (2),  \     99a:  +  99  =fe92 

/a:  + 1  =/« 
^rom  (3) ,  — 10  a:  4-^ 0  y •— 40  «  J  0  /  '^ 

f   Substitute  ralue  of  z  f roni  (#)  m  (6K    / 

||a:+ll=| 
Substitute  values  of  y  and  2  upm  (1)  nid  (6)  in  (1), 

20x1-1    =4x2  +  4x+' 
43:2-16  :  =  -12 
x2-4xV  1=1 
x-\  J  =  ±l 


the   digits 


=  3. 


(6) 


Substitute  values  of  x  in  (4)  and 


/.  The  number  is  either  374,  or  132. 

29.  A  number  is  formed  by  three  digits ;  the  sum  of  the  last  two 
digits  is  the  square  of  the  first  digit;  the  last  digit  is  greater  by  2  than 
the  sum  of  the  first  and  second ;  if  396-be^.added  to  the  number,  the 


digits  will  be  }n  reverse  order.    Find  the  numbefr~^->^  '       i  ^  ^     '^ 

L^    ,  x.C'  '  ' '  X  =  the  first  diglt^>^  ^       ^'^ 

'  4  '     ?  '  ^^  '  '^  V>  \  v  =  the  second  diurit.^     ^    *t/^ 


'4:   1 

and 

Then 
and 


the  second  digit, 

=  the  third  dkjit.    \/^l^^     J  t? 

lOOx  +  lOy  +  zV  the  numwC 

100a:  4-  lOy  +  X  =?^the  nu]m>er  with  the  order  of 

th^i^gits  reversed. 
.*.  y  +  «  =  x\  "  (1) 

'  a:=.x\y+2  (2) 

lOOx  +  lOy  +  2  +  396  =  100\+  lOy  +  x  (3) 


^       .         C  -•    o 


X. 


?  yj' 


A 


i'> 


'.  |y.' 


3^7 


if 
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From  (3)\  99  x  +  896^ 

Substitute  i^lues  of  z  in  (2),   x-y\z/x  +  y  +  2     7  *'  ,       .    / 


Substitute  Talves  of  y  and  z  W(Xf  .  >  ,./«••*''     '    " 

Substitute  value  of  or  In  (4),  2=7 

/.  The  number  is  327.        /^  /■"  V  ^'  ^^  ^  u'\  -  'l^i  )  f  I 

80.  A  railroad  train,  after  trayelling  1  hour  from  A,  meets  with  an 
accident  which  delajs  it  1  hour;  it  then  proceeds  at  a  rate  8  miles  per 
hour  less  than  its  former  rate,  and  arrives  at  B  6  hours  late.  If  the 
accident  had  happened  60  miles  further  on,  the  train  would  hare  been 
only  3}  hours  late.    Find  the  distance  from  A  to  B. 

Let       .    X  =  number  of  miles  distant  from  A  to  B, 
and  y  =  number  of  miles  the  train  goes  per  hour  at  first. 

Then         y  —  number  of  miles  it  goes  in  the  first  hour. 
X  —  y  =  number  of  miles  remaining.  » 

^""^  =  number  of  hours  in  which  the  train  goes  the  remaining 
y ""  distance. 

"  =  number  of  hours  it  would  go  the  whole  distance  at  its 
^         first  rate. 

.-.  l  +  l  +  ^  =  -  +  6  (1) 

y-8     y 

3Li§?4.1  +  £n3^Zl^  =  ?+l?  (2) 

y  y— 8        y     3 

Simplify  (1).  £^  =  ^  +  3 

xy-y«  =  xy-8x  +  3y«-24y 
4y«=8x  +  24y 
y«  =  2x+6y  (3) 

Simplify  (2),  _!-_=__  +  - 

jry-y«-60y  =  xy-60y-8x+400+}(y«-8y) 
}y3=8x  +  tfy-400 
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12  X  (3)  is 
Subtract, 


7y2  =  32y  +  24x-1200 
12^2=72y^.24x 


6y3=40y 

y«-8y  +  16  =  256 
y-4  =  ±16 
A  y  =  20  - 
Sabstitate  yalae  of  y  in  (3),  x  =  140 

.*.  The  distance  from  A  to  B  is  140  miles. 


+  1200 


(4) 


Exercise  26. 


1.  Solve  a*  +  7a:«=8 
x»  +  7aH»  +  i^  =  iyL 

x«  +  }  =  ±i 

j*=l,  or-8 

Since,  x*  —  1  =  0 

(x-l)(i:a  +  x+l)  =  0 

.*.  X  =  1 

or  a:«  +  x+l  =  0 

a:a  +  x  +  J  =  -f 

Since,  x»  +  8  =  0 

(x+2)(x2-3x+4)=0 

/.  x  =  — 2 
or        x^  — 2x  +  4  =  0 

x«-2x+l  =  -3 

x-l=±V-3 
.*.  X  =  1  ±  V— 3 


8.   Solve  x«  +  4x«  =  96 
x»  +  4x»  +  4=100 
a:«  +  2=±10 

x»  =  8,  or— 12 
.-.  x  =  2,-l±V^-\/l2, 

or  ,»/|g/l:fc\/=^\ 


4.  SoWe  37xa-0  =  4x* 
4x*-37xa  =  -9 

4x*-37x«  +  ?Z?  =  l^ 
16        16 


•.  x=l,  — 2,  liV^ 

or  — iiiVirg 


6. 


2xa  — J^=±iyi 
2xa=18,or  J 
x«  =  9,or  J 
X  =  db  3,  or  ±  } 


Solve       16x8  =  17x*-l 
16x8-17x*  =  -l 


8. 


Solve 

X*  =  4,  or  1 

.%   a?  =  i:  2,  or  i:  1 


16x8-17x*  +  ll?  =  ^ 
82       64 

4x*  — V^=±J^ 

4x*  =  4,  or  J 

X*  =  1,  or  ^^ 
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6.  SoWe      82x«>  =  33j*-1 

32xM-33a*  =  -l 
64xi«-e6j*  =  -2. 

^  8«       64 

8j*  =  8,  orj 

/.  x=l,  orj 
The  eight  other  roots  may  be 
found  by  methods  explained  later. 

7.  Solve 
a:«+14x»  +  49  =  26 

x»=-2,or-12 

8.  Solve 

19x*  +  216x^=.x 

j:(19*»+216jc«-1)=0 

/.  x  =  0, 

orl9x»+216jc«-l  =  0 

2162«  +  194>=1 

1296:^+114^  +  g  =  ^ 

a6x»+«=i:H 

36x«  =  if,or-H 
js>=^,or-| 

Since  a*-A^  =  0 

or        a«  +  i*+i  =  0 

'= 6 


or        x«-Jx+l  =  0 

*     X  ^  I 


.-.  «  =  0,  1,-1, 


..liVTs 


6 


orU^ 

9.  Solve 

jri-22jc«  +  21: 
*«-22jc«  +  121 

X*-ll: 

X*: 

X 


0 
100 

irlO 

1,  or  21 

:i:l 
i:  1,  ±  V^ 
i:  V21 

i:^&c:2l 


10.  Solve 

*«-  +  8 


*-=4 


/.  x  = 


1.  or— 4 
VI,  or  v*^ 


11.  Solve 


6i>^25 
3        12 
25^100 
30      3tf 

ia»  =  |,or-f 
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18.   Solre  16.  Solye 

2^^Sx^  =  iQ  a:-8  -  3a:-*  - 164  =  0 

a*»  +  8a*»+}  =  Ap  x-8  — 3a:-*  +  {=^ 

a:8»=  6,  or  -8 x-*=U,  or  -  11 

.-.  x=r  \/6,or  v^-8  1      -.  ,- 

-7=14,  or  — 11 
«* 

18.  Solite  ^  =  A»^or^-TV 

jca-.+  2aa:«=8a«  /.  a:-±  V^y 

a:^  +  a  =  ±3a  17.  Solye 

a:«  =  2a^r— 4a  9a:-*  + 4a:-2=  6 

ar=v^2^ 9a:-*  +  4x-2  +  J  =  :^ 


14.  Solre 


3a:-2  =  |,  or-3 
a:-2=J,  or-l 


x"-*-4a:-2=12  -;:  =  4,or-l 


a:-*  — 4:r-«  +  4=16 
a:-i_2  =  ±4 

x-«=6,  or-2 


x^ 
x2=f,or-.l 

a:=±3v^ 


or  ±  v—T 


i=6,  or-2  18.   Solre 

^=i,or-J  4ar*-3x*=10 

/.  ar  =  ±VJ  4x*-3a:*4-A  =  W 

or  ±  V^^  1 

«    o  ,  2ar^  =  4,or-f 

16.  Solre  i                  * 

x-^4-6x-»-36  =  0  x*=r2,  op-f 

a:-^  +  6:F-«  +  ^^  =  ip  .-.  a:=16,  or}|{ 
x-«+f  =  ±Y                    19.  Solve 

-  2ar*  — 3ar*r=9 

-=-9,or4  4x*-6a:*+}  =  i^ 

x«  =  -J,orJ  2a:*-f  =  ±f 

,.,=  .^,^,=ll±_^,  2x*  =  6,or.3 

I*:^^.  x*  =  8,op-} 

2v^  .-.  x=729,or^ 
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20.  Solve 


i. 


21.  Solve 


x*  = 

:e*  = 

/.  x  = 

x  = 
x  = 

Vi  = 
.*.  ar  = 

Solve 

x*-4x*  +  4  = 

x*-2  = 

xi  = 

Solve 

2x*-3x*  = 

4x*-6x*  +  f  = 

2x*-|  = 

2x*  = 

x»  = 

x«  = 

.*.  x  = 


v^x*+12 
xt+12 

12i 

±1 

4,  or— 8 

256,  or  81 

2v^8,orv^ 

9\/i+22 
9x*  +  22 

11,  or -2 
121,  or  4 

32 
32 
30 

±6 

8,  or  — 4 
512,  or  -  64 

36 
36 

±¥ 

10,  or  -  7 

6,  or  -  J 
626,  or  &Ht^ 
6v^,orJv^ 


94.  SoWe 


T^  +  T- 

Vx      y/x 

x"^  +  x*"i  +  J  = 


x-i  = 

x* 

xK 


3 
4 

3 
4 

1 

±1 
i,or 
J»or 


I 
I 


x  = 


26.  Solve 

x-i  +  x-i 


xU 
/.  x  = 

Solve 
3x"«  +  4x~^  = 
9x"*+12x"*  +  4  = 
3x"*  +  2  = 


3x'"*  = 


X 
.'.  X 


*_ 


2.or-f 

64,  or  /A 

♦ 

1.  or  - 1 
ior-t 

3,  or  -  f 
81,  or  AV 

20 

64 

i:8 

6,  or  — 10 
2,or-V 
2,or-V 

ior-A 

A* 

0'  loioloo' 
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27.  Solve  29.  Solve 

2:r"*-x""*  =  45  \/2t+v^4P=72 

4x"^-2ar"i+ J  =  90J  (2x)^  + (2a:)i=  72 

2x'^-}  =  ±9J  (2a:)*+(2x)*  +  i=72i- 
2ar~*=  10,  or  -0  (2x)*  +  }  =  ±8} 

x~*=:    5,or-i  (2x)*  =  8,or-9 

jpi-   l^or  — }  2a:  =  612,  or  — 729 

88.  Solve 

4v^  +  3v^  =  27  80.  Solve 

4x-J  +  3x-i  =  27  v^+4x=l 

4x-»  +  3x-*  +  A  =  W  2x2x+(2x)*=l 

2x-*  +  }=±iyL  4x2x+2(2x)i+J  =  2t 
-1  2V^  +  }=±f 

^%*=*^— «  2.^=1,1-2 

x-^=f,or-3  V^=J,or-l 

x*  =  for-J  2x=},orl 

•••'=T^,  or  — ^  .*.  x=J,  orj 

Exercise  27- 

1-  Solve  Vx  +  4  + V2x  — 1  =  6 

Square, 

x4-4  +  2V2xa  +  7x->4  +  2x-l  =  36 

2V2x«4-7x-4  =  33-3x 
Square,  8xa  +  28x-16  =  1089-198x  +  9x« 

xS  — 226x  =  — 1106 
x*  -  226x  +  12709  =  11664^ 

x~113=±108 
/.  x  =  221,  or6 

2.  Solve  V13x— 1  — V2x— 1  =  6 

Square,  16x— 2—2  V26xa—16x+ 1  =  26 

-2Vi6x«— 16x+l  =  27-16r 
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Square,  1042:3«fl0x  +  4=  720-810x  +  226a:« 

121:t«-750x  =  -726 

121  xa  -  750  x  +  ( W)*  =  MH* 

llx-W==fcW 

/.  X  =  6»  or  llf 

8.  Solve  >/i  +  VT+x  =  8 

V4  +  x  =  3  — Vx 
Square,  4  +  x  =  9-6\/i  +  x 

6Vx  =  6 
36x  =  25 


4.  SolTe  V5?:-9  +  21  =  x« 

x3-\^^=21 
aa-9-Vxa-9  =  12 
Let  Vxa-9  =  3f 

Then  y«  — y  =  12 

y*-y  +  i=i2t 

y-i=±8l 

y=   4,  or -8 

Vxa-9=  4,  or -8 
2>^9=16,or9 
xS  =  26,orl8 

X  =  i:  6,  or  i:  8  v^ 


6.  Solve  Vx+l  +  Vx  +  16  =  Vx  +  26 

Square, 
x  +  H-2Vx*  +  17x+lg-t-Jc+10  =  x4-26 

2Vx2+17x+16  =  8-x 

Square,  4xa  +  68x  +  64  =  64-16x  +  *" 

8x3  +  84x  =  0 
8x(x  +  28)  =  0 

.-.  x  =  0,or— 28 

8.  Solve  V^iTT-V^n^=^'y"^ 

Square, 


2x+l-2>/2x«  +  9x  +  4  +  x  +  4  = 


X  — 8 
9 
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9 


Square,  162 


9 

9V2a:2  +  9a:  +  4=  13a:  +  24 
I  jr3  +  729  a:  +  324  =  169x2  +  624  a:  +  576 
7a:2-105a:  =  -.252 


x2-15a:  =  -36 
jr2  — 15a:  +  36=0 
(a:-3)(a:-12)  =  0 

/.  a:  =  3,  or  12 


7.  Solve  Var  +  3  +  VsTfS  =  5  Vi 
Square, 

a:  +  3-f  2Vara+lla:  +  244-ar+8  =  25a: 

2  V^TTr7+24  =  23  a:  - 11 
Square,  4a^*  +  44  a:  +  96  =  629a^  -  606  a:  +  121 

625ar2  — 660a:  =  — 25 
21a:2«22a:=-l 
21a:2-22z+l  =  0 
(a:-l)(21a:-l)  =  0 

/.  af  =  1,  or  ^ 

8.  Solve 

Va:+7  +  Va:-5+  V3a:  +  9  =  0 

Va-  +  7  +  Va:  —  5  =  —  V3a:  +  9 
Square, 

a:  +  7  +  2Va:2  +  2a:-r35  +  a:-5  =  3a:  +  9 

2Var2  +  2a:  — 36  =  x+7 
Square,  4a:2  +  8x  -  140  =  a:2  +  14a:  +  49 

3a:2- 6a: -189  =  0 

a^2  — 2a:  — 63  =  0 

(a:-9)(a:+7)  =  0 

/.  X  =  9,  or  —  7 

9.  Solve 

Va:+5+  V8-2ar+  \/9--4a:  =  0 

Va:+5+  V8-2a:  =  - V9-4ar 
Square, 

-ar+13  +  2V-.2a:2-2ar  +  40=9-4a: 

2V-2a:2-2x  +  40  =  -4-8x 
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Square,  —  8x2  — 8jf+ 160=  16  + 24x  +  9jc« 

17ara  +  32r-144  =  0 
(17x-86)(jf  +  4)  =  0 

/.  jf  =  —  4,  or  ff 

10.  Solve  V7^^+ V3^TlO+ V*  +  3  =  0 

Vfzr^^  V87Tlo  =  - Vx  +  8 

Square,  17 +2  j  + 2V-3x« -f  llx+ 70  =  g+ 8 

2V-3x«+lljf  +  70  =  -.jf-14 
Square,  -12ara  +  44jp+280  =  xa  +  28a:+106 

13x«-16x-84=:0 
(18x-42)(x+2)  =  0 

/.  x  =  — 2,  orfl 

11.  Solve  \^^T8xT7  =  2ara  +  8x-6 

2xa  +  3x-6- V2^T3xT7  =  0 
2x3 +  3x+ 7- \/2^T3^T7  =  12 
Let  V2x2  +  3x+7  =  y 

Then  y«  -  y  =  12 

y«-y-12  =  0 

(y-.4)(y  +  3)=0 

Ajy  =  4,  or-3 

Since  V2x2  +  3x+7  =  4 

2x2+3x+7=16 
2x2+3x  — 9  =  0 
(2x-3)(x  +  3:  =0 

.'.  X  =  },  or  —  8 

Since  V2x2+3x+7  =  -3 

2xa  +  3x+7  =  9 

2a^  +  8x  — 2  =  0 

(2x-l)(x  +  2)=0 

/.  X  =  J,  or  —  2 

X  =  I,  —  3,  J,  or  —  2 


13.  Solve  x3-3x  +  2  =  6Vx^-3x-3 

x8- 3x +  2-6  Vxa~ 3x^  =  0 
xg-3x  — 3-'6Vx^-3x^^  =  -5 
Let  V:^2:^3x-.3=y 

Then  ya-6y  =  -6 

y2-6y  +  6  =  0 
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(y-5)(y-i)  =  o 

/.  y  =  5,  or  1 
Since  V:ra-3a--3=:5 

jt«  — 3jf  — 3=26 
a:a_3jc-28  =  0 
(x-7)(af  +  4)  =  0 

/.  a:  =  7,  or  —  4 
Since  Va:^  — 3ar-3  =  1 

:ra-3x-3=l 

a4»_3x-4  =  0 

(x  +  l)(x-4)  =  0 

/.  a:  =  —  1,  or  4 

X  =  7,  —  4,  —  1,  or  4 


13.  Solve  6jc«  — 3^-2=  V2ara  — X 

3(2za-x)-v^^^  =  2 
Let  V2^^"^  =  y 

Then  Sy^  —  y  =  2 

3y*  — y  — 2  =  0 
(3y  +  2)(y-.l)  =  0 

A  y  =  l,  or— I 
Since  V23i^-~x  =  1 

2x2-ar=l 

2xa-.x-l  =  0 

(ar-l)(2a:+l)  =  0 

/.  X  =  1,  or  —  J 
Since  V2ar2-jr=— f 

2x2-.a-=J 
4x2-2ar+i  =  }J 

2a:-J  =  ±iV4T 
2ar=J±iV4T 
.*.  jr=  J±^ VST 

:r=l,-},i±AVn 

14.  Solre  15x-3a:a-16  =  4Vj8-6a:  +  fe 

3(ar2  —  6  x)  +  4Vjr^-6ar-f6  =  —  16 
3  (x2  -  5  X  +  6)  +  4  Vj:-^-.6x+6  =  - 1 
Let  Vx2  — 6x+6  =  y 

Then  3ya  +  4y=-l 

3y2  +  4y  +  l  =  0 
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(3y  +  l)(y+l)  =  0 
Since  Vj:*  — 6ar  +  6  =  -i 

Since  Va«-6x  +  6  =  -l 

(x-4)(x-l)  =  0 

.-.  X  =  4,  or  1 
*  =  V»1»4,  orl 


15.  SoWe  6j*->21x-t-20=  V43ra-14x+ia 

f(4j»-14j')-V4j«-14ar-|-i6  =  -;-20 
K4za-14g4-16)-V4:r^--14x-Htf  =  4 
Let  V4ac*-14x+16=y 

Then  fy*  — y  =  4 

(3y  +  4)(y-2)  =  0 
Ajr  =  2,or-> 

Since  V4jc^-14x+16  =  2 

4i«-14x+16  =  4 
4x^-14x4-12  =  0 
(4x-6)(x-2)  =  0 
/.  X  =  2,  or  } 

Since  V4j^-14x+ 16  =  -| 

4xa-14x+16  =  V 

4x«-14x+y  =  -H 

2x-}=±jV^^^ 
2x=J±jV^^71 
/.  x=J±T^V=n 

16.  Solre  V36j^4- 12xT38  =  41-8x-24xa 

24xa+ 8x  +  V36^jM2xjJ3  =  41 

|(36xa+12x)+ V36x>-H2x+"33  =  41 

i(36xa4-12x.f  33)+ V36xa-H2x-f  33  =  63 

Let  V36x«+12x  +  83  =  3f 

Then  }y*  +  y  =  63 
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Since 


Since 


2y2  4.3y_189 

(2y  +  21)(y-9) 

■••  y 

V362:2+122:+33 

36a:a+12x  +  33 

36ar2+12x-48 

3ar2  +  x  — 4 

(3a:  +  4)(a:-l) 

/.  X 

V36a-2+12x  +  33 

36jr2+  i2ar+33 

36a:2+12jr  +  l 

6x+l 

6t 


0 
0 

9,or-V 
9 

81 

0 

0 

0 

jr=l,  or-J 

-liV3l3 


^=i,-l-.-i±AV3ia 


17.  4ar*-12ar8  +  62:2  +  6ar-15  =  0 

Attempt  to  extract  the  square  root, 

4ar*-12a:«  +  5ar2  +  6x-15  I  2x2-3^-1 


4ar* 


4  x2  —  3  X 


4  j:2  —  6  X  —  1 


-12x«  +  5x2 
-12x»+9x2 

—  4x2  +  6x  — 16 

—  4x2  +  6x+    1 


-16 


Since 


Since 


/.  4jr4-12x8  +  5x2  +  6x-16  =  (2x2-3x-l)2-16 
.-.  (2x2-3x-l)2-16  =  0 
(2x2-3x-l)2=16 
2x2-3x-l  =  ±4 
2x2-3x-l  =  4 
2x2-3x  — 5  =  0 
(2x-5)(x+l)  =  0 

.*.  x=  — 1,  or  { 
2x2-3x-l  =  -4 
2x2-3x  =  3 
4x2  — 6x=— 6 

4x2  —  6x+|  =  —  Y. 

2a:-|  =  ±  iv/ITis 
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2x  = 


x  = 


3  i  V-  16 


3  ±  V-  15 


A  ar  =  -l,f, 


SdbVITlS 


18.   Solre   j:«- 102<  +  35jcS.60ar  +  24  =  0 
Attempt  to  extract  the  square  root, 

X* 


2««  — 6j: 


10ara-60x  +  24 
10a^»-60ar  +  26 


2x2-10x+5 


-    1 


Since 


/.  x*-10aJ^  +  36a:2-60x  +  24  =  (jc«-6x  +  5)«-l 

(ar3-6ar+ 5)2=1 

jra-5ar  +  5=±l 

a:a_5j:+6=l 

a:3  — 5jf  +  4  =  0 

(ar-4)(r-l)  =  0 

/.  X  =  4,  or  1 
x^  — 5x+5  =  — 1 
jra..5x  +  6  =  0 
(x-2)(x-3)  =  0 

.'.  X  =  2,  or  3 
x=l,  2,  3,  or  4 

19.  Solre     x*-4x«-10xa  +  28x-15  =  0 
Attempt  to  extract  the  square  root, 

X* -4x» - lOx*  +  28x- 15  L^j-2x-J 

X* 


Since 


2x3  — 2x 


2xa-4x+7 


-4x»-10xa 

-4x»+   4xa 

-14x2  +  28x-15 
—  14x3+28x4-49 


-64 


187 


/.  x*-4x»-10x2+28x-15=(x3-2x-.  7)2-64 
.-.  (x2-2x-7)2-64  =  0 
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Since 


Since 


(a^^2x- 

-7)2  = 

=  64 

xa-.2x-7  = 

:±8 

a:2-2a:-7  = 

:8 

ir2-2x 

-15  = 

:0 

(r-:5)(^ 

+  3)  = 

:0 

•   -* 

/.  ar  = 

:  6,  or  - 

3 

a:3-2a 

r-7  = 

-8 

x2-2a 

:+l  = 

:0 

(af-l)(x 

-1)  = 

0 

/.  x  = 

=  1.1 

x  = 

=  1,1,5, 

or 

-3 


20.   SolTel8:r*  +  24a:«-7ar2-.10ar-.88  =  0 

Multiply  by  2, 

36  «*  + 48  x»  -  14x2- 20j:-.  176  =  0 

Attempt  to  extract  square  root, 

36x*  +  48ar«- 14^2 -20x- 176  163r2+4g 

38x* 

^  48:c«-14a:2 

48:c«+16a:2 


12a:2  +  4a; 


-30  2:2 -20  a: -176 

/.  36«*  +  48x»-14a:2-20a:-176  =  (6a:2  +  4a:)2-30*a-20x-176 
.-.  (6ar2  +  4a:)2-30«2_20x-176  =  0 
(6^2  +  4ar)2  -  5(6a:2  ^.  4ar)  -  175  =  Q 


Let 
Then 


Since 


Since 


6x2  +  4ar  =  y 

y2«.5y_176  =  0 

(y-16)(y  +  ll)  =  0 

.•.  y  =  16,  or  — 11 
6«2  4.4j:=16 
6ar2  +  4a:-16  =  0 
(3a:-4)(2ar  +  4)  =  0 

/.  a:  =  —  2,  or  J 
6a^»  +  4x  =  — n 

36a:2  +  24ar  +  4  =  -62 

6a:  +  2  =  ±  V-62 


6a:=-2±V=^ 

-2±\/=^ 


x  = 


6 


/.  x=— 2,  |,  or 


-2rfc  Vir62 
6 


teachers'  edition.  189 


21.  Solve  4ar*-.12a:«+ 17x2  — 12ar  — 12  =  0 
Attempt  to  extract  the  square  root, 

4ar*-.12x«  +  17xa-12x-12  |2j«-8jc  +  2 
4ar4  ' 


4*a_3a; 


-12x«+17*a 
-12j»+    9x2 

8a:3-12x-12 
8a:2-12x+   4 


4a:a-6x  +  2 


-16 
Giren  equation  is    (2x2 _  g ^p  ^  2)«  — 16  =  0 

/.  2xa-8x  +  2  =  ±4 
2xa-3x  +  2  =  4 
2xa-3x  =  2 

X=}i} 

X  =  2,  or  —  I 
2xa-.8x  +  2  =  -4 
2xa-3x  =  -6 

x»-ix  +  A  =  -« 

3±\/:r39 


<  • 


x  = 


22.  Solre  Vx  +  Vx  +  3  = -— i— 

Vx  +  3 
Simplify,  V^TSx +  xjf3  =  6 

Vxa  +  3x  =  3  — X 
Square,  x«  +  3x  =  9-6x  +  x« 

9x  =  9 
.••  X  =  1 

23.  Solve  6  +  Vxg  -  1  =      ^^ 

Simplify,  6  \/^^  +  x^-l  =  16 

6  v^a:^  =  17  -  x2 
Square,  36x2  —  36  =  289  —  34x2  +  x* 

a:4_70xa  +  325  =  0 
(x2-6)(x2-65)=0 

.-.  x2  =  6,  or  66 

X  =  ±  V6,  or  ±  V66 
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24.  Solre 


V^TT      V^"^^      VialTi 


Simplify,  Var  — 1  +  Var+l  =  1 

Square,  2a:  +  2  Va:^— 1  =  1 

2V^^n^=l-2x 
4a:a-4=l-4x  +  4z« 
4ar=5 
.%  x  =  J 

Var  +  2—  Vy'-2_J? 

Vx  +  2+  Va:  — 2      2 

Multiply  both  terms  of  the  left  fraction  by  Vx  +  2  —  Vx  — 2, 

X -f  2  ~ 2  Vx^  —  4  +  x  —  2_x 
4  2 

X—  "y/x^  —  4  =  X 


25.  Solre 


xa-4  =  0 
.•.  X  =  db  2 


26.  Solye  8x+ V4x-a^^^ 

3x— V4x-x2 
Simplify,  8x+ •\/4x  — x3  =  6x  — 2  V4x  — x« 

8\/4x-a^  =  3x 
■\/4  X  —  x^  _-  jp 
4x  — x3  =  xa 

2x8  — 4x=:0 

.-.  x  =  0,  or2 

27.  Solve  V3^M:1-V2-^T1^1 

V3x2  +  4+  V2x2+1      7 
7  VSx*^  +  4-7V2x2+l=  V3x2  +  4+  ^/2x*•\-l 
6V3xa  +  4  =  8V2x2+l 
3V3x2  +  4  =  4V2x2+l 
Square,  27x2  +  36  =  32x2+16 

5x2  =  20 

xa  =  4 

/.  X  =  ±  2 


T£ACH£B8'   EDITION.  191 


Square, 


28.  Solve  V7^T4  +  2V3lHi^7 

V7z=«  +  4-2V3x-l 

V7j;^  +  4  +  2V3x-l  =  7V7xa  +  4-14V3x-l 
16V3a:-l  =  6V7a«  +  4 
8V3x-l  =  3V7a:«  +  4 
102x-64  =  63z3  +  3d 
63  xa-192x+ 100  =  0 
441xa-1344x=-700 
441  xs  -  1344x  +  1024  =  324 
21x-32  =  ±18 

21x=:60,orl4 
/.  x  =  Jf,or} 

89.  Solve  Vb7^l±V^^2Vi±l 

V6x  — 4— V6-X     2Vx  — 1. 
Simplify,        2V6x2-4x  +  2>/6x-~x3- V6x-^4-V6"ir; 
=  2V6x3  — 4x  — 2V6x  — x2+ V6x-4  — V6-4P 

4V6x-x«  =  2V6x-4 
2V6x-x='=  V6x-4 
Square^  20x  — 4x*  =  6x  — 4 

4x«-16x  =  4 

4xa-16x  +  W  =  W 
2x-J^  =  ±V^ 

2x  =  8,  or  — J 

.-.  X  =  4,  or  —  J 

80.   Solve  V(x  +  a)g  +  2a6+y  +  Jf-fq  =  ft 

V(x  +  a)2+2o6  +  62  =  6  — a-x 
Square,  (x  +  o)a+2a6  +  62  =  6a-2a6-26x+(x+a)» 

26x  =  — 4a6 


.%  X  =  —  2  a 


81.  Solve 


V3 


V2x-1  —  v'x-2      Vx  —  1 


V3 


f 


^>C-V^' 


i-^ 
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Square,  3x>3-2  V2x2..6x  +  2^^^^ 


-2V2a^2-5a-  +  2  =  0 

2j:2-5ar  +  2  =  0 

(2:c-l)(a:-2)=0 

/.  a:  =  J,  or  2 


82.  Solre  yj^+^^^Il^^ 

Square,  f +  2-v/— -9  =  — 


Square,  f^-.36  =  ** 

§^  =  36 


16 

2J^-9=£ 
>16  6 

,^-36  =  ^ 
4  36 

1^ 
36 


0^  =  ?^ 
8 

x2  =  162 

.'.  x=±9Va 


33.  Solve  ^i  +  ?--^i-|  =  i 

Square,  2  + 2\/ =  1 

ax  ^  a     X 

X     a     ^     Ix     a 
ax  ^a     X 

^a      a:     ^ 
Then  y2«.2y  =  — 1 

y«-2y  +  l  =  0 
(y-l)(y-l)  =  0 

y  =  i,i 

X     a 
a     x~ 
x^—'a^=iax 
x^  —  ax  =  a^ 
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X"*  —  cue  +  -    = 

4        4 

2         2 

34.   Solve 

V^TaM^3oi+  Vora  +  oa  — Saxrr  V2a^  +  2lr^ 
Square, 

2a:a  +  2a2.+  2  V(a:«  +  a*)^ -  9a^j-^  =  2a^  +  263 

Vx*  +  a*  —  7  a^^x-*  =  62  -  a^ 
Square,  x*  +  a*  —  Ta^x^  =  6»  —  262,2  ^  ^ 

262x2-7a2x«=6<-.a4 

a*  -  h* 


x«  = 


la^-2li^ 


>7a^-262 


86.  Solve  4xi-3(xi+l)(xi-2)=rxi(10-3x*) 

4x^-3x  +  3x*  +  6=10xi-3x 

-3xi=-6 

x*  =  2 
.*.  X  =  4 

S6.  Solve  (x*-2)(x*-4)  =  x'(x*-l)«-12 

x3-.2x^  — 4x^  +  8  3=  x*  — 2x^  +  x' —  12 

5x'  =  20 

x*  =  4 

xi=i:2 
/.  x=±8 

87.  Solve  

3Vx»+17  + Vxr+T+2\/6x«T4i==0 

3  >/x»  4-17  +  Vx»  +  1  =  ~  2  V6x»  +  41 
10x«  +  164  +  6V(x8+17)(x»+l)=r  20  x«  +  164 
6V(x«-H7)(x»  +  l)=  10x»  +  10 
6Vx»+17Vx«Tl  =  10(vG^8+l)* 
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.-.  V':c«  +  1  =  0, 

or6>/a*+17  =  10Vx«+l 

Since 

Va:»+1  =  0 

a«+l  =  0 

*»--! 

x=~l,i±}V-3 

Since 

6Va*+17  =  10Vx»+l 

- 

36a:»  +  612  =  100j*+100 

6ia*=  612 

x«  =  8 

.-.  X  =  2,  -l:CV-3 

38.  Solve 

2     X       ^4      X  ><         X 

Square, 

1      3      9_1__1    L36 
4     X     x^     4      x^         X 

XX*              X    ^            X 

Divide  by » 

^          X 

i-?=Ji_4 

X          ^            X 

Square, 

i_e+i=i_4 

XX*                  X 

X3       X 

9-2x=0 

.-.   X=:  J 

89.  Solve               ^ 

X+V2- 

-X^      X  — V2  — x2 

Reduce  left  side  to  a  common  denominator. 

4x        _^ 

ar2-2  +  x2 

^^        -X 

2x2-2 

.-.  x  =  0. 

"P^n-' 

xa-l  =  2 

x3  =  8 

X=4:V3 

.'.  X  =  0,  or  ±  VS 
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40.  Solre         ; -f ; = -tt 

l  +  VTT^     1-Vl-ap       9 

Beduce  left  side  to  a  common  denominator. 

2_2£ 
X       9 
jc>  =  9 

.,     o  ,  Vox  +  6  +  Vox      1  -I-  Vox  —  6 

41.  Solre  -== ; 

Vox  +  6  —  V  ox      1  —  V  ox  —  6 
Simplify, 

■y/ax+  b  +  Vox  —  Va«x«  — 6*  —  Vax-^/ax^b 

=  Vox  +  6  —  Vox  +  VoM  —  6*  —  -y/axy/ax  —  6 

2  Vox  =  2^0-^x3 -68 
ax  =  o«x«-6a 

o%t«-ox  +  J  =  **+i 

i±yrT4^ 

ox= 

2 

l4:Vl4-46a 

«= « — 

2o 


43.  Solve 


Vfl  —  X  +  V6  —  X  _  Vx+  V& 

Vo  —  X  —  V6  —  X      Vx—Vb 

Simplify,     VxVo  — x-f  \/xV6  — x  — VfeVo  — x  —  V^Vft  — x 

=  y/xVcT^x  —  Vx  V6  —  X  +  VSVo  —  X  —  V6  V6  —  X 

2>/x  V6  —  X  =  2  V6  Vo  —  X 
6x  —  X*  =  6o  —  6x 
x«  — 26x  =  — a6 
xa-26x+ 6«=  68  -  aft__ 
X  — 6=  ±  Vft*-*  —  a6 


/,  x=6±  V6i-a6 


43.   Solre  Vx  +  Vo^  Vox  4- Jg^  =  Vo 

Vo  —  Vox  4-  x2  =  Vo  —  Vx 
a  —  Vox  4-  X*  =  o  —  2  Vox  +  x 
—  Vox  +  x^  =  X  —  2  Vox 
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44.  Solve 


oar  +  a:^  =  a:2  —  4  jrVoi  +  4  ox 

.*.  ar  =  0, 
or  3o  =  4\/ax 
9a^=:16ax 

x  =  ^a 
.•.  a:  =  0,  or  ^^a 

(a:2  +  y«  +  a:  +  y  =  48  (1) 

I  xif=12  (2) 

2x(2)i8  2a:y  =  24  (3) 

Add  (1)  and  (3),  a^  ^  2xy  -\-  y^  +  x  +  y  =  72 

x  +  y+J=±8i 

ar  +  y  =  8,  OF  —  9 
Substitute  value  of  ar  +  y  in  (1), 

x^  +y2  =  40,  or57 

2  X  (2)  is  2gy         =24 

Subtract,  3^  —  2^y  +  y^  =  16,  or  33 

ar  —  y  =  ±  4,  or  ±  V33 

.-.  2ar=12,  4,  or-9±\/§3 

x  =  6,2,or=li±^ 

2 

y  =  2,6,or-^^^ 


45.   Solve        (ar  +  y  +  V^Ty  =  a  (1) 

]x  — y  + Vx  — y  =  6  (2) 

From(l),   ar  +  y+VrT7+i  =  a  +  i 

Va:  +  y  + J=±JV4a+l 

^  2 

4 

y^y-,l  +  2aJ:ViT4^ 

From  (2),    x-y  +  v^^  +  i  =  i±^ 

4 

Vx-y  +  }  =  ±}\/l  +  46 
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46.  Solye 


"^ 


(l)i8 

Subtract, 


Vx  — y  = 


_^-i±vr±Tb 


^l±2h±Vr±Jb 


_2  +  2a.f26±  Vl-f  4oi:  Vl-f  46 


x  = 


y= 


_24-2a  +  26i:  Vl  +  ioA  Vl-f  46 


2o  — 26db  Vl  +  4aT  V14-46 
4 

(  «a  +  2:y  +  3ra  =  a^ 


'\/xy  +  y  =  6 

"T  -^  r^  (*  ^  '^  X  y^  =  fi«  ^ 


X— V5y  +  3r=         y 
2V^=6-^ 

0 


Vxy=i 


68^a« 
26 


6<-2a«6a  +  «* 
'^  = 4^ 


Subatitute  value  of  Vxy  in  (2),     x  +  y  =  6  — 


26 


(3) 


ar  +  y  = 


_a«4-6» 


26 


(l)i8 

3  X  (3)  is 
Subtract, 


a^  +  xy  +  y«  =  aa 

o          36<-6a«6«  +  8fl^ 
3xy  = j^ 


xa-2xy  +  y«  = 


10ag6g~3a*  — 86* 
463 


x-y  =  ±— V10a26a-3a*-36* 
^         26 


(6) 


From  (4)  and  (5), 


x  = 


y= 


a2  +  62 ±  Vl0a^62 - 3a4--86* 


46 


46 
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47.  Solve 


Simplify  (1), 


Substitute  yalue  of  ^  in  (2), 


From  (3), 


4Vi  — 2\/y 

16  ars 

ZVx  +  2  Vy  =  24  Vi  - 12  Vy 
Uv'y  =  2lVi 

2Vy  =  3\/5 
4y  =  9a: 
y  =  far 

16  ^2 

^     J^^81_64 
16      16      16      ar^ 


=  5- 


64 


16  a^ 

ar*-80z2  =  _i024 
a4-80a:2+ 1600  =  576 

ar2-40  =  ±24 

a:2=64,  orl6 
.*.  X  =  ±   8,  or  ±  ^ 
y  =  ±  18,  or  ±  9 


(1) 
(2) 


(3) 


48.  Solve 

Expand  (2), 

Hence 
But 

0 

Therefore 

and 

Square  (1), 
Substitute  +  (x 


I 


VJ  — Vy  =  x^(\/x+ Vy)  (1) 

(x  +  y)2  =  2(a:-y)2  (2) 

a:2  +  2a:y  +  y2  =  2x2  ^^xy  +  2y« 

6xy  =  x2  +y2  (3) 

2xy=  2xy 

4xy  =  x2  —  2  xy  +  y2 

2Vxy  =  ±(a:-y)  (4) 

x-2Vxy  +  y  =  a:(x  +  2Vxy  +  y)         (6) 
y)  for  2  Vxy  in  (5),  and  we  have 

ar-x  +  y  +  y  =  x(x  +  x-y  +  y) 
.-.  y  =  x2 
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Substitute  the  yalue  of  y  in  (3),  and  we  hare 

.•.  jT  =  0,  and  /.  y 

Thatii,  ««-6x  =  -l 

X  — 3=i:2V2 

x=8±2v^ 

and  y=(8i:2V5)« 


49.   Solve 


(JIIE+Jii^=2 

(  x  +  y  =  apy  —  64 


S^ 


(1) 

(2) 


0) 


\  - 


2.^'j 


»   ^ 


>/ 


/.  y  =  2x 

Substitute  value  of  y  in  (2) ,  3  jr  =  2  x^  —  64 

2x2-3x-64  =  0 
(2x  +  0)(x-6)=0 

/.  X  =  6,  or  —  f 
y=12,  or-9 


/ 


/ 
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Exercise  28. 

Form  the  equations  of  which  the  roots  are : 

1.  Of  2.  4.   "Ji  3'. 

(ar-3)(x-2)  =  0  (x-J)(ir-i)=0 

aa-.6x  +  6  =  0  (8x-2)(2x- 1)  =  0 

6x2-7ar+2  =  0 

2.  4,-6.  6.  -J,-}. 

(x-4)(ar  +  6)  =  0  (x+  i)(^  +  })  =0 

x2  +  x-20  =  0  a:*+lfar+ J  =  0 

12x2+13x  +  3  =  0 

8.  .6,-8.  6.  a  +  35,  a  — 36. 

(x+6)(x  +  8)=0  (x  — a  — 36)(x  — a  +  86)=0 

x2+14x  +  48  =  0  x2  —  2ax  +  aa  — 06^  =  0 

a  +  2&    2a  +  & 


7. 


3 


(-H^)(-^)-» 

9x2-9(a  +  6)x  +  2a2  +  5a6  +  262  =  o 

8.  2  +  V§,  2  -  \/3.  9.  -  1  +  V5,  _  1 .  Vs. 

(ar-2- V8)(x-2+ V§)=0  (x+ 1  -  V5)(x+ 1  +  V5)  =  0 

x2-4x+l  =  0  x2  +  2x-4  =  0 

10.   1+ Vj,  1-v^- 

(x-l-Vf)(x-l  +  Vf)  =  0 

xa-2x  +  J  =  0 
3a:2_6x+l  =  0 

Resolye  into  factors,  real  or  imaginary  : 

11.  3x2-16x-42  =  3(x2-5x-.14)=3(x-7)(x  +  2). 
13.  9x2-27x-70=(3x-14)(3x  +  5). 

13.  40x2  +  49x  +  6=(7x  +  6)(7x+l). 

14.  169x2-52x  +  4=ri3x-2)2. 
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15.  ^a  — 3x  +  4. 

Solve  x*  — 8ar  +  4  =  0 


,\  x  = 


...:r.-3x  +  4  =  (,-i±^)(x-«ri^) 


16.  jfi  +  x+l. 

Solve  *3  +  X  +  1  =  0 

-1±  v^Ts 


/.  x  = 


17.  4xa-28x  +  49=(2x-7)a. 

18.  4x3+ 12 x  + 13. 

Solve  4x3+ 12x+ 13  =  0 

.   ^^-3:b2V=ri 

"2  

.-.  4x«+12x+13=(2x  +  8-2Viri)(2x  +  8  +  2V-l) 

In  examples  19-27,  a  and  3  are  to  be  taken  as  the  roots  of  the  equa- 
tion x^  —  7  x  +  8  =  0. 
Find  the  values  of : 

19.    (a-/5)2=(ci  +  /5)2-4a/5  =  49-32  =  17. 
80.   a«iS  +  aj8»=a^(tt+/8)  =  8x7  =  56. 

21  1   .    1  ^ag  +  /8»^Ca+8y-2ttfl^49~16^88 
•   a»      i82         a^0^  (oii)«  64  64* 

22  «  I  iS^qg-f /8»^(a+/3)^-2aB^49-16_83 

'    i8       a  aiB  a/3  8  8* 

28     g   I   /8^a»4-/8»^(a  +  g)Ca?-«a+flg)^(tt+fl)r(tt-f  g)'-3aB] 

^7X(49~24)_176 
64  64* 

^    c^+fi^  (tt+/sy~2ag^49-16^33 
a+/8  a  +  /8  7  7* 
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25     1    .    l_««  +  iS»_(tt+3)Ca^-a/B+i8^)^(a-fi3)C(tt-fiB)g^3ttiB] 

^  7  X  (49  ~  24)  ^  175. 
512  512* 

86.    (c^  -  e^y  =  (a  +  3)^a  -  0)^  =  («  +  /5)2[(a  +  ««  -  4 «^] 
=  49(49  -  32)  =  833. 

27     «'  I  /8'^rt*  +  i8*^(a«  +  iS»)«-2a8i3a^[(tt  +  ft«-2a3P-2a«g» 

^(49-16)8-128^961 
64  64* 

In  examples  28-33,  a  and  /3  are  to  be  taken  as  the  roots  of  the  equa- 
tion x^  +  par  4-  9  =  0.    The  results  are  to  be  found  in  terms  of  p  and  q. 

Find  the  yalues  of : 

28.  l  +  l  =  «±J  =  -e. 
a      fi         afi  q 

29.  a?;8  +  a/8»=a^(a+8)=-p7. 

80.  «»+/58=(a+i3)(a2-.a^  +  i82)  =  (a  +  /5)[(a  +  3)«-3ci3] 

=  -KF*-3^). 

81.  a»;8  +  ai88  =  a3(a2  +  /32)  =  ai3[(a  +  i8)2  -  2 a/5]  =  7(;j2  _  2 9). 

88.   a*  +  i8*=(a2+/32)2-2a2i32=[(a+i3)2-2ai8]2-2a2i8« 
=  (p2-2^)2-292  =  />*-4p«9  +  292. 

88     «^  I  i3^^tt*4-8^^(a^+fl^)^-2agj8g^r(a+/3)^-2tti8P-2a 

_  (pg-2y)2-2ya_p*-4p2g-f2y8 
-  92  -  ga  • 

84.  When  will  the  roots  of  the  equation  ax3  +  &j;+c  =  0  be  both 
positiye  ?    Both  negative  ?    One  positive  and  one  negative  % 
If  a  and  i3  represent  the  roots  m  have : 

-6+  \/6^-4ac     a      - 6  -  V62-.4ac 
2a  '  2a 

In  order  that  the  roots  may  be  real  &>  —  4ac  must  be  positiTe. 
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Thifi  condition  being  fulfilled,  a  and  e  maj  haye  either  the  same 
or  opposite  signs.  If  they  have  the  same  sign,  4  ac  is  positiTe  and 
62— 4oc<6g,  so  that  V6=^-4ac<6.  Then,  if  6  is  positive,  —6+^6^—404: 
and  —  6  —  V6=*  — 4ac  are  both  negative,  and,  if  a  is  positive,  a  and  /3  are 
both  negative,  while  if  a  is  negative,  a  and  jS  are  both  positive. 

If  a  and  c  have  the  same  sign,  bat  6  is  negative, —/>+  y/b^^Aae 
and  —  6  —  V6^  — 4«c  are  both  positive,  and  a  and  /3  are  both  positive 
if  a  is  positive,  and  both  negative  if  a  is  negative. 

Hence,  if  a  and  c  have  the  same  signs,  a  and  /i  are  both  positive  if 
a  and  6  have  opposite  signs,  and  both  negative  if  a  and  6  have  the 
same  sign. 

If  a  and  c  have  opposite  signs,  4ac  is  negative,  and  &'*4ac<63, 
so  that  V6"^  — 4c/c  >  h.  In  this  case  —  i  +  Vfr*  — 4ac  is  always  posi- 
tive, and  —  6— \/6'^— 4ac  is  always  negative,  so  that  a  and  /9  have 
opposite  signs. 

Arranging  the  results  we  have : 

If  6^  —  4 ac  >  0  and  if  a,  6,  c  have  same  sign,  both  roots  are  negative. 

If62-.4ac>0andif  |  « *"^ ^ *"*^^ "'"^ •'«"[,  both  roots  are  posi- 

(  h  has  opposite  sign        > 

If  a  and  c  have  opposite  signs  one  root  is  positive  and  one  negative. 

35.   When  will  one  root  be  the  square  of  the  other  1 
Let  a  =  i8« 


--6-f  V6^ri^"4^^/-&-\/6^-4ac\« 
2a  \  2rt  ) 

—  6  -f-  y/b^  —  4ac  _  6'^  ^-  26>/6=^  -  iac  +  6»  —  4oc 
2a  "  4a« 


—  afc  +  aVft^— 4ac  =  6»  — 2ac  +  6Vi2_4ac 
(a  — 6)V6^  — 4ac  =  62  — 2ac  +  a6 
(a2  -  2a6  +  6*)(62  -  4ac)  =  (&«  -  2ac  +  a6)2 
a^fca  -  4  a«c  —  2  a6«  +  8  a26c  +  6*  -  4  afcV 

=  6*  -  4a6V  +  4a«c«  +  2aA»  -4a26c  +  aV 
12a^  —  4<A:  —  4a68  —  4a«c2  =  0 
a(3a6c  — a«c~6»  — ac2)=0 
a  =  0  evidently  does  not  satisfy  the  requirements. 
/.  3a6c  — ft»  — a^c  — oc^rrO 

lfl^aV:-\-ac^  =  Zaf>c 
The  same  result  is  obtained  if  we  put  J3  =  a^. 
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36.  When  will  the  sum  of  the  reciprocals  of  the  roots  be  unity. 


a     ^ 

1 

1 

«+/5  = 

— 

b 

0/5  = 

c 

1 

6  = 

:  — 

e 

6  +  c  = 

0 

87.  Show  thftt  the  roots  of  the  equation 

x3  + 2  (a  +  6)x+ 2  (a2  + 68)  =d 
are  imaginary  if  a  and  b  are  real  and  unequal. 

Here,  instead  of  Vb^  —  4  ac,  we  hare 

V4(a  +  6)2-8  (a2  +  62)  =  V8a6-4a2-462=  V-  4  (a  -  6)^. 
But  if  a  and  5  are  real  and  unequal  (a  — 6)^  is  positiye  and  not 
equal  to  0. 

.*.  V— 4(a  — 6)^  is  imaginary,  and  consequently  the  roots  of  the 
given  equation  are  imaginary. 

88.  Show  that  the  roots  of  the  equation 

-a«+  (a:  — 6)(a:  — c)+  (x-.c)(x  — a)  +  (x  — a)(z  — 6)  =0 
are  real  if  a,  6,  and  c  are  reaL 

Simplify,      —  4  ar^  —  2  (a  +  6  +  c)  jt  +  a6  +  6c  +  ac  =  0. 

Here,  instead  of  V62  —  4  ac,  we  have 


V4(a  +  6  +  c)2+16(a6+6c  +  ac)=  V4(a2  +  62  +  c2  +  2a6  +  2ac  +  26c) 

=  ±2(a+6  +  c), 
which  is  real  if  a,  6,  and  c  are  real. 

89.  Show  that  the  equations  ox^  +  6x  +  c  =  0,  a'x  +  c'  =  0,  will  have 

J.  '£    a    ,    c        6 
a  common  root  u  -r:  +  -r:  =  -r-.' 

a'2     c'a     a'c' 

The  equation  a'x  +  c'  =  0  has  only  the  one  root, 

a' 
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If  this  is  also  a  root  of  the  equation  tufl  +  &x  -i-  c  =  0, 
hen.  «(_5;y+i(_£:j+c  =  0 


.    a Lx-£--0 

a«     a'c'     c« 

g    .    c  __   b 

40.  Show  that  the  equations  a2>  +  &jr  +  e  =  0,  a'x^  +  fr'x  -^e'siO,  will 
lave  a  comiiKm  root  if  (a'c  —  ac')^  =  (6'c  —  fcc')  (a'6  —  o6'). 

Since  the  two  equations  have  a  common  root,  they  are  tme  simnlta- 
leonsly. 

/.  ax^+bx-\-e:=:0  (1) 

a'a^  +  *'x  +  c'  =  0  (2) 

Multiply  (1)  by  a',      aa'x^  +  a'bx  +  o'c  =  0 
Multiply  (2)  by  a,        oa'x^  +  ab'x  +  ac'  =  0 

Subtract,  (a'6  —  oi')*  +  («'«  —  aC)  =  0 

This  is  the  common  root.    Substitute  this  value  of  x  in  either  equa- 
aon,  say  (1). 

fac'-^a'cY  .  Jafc~ac'\,  ^_f. 

a^ac'  -  a'c)^  +  6(a'c  -  ac')  (aft'  —  a'6)  +  c(a6'  -  fl'6)«  =  0 
a(^acf  —  a'c)2  +  (afc'  —  a'!>)  (a'6c  —  abc'  +  o6'c  —  a'bc)  =  0 
aCoc'  -  a'c)2  +  (ab'  -  a'6)  (a6'c  -  abc')  =  0 
/.  (ac'  -  a'c)«  =  (a'6  -  a6')  (6'c  -  6c') 

Exercise  29. 

For  what  values  of  m  are  the  two  roots  of  each  of  the  following 
equations  (1)  equal,  (2)  real  and  unequal,  (3)  imaginary  1 

1.  (3m+l)x«  +  2(TO+l)x+ni  =  0. 

6»-4ac  =  4(iii  +  l)*-4m(3m  +  l) 
=  4  +  4111  — 8mS 
=  8(l-in)(}  +  m) 
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/.  The  roots  are  equal  if  m  =  1,  or  —  J, 

real  and  unequal  if  m  lies  between  1  and  —  ), 
imaginary  if  m  >  1,  or  <  —  J. 

5.  (m— 2)a«+ (m  — 5)ar  +  2TO-.6  =  0. 

6a-4ac=(m-6)«-4(TO-2)(2m-5) 
=  — 7OT2  +  26m  — 16 
=  7(j-.wi)(m-.3) 

.*.  The  roots  are  equal  if  m  =  ^,  or  3, 

real  and  unequal  if  m  lies  between  ^  and  3» 
imaginary  if  m  >  3,  or  <  ^. 

8.  2mx«+*2  — 6mar  — 6a:  +  6m+l  =  0. 

(2ni  +  1)  xS  — 6  (m  +  1)  ar  +  6to  +  1  =  0 

6»-4ar  =  36  (m  +  1)*- 4  (2m  +  l)(6m  +  1) 
=  —  121112  + 40m +  32 
=  12Cm  +  f)(4-m) 
.*.  The  roots  are  equal  if  m  =  4,  or  —  §, 

real  and  unequal  if  m  lies  between  4  and  —  f, 
imaginary  if  m  >  4,  or  <  —  J.  , 

4.  m«*  +  2x»  +  2m  — 3mx  +  9x  — 10  =  0. 

(m  +  2)  x«  -  3  (m  -  3)  ar  +  2  TO  -  10  =  0 

62-4  ac  =  9  (m  -  3)2  -  4  (m  +  2)  (2  m  - 10) 
=  m2-.30TO  +  161 
=  (TO-7)(m-23) 

.*.  The  roots  are  equal  if  m  =  7,  or  23, 

real  and  unequal  if  m  >  23,  or  <  7, 
imaginary  if  m  lies  between  7  and  23. 

6.  6mx2^8,„;p^2TO  =  2ar  — x2-.l. 

(6m  +  l)a:2  +  2(4m-l)ar  +  2m  +  l  =  0 

62-4ac  =  4(4m-l)2-4(6m  +  l)(2m  +  l) 
=  4(4TO2-16m) 
=  16(m2-.4m) 
=  16  TO  (m  —  4) 

/.  The  roots  are  equal  if  to  =  +  4,  or  0, 

real  and  unequal  if  to  is  >  4,  or  <  0, 
imaginary  if  m  lies  between  0  and  4. 
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Find  the  maximum  or  minimum  yalue  of  each  of  the  following  ex- 
ressions,  and  determine  wliich : 


.   1:2  — 6x+13. 

hen       xg  — 6x-f  9=m~4  . 

r  — 3=  ±  Vm  —  4 

.  m  la  not  less  than  4. 
he  minimum  value  is  4. 

.   4j:a-12x  +  16. 

.et    4i:3_^i2x+16=m 

'hen  4a:a-12x  +  9=m-7 


2x^8=±  Vw  — 7 
3±Vw  — 7 


*  = 


.  m  18  not  less  than  7. 
lie  minimum  value  is  7. 


2 


.  3+12x  — 9*3. 
^t      3+12x  — 9x«=«i 
lien         9xa  —  12x  =  3  —  111 
9x«  — 12x+4=7  — m 

3x  — 2=i:  V7  — w 
2iV7  — m 


X=' 


.  m  is  not  greater  than  7. 
?he  maximum  value  is  7. 


3 


9.  x>  +  8x  +  20. 

Let        xs  +  8x  +  20  =  m 

Then     x^-f  8x-f  16  =  m  — 4 

X  +  4  —  db  Vm  — 4 
x  =  — 4db  Vw  — 4 

/•  m  is  not  less  than  4. 

The  minimum  value  it  4. 

10.  4xa-12x  +  26. 

Let   4xS  — 12x  +  26=m 
Then  4x«  — 12x  +  9=  jw  — 16 
2x  — 8  =  ±  Vm  — 16 


X=5 


3  i:  Vm  — 16 
2 


.*.  m  is  not  less  than  16. 
The  minimum  value  is  16. 

U.  26xa-40x-16. 

Let     26x3-40x-16  =  m 
Then  25x^  — 40x+ 16  =  m  +  82 
6x  — 4=±  Vw  +  32 


__4±Vw  +  82 
6 
.*.  m  is  not  less  than  —  82. 
The  minimum  value  if  —  32. 


13. 

Let 
Then 


-6 


x-6 

— =  M 

xa 
X  — 6  =  mx« 
mx*  —  X  =  —  6 
4m>x3  — 4mx  + 1  =  1  —  24m 


2mx  — l  =  i:  VI— 24m 
1±  Vl-24« 


x  = 


2m 


.'.  m  If  not  greater  than  ^.    The  maximum  value  if  Jp 
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18.    (:r+12Kr-3), 


ara 


Then  (x  +  12)  (x  —  3)  =  mx» 

(l-.m)a:2  +  9x-36  =  0 

(1  - m)2x3  +  9  (1  -  m)  + -«f  =  ^i^ - 36w^ 


(1  -  in)a;  +  i  =  ±  i  V225  - 144 


m 


-9±  V226-144fJ» 
x  =  — 


2(1^111) 
.•.  m  is  not  greater  than  f }J.    The  maximum  yalue  is  f}{. 

4ar 


-T' 

+  2)a 

4x 

Let 

=  m 

(^ 

+  2)'-* 

Then 

4a:: 

=  wu:2+4ma; 

+  4m 

m2:'+(4m 

-4)a: 

•f  4m 

=  0 

m«xa  +  4 

m(m  —  l)x 

+  4(m 

-1)3 

=  4-8m 

iiix  +  2(m  - 1)  =  ±  2  VI  -  2  m 

_2(l-m)i:2Vl-2w 
m 
/.  m  is  not  greater  than  }.    The  maximum  value  ifi  J. 

%K       J^  — g  —  1 

15. -• 

ar2-x  +  l 

Let  ^ rT="* 

Then        (1  — m)a^+(m-l)x-l-m  =  0 

nt  +  l 


x2~x  = 
ajS  — ar+J  = 


1-m 
3fn  +  6 


4(1 -m) 

^  1  — m 

'= 2 

.'.  m  is  not  greater  than  1,  nor  less  than  —  }. 

The  maximum  value  is  1,  and  the  minimum  value  is  —  f . 
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16.   ^+2a:-3 


a:3-2x  +  3 

Let  d±2£n3=,, 

a:3-2x  +  3 

Then 

(1  -  m)2^  +  2(1  +  m)x-8(l  +  «)  =  0 

(1  -  m)  V  +  2(1  -  m«)  =  8(1  -  «•«) 
(1  -  m)«x»  +  2(1  -  m«)  +  (1  +  «)«  =  4  +  2m-2m«^ 

(1  -  w)* + 1  +  jn  =  i:  viTJarrjSJ 


—  1  — »*  V4-t-2M  — 2«« 

l-m 

_-\^m±  V(2 -  w)(2  +  2iiO 

l-« 
.-.  m  is  not  greater  than  2  nor  less  than  ^  1. 

The  mazimam  ralne  it  2,  the  minimum  Talne  is  —  1. 


2  +  x 

"2 

1 

—  X 

Let 

1 
2  + 

1 
X     2-x 

r  » 

Then 

-2x  = 

mxa-2x  = 

=  «(4 

=  4« 

-a*) 

•V- 

-2aur+l  = 

=  4«< 

+  1 

MX— l  =  ±>/««+l 

^      l±V4m'«+l 
X  = -2 — 

« 
There  Is  no  marimnm  or  minimam  ralne. 

18.  ^  +  ^^  +  ^. 
«*+l 

Let  ^ij£±5=« 

x«+l 

Then  (1  — M)x>  +  3x  +  5-fli  =  0 

(1  -  «•)  V  +  3(1  -  «i)x  +  f  =  :^ii±^i^^^  ■- 


(1  -  »)x  +  ;  =  :t  }  V-ll  +  24«-4lll« 

2(1 -«) 
.*.  m  is  not  greater  than  ^  nor  less  tlian  }. 
The  mazimam  raiae  is  ^,  the  minimum  value  is  |. 
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19. 


(jr-f  ly 


Let  i^±^  =  » 

Then 

(1  -  iii)a«  +  (2  +  i»)x  +  (1  -  w)  =  0 

(1  — i»)2jt2+(l  — »i)(2  +  iii)ar  +  (--^J  = T r 

(l-m)jr  +  ?4^==t}Vl2TO-3TO* 
2  .    -    . 

2(to^1) 

_2  +  W  J:  VaTO(4  — w) 

2(to  - 1) 
.'.  m  IS  not  greater  than  4,  nor  less  than  0. 

The  maximum  value  is  4,  the  minimum  yalue  is  0. 


a:  = 


fiO 

2x^- 

-2x+5 

WV« 

ar2- 

.2a? +  3 

Let 

2j^-2x4-6 
■ —  =  m 

x2-2x  +  3 
Then 

(2  —  TO)ac3  +  2(iii  —  l)ar  +  5  -  3i»  =  0 

(2  -  m)^x!^  +  2(2  -  in)  (wi  -  l)ar  +  (w  -  1)2  =-2m^  +  9m'-9 

(2^to)x+to-1  =  ±  >/— 2w2+9to  — 9 

1  — m±  V— 2TOa  +  9OT  — 9 

X  =J 

2  — wt 

_1~TOJ:  V(mT-3)(3  — 2w) 

2-» 
.'.  m  must  lie  between  }  and  3. 

The  maximum  yalue  is  3,  the  minimum  value  is  }. 

21.  Divide  a  line  2  a  inches  long  into  two  parts  such  that  the  rec- 
tangle of  these  parts  shall  be  the  greatest  possible. 
Let  X  =  number  of  inches  in  the  one  part. 

Then     .  2a  —  x  =  number  of  inches  in  the  other  part, 
and      x(2a-^x)=rnumber  of  square  inches  in  the  area  of  the  rec- 
tangle. 
Let  x(2a  — x)  =  to2 

X*  —  2  ax  =  —  TO* 
gg  — 2ax-t-tf*=:og  — TO« 

X  — o=  ±  Vfl* -r w* 
;r  =  a  ±  Va^  —  to* 
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.*.  nfi  is  not  ipreater  than  a^.    The  maximum  area  is  aK 
If  x(2a-2:)  =  oa 

/.  x  =  a 
.'.  The  line  must  be  bisected,  and  the  rectangle  is  a  square. 

88.  Divide  a  line  20  inches  long  into  two  parts  sach  that  the  hjpol- 
enuse  of  the  right  triangle  of  which  the  two  parts  are  the  legs  shall  be 
the  least  possible. 

L^t  X  =  number  of  inches  in  the  one  part. 

Then       20  —  x  =  number  of  inches  in  the  other  part, 
and  2^  +  (20  —  t)>  =  square  of  the  number  of  inches  in  the  hypotenuse. 
Then  x^  +  (20  —  x)^  is  to  l>e  a  minimum. 
Let  xs  +  (20  -  xy  =  m« 

2xa-40x  +  400=m« 

iiiS-.200 


««  — 20x+100  = 


-10=±^ 


2 

m^-200 


,^10,^^'m 


.'.  m^  is  not  less  than  200. 

If 

1113=200 

then 

x=10 

.'.  The  line  must  be  bisected,  and  the  right  triangle  is  isoicelea. 

23.  Diyide  2  a  into  two  parts  such  that  the  sum  of  their  square  roots 
shall  be  a  maximum. 

Let  X  =.  the  one  part. 

Then  2  a  —  x  =  the  other  part, 

and  Vx  +  V2a  — X  is  to  be  a  maximum. 
Let  Vx  +  V2a  — X  =  m 

V(2a  — x)  =  ia—  Vx 

2a~x=:fi|3'2iiiVx-fx 
2  (a  —  x)  —  m*^  — 2m  Vx 
4  a^  —  8  ax  +  4  x^  — 4  am^  +  4  fii*x  +  ui^  =  4  m*x 
4x«  — 8ax  +  4a«=m«(4a-wi«) 
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2a:  — 2flr  =  ±m  V4tt  — m* 


2 


.'.  in  is  not  greater  than  2Va, 
If  m 

then  X 

/.  The  line  most  be  bisected. 


2v^ 
a 


24.  Find  the  greatest  rectangle  that  can  be  insoibed  in  a  giren 
triangle. 


B 


^ 

— 

t ' 

^y^ 

\ 

^ 

\ 

N. 

p 

./ 

V 

' 

A^ 

X 

c 

Let 
and 


2a 

2a  =  the  base  of  the  triangle, 

p  =  its  altitude, 
2  or  =  the  base  of  the  rectangle, 

y  =  its  altitude, 
2x1/  =  its  area. 


Then,  by  similar  triangles,  ^^  =  1- 

2x       2a 

px 


x(a  —  or)  is  to  be  a  maximum. 

I^t  a:(o-.x)  =  <ii 


«-|=i:iV;?:r4 


m 


•%  m  is  not  greater  than  —  • 


2 
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II     m  =  — ,   x=-,   2x=^a,  y  =  ^ 


That  is,  the  altitude  of  the  rectangle  ii  half  the  altitade  of  the 
triangle.        * 

The  area  of  the  rectangle  U  2xy,ot  ^,  which  !•  }  the  area  of  the 

triangle.  It  makes  no  difference  therefore  which  side  of  the  triangle 
is  taken  for  the  hase  of  the  rectangle,  since  the  areas  of  the  three 
maximum  rectangles  are  all  equal. 

25.  Find  the  greatest  rectangle  that  can  be  inscribed  in  a  given 
circle. 


Let  2  a  =r  diameter  of  the  circle, 

and  X  =  the  length  of  one  side  of  the  rectangle. 

Since  the  angles  of  the  rectangle  are  right  angles,  the  diagonals  are 
diameters  of  the  circle. 
Then,  V4a'  — ar'  =  the  length  of  the  other  side  of  the  rectangle. 

ar  V4  a^  —  afl  =  the  area  of  the  rectangle. 
.*.  xV4o2  — a:*  is  to  be  a  maximum. 
Let  jrV4a*  — a:*=:  m 

Aa^3^  —  ±^  =  m* 
a:*  -  4a«ara  +  4o*  =r  4a* -m«__ 
a:«  — 2a«=±  V4a*  —  m« 


a:«  =  2a«±  V4o*  — m« 
.«.  m  is  not  greater  than  2a3. 
If  m==2a« 

a:a  =  2a« 

x  =  ay/i 

and  V4a«  — x«  =  o\^ 

The  rectangle  is  the  inscribed  square. 
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26.  Find  the  rectangle  of  greatest  perimeter  that  can  be  inscribed  in 
a  given  circle. 

See  figure  for  example  25. 

Let  2a=:diameter  of  the  circle. 

X  s=  length  of  one  side  of  rectangle. 

Then  V^a^^a^  =  length  of  the  other  side  of  rectangle. 

Then  x  +  V4a"^  — x*  is  to  be  a  maximum. 
Let  ar+ V4a^— 1^=2to 

4aa  — a:a=4iii«  — 4fnar  +  x« 
ar^  — 2mar+ma  =  2a2  — ro^ 

3:  — w  =  ±  V2og  — m' 
«  =  m±  V2o^  — m« 
.*.  m  is  not  greater  than  ay/2. 
If  in  =  a\/2 

ar=m  =  aV5 
an^  V4a2-x«=aV2 

.*.  The  rectangle  is  the  inscribed  square. 

Bxercise  30. 

Extract  the  square  roots  of : 
1.  14  +  6V6. 

Let  \/i+\/y  =  Vl4  +  6V6 

Then  ^^-.  v^=  Vl4-6V6 

By  multiplTing,  x-~y=  VTS 

* — y  =  4 
But  x  +  y  =  14 

/.  x  =  9 
y  =  6 

\/i+Vy  =  3+\/6 

S.  17  +  4VI6. 

Let  \/i+ Vy=  Vl7  +  4Vi6 

Then  \/5  -  Vy  ^  Vl7-4Vi6 

By  multiplying,  a;— y=>/S 

ar-y  =  7 
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But 

*  +  y  =  17 

.-.  *  =  12 

y  =  6 

Vi+Vy  =  Vl2  +  \/6 

=  2V3+\/6 

8.  10 +  2  VST. 

Let 

Vi  +  VJ  =  VlO  +  2  V21 

Then 

\/i-v^=  VlO-2V21 

By  multiplying. 

ar-y=v1j5 

ar  — y  =  4 

But 

«  +  y  =  lO 

- 

/.  X  =  7 

y  =  3 

\/i+\/y=  VT  +  VS 

4.  16  +  2V56. 

Let 

\/5+v^=  V16  +  2V66 

Then 

Vx-Vy=Vl6-.2V66 

By  multiplying, 

ir-y=r>/36 

ar-y  =  6 

But 

X  +  y  =  16 

/.  I  =  11 

y  =  6 

Vz  +  Vy  =  Vll  +  \/6 

5.  9-2Vl4=7-2VTi  +  2. 
/.  V9-2Vli=  V7-  y/2, 

6.  20-8V6  =  20-2V96  =  12-2>/96  +  8. 

.-.  V20-8V6=  Vl2-\/8  =  2V3-2\/2. 

7.  9-6v^  =  9-.2Vi8  =  6-2Vl8  +  3. 

/.  V9-6v^  =  Ve - V3. 

8.  94-42V6=94-2  v^205  =  49-2  V2206  +  45. 
.-.  V94-42V5  =  7- V46  =  7-3V5. 
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9.  13-2V30=10-2ViO  +  8. 


.-.  V13-2V30  =  Vio- \/5. 

10.  ll-6v^  =  ll-2Vi8  =  9-2Vl8  +  2. 
/.  Vll-6v^  =  3- V2. 

.    11.  14-4>/6  =  U-2V2i=12-2V24  +  2. 


/.  Vl4-4V6=Vi2-V2  =  2V3-V2. 

12.  38-12vl0  =  38-2V3g0  =  20-2>/360+18. 
/.  V38-12VlO=  V20-.Vl8  =  2\/6-3\/2. 

18.  103-12VlT=103-.2V356  =  99-2V396  +  4. 
.-.  V103-I2  vTl=  V§9-2  =  3  VlT-2. 

14.  67-12Vl5=57-2V540  =  45-2V6iO+12. 
.-.  V67-12Vl6=  V45-Vi2  =  3V6-2V3. 

15.  3}-ViO  =  7"^^^=^^-^^=^^-2^ 

*  2  4  4 

_10-2V40  +  4 
4 

2  ^ 


16.  2 a  +  2  Va2 ^b^  =  a  +  b  +  2  Vo^ -  fcs  +  a  -  6. 
••.  V20  +  2  Va2-62=  Vair6+  Va^. 

17.  aa-26Va2-62  =  a2-6a-26Va2-6a  +  6a. 

18.  87-12V42  =  87-2Vl5l2  =  63-2Vl6i2  +  24. 
.-.  V87-12  V42=  V63- V24  =  3\/7-2V6. 

19.  (a  +  6)2-4(a-6)v^=(a-6)2-4(a-6)VS6  +  4a&. 
.%  V(o  +  6)a~4(a-6)v^=a-6-2Va6. 
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Exercise  31. 
1.  Multiplj: 


V^hyV^;  2  V^Ts by  4 ^^^^27 ;  8  VITJ fcy -i-^. 

V27 

8* v^  X 2* V^ = -  Vie = -4. 

(2x8ivCl)x(4x27jV^)  =  -8v^  =  -.72. 


VS7      8VS 


%  DiTide: 


Virg -{- v'ir2  =  \/4 = 2. 

8Vi:6-rV2>/^  =  8>/^+vC:i=:8. 

8.  Reduce  to  the  typical  form : 

4+\/i:8i;  6  +  2\/^;  (8+ V^27)«. 

4+  Vir8i  =  4  +  81*V^  =  4  +  9vCl. 

6  +  2V^  =  6  +  2x6*V^. 

(8+ V^^)2  =  - 18  + 6  V=^  =  - 18  + 8  X27* '/-i 
=  -18  +  18x8*  V^. 

4.  Multiply  4+  V^  by  4-  V^. 

(4+  Vr3)(4-  VITS)  =  16  +  8  =  10. 

«.  Multiply  \/3-2 V=^  by  VS  +  2V^. 
(\/3-2V^)(V3  +  2vC:2)  =  8  +  8  =  ll. 
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6.  Multiply  7.  Multiply 

7  + Vir27by4+ VITS.  6  +  2V^by  3-5\/=^. 

7  +  Vir27  =  7  +  SV^.  6  +  2V^=  5  4-  4V^. 


7  +  8>/-3  6  +  4v'-2 


28  +  7  V=3  15  +  12  V^ 

12V33-9  -25V^^  +  40 


19+19^^  66-13>/^ 

8.  Multiply  2V3-6\/=l5  by  4\/5-V^. 

2V3-6V^ 

24-^24V;;^ri6 
-2V=n3-30 


-6-26  V^ns 


9.  Multiply  y/a+by/^  by  Vc  +  aV—b, 

y/a  +  byZ-'C 
y/c  +  ayZ-^b 

y/ac  +  6c  V—  1 

+  ayZ—ab  —  aby/bc 


1 


Voc  +  frcV— 1  +  aVoi  V— 1  —  afrVftc 
'  =  Vac  — a6V6c  +  (&c  +  a-\/a6)V— 1 

10.  Divide  26by3  + V^;  86by6-V^. 

26^(3+ V:r4)=       ^       = ?5 = 26(3~2VrT)_ 

3+V^     3  +  2V^     (3+2v^^)(3-2V-l) 

=  26(3-2VEl2^e-4v^. 
13 

86:(0     ^TT)^       ^^_r^         86(6 +  V^)_    ^86(6+ V:^?) 

6-V-7      (6-V^)(6  +  V-7)  43 

=  12  +  2V^.  r 
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11.   DiTide  3  +  V^  by  4  +  8V=T. 

4  +  3>/=:i      (4  +  3V=T)(4-3V^l) 


26 

».  Divide -9  +  19VClby8+ V^. 
(^  9  +  19>/=^) -H  (3  +  >/^)=  =^!-i^^^^ 

s  +  \/=:2 

^(_94.19vC:'2)(3~V=r2)_ll4.66Vir2_.^ 
(3  +  V^)(3-v'::r2)  11 

IS.  Extract  the  sqtuure  root  of  1  +  4vC3. 

l  +  4V=r3  =  i  +  2\/iri2  =  4  +  2V=l2-8. 
.-.  Vl  +  4V^  =  2  +  Vir3. 

14.  Extract  the  square  root  of  10  —  8  V^. 

io«8V^=io«2V=UB  =  ia-2Vii9e-«. 


.-.  Vl0-8v^  =  4-  \/^. 

16.  Extract  the  square  root  of  — 17  +  4>/— 16. 

-17  +  4V^n6  =  - 17  +  2V^;^  =  8  + 2V^=^-20. 
.-.  V-17  +  4>/^=VS+ V^^=V3  +  2\/^. 


16.  Extract  the  square  root  of  —  88  —  16  V—  28. 

-88-16V^;^  =  -88-30\/=7  =  -38-2>/-1676 

^ =  26  -  2  v/- 1676 -63. 

/.  V-38-16V;r28  =  6-VI^=:6-3V=^. 

17.  Show  that  42^  —  12jr  +  26is  positire  for  all  real  values  of  x,  and 
find  its  minimum  value. 

4  x3  -  12  X  +  26  =  4  x4  - 12  X  +  9  +  16  =  (2  ar  -  3)  a  +  4a 

This  is  positive  for  all  real  values  of  x. 

Its  miniimim  value  occurs  when  2x  =  3,  or  x  =  },  and  is  equal  to  16. 
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18.  Show  that  6  x  —  4  •>  Ox^  is  negatire  for  all  real  yalnes  of  x,  and 
find  its  raaxiraum  value. 

6ar-4-9a:2  =  -3-l  +  6ar-9a^  =  -3-(l-3x)3 

This  is  negative  for  all  real  yalnes  of  x. 

Its  maximum  value  occurs  when  \  —  Zx  =  0,otx  =  \,  and  is  —  3. 


19.  If  »  be  one  of  two  imaginary  roots  of  the  equation  2:*  =  1,  show 
that  the  other  is  «^. 

Solve  ^  =  ^1±2E1 


Let  '09  = 


2 


Then    ^a_l-2V=^-3_■^2^2V:I3_^l-^/r3 

4  4  2 

Again,  let  «  =  — — — — ^^— 

2 

Then    ^0:^^^H-2vC:3-3^^2  +  2vC:3^-l+V=^ 

4  4  2 

.'.  Each  of  the  imaginary  roots  is  the  square  of  the  other. 


90.  Show  that  «*  +  (aj^)*  =  —  1,  if  n  is  any  integer  which  is  not  i 
multiple  of  3. 

»"+  («2)«  =«*+««»»=  «w(l  +  «*) 
Now  if  n  is  not  a  multiple  of  3  it  must  be  of  one  of  the  forms 

~  « 1  .  «  f  where  k  is  an  integer, 
or  n  =  3A;  +  2,  ) 

Suppose  n  =  3A;  +  l 

Then  «»» =  «8»+i  =  «»» 

Now  C0'  =  1  since  «  is  a  root  of  the  equation  «*  =  1. 

.-.  «8*  =  1 

/.  »**  =  » 

«*(1  +  ««)  =  «(1  +  «)  =  «  +  «* 

But  ^^,i+vr3 

2 

and  ^^^1^VZ3 

2 
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.-.  «  +  «2  =  -}  =  -l 
Again  suppose  il  =  3  A;  +  2 

Then  «•  =««*+«  =  «««2  =  «» 

=  «*  +  ««=-! 
If  fi  is  a  multiple  of  3,  we  may  write  n  =  Sk 
Then  »»»=«»*=1 

.-.  c»»(l  +  «")  =  2 

21.  Show  that 

*  +  «*y  +  «« 

+  w^ar*  +  «^y«  +  jAi* 

««+ (•«+ «)ary  +  («  +  •»)X2+ ««ya+ (•2  + ^^)yar+ ^a« 

But  from  Example  20,  when  n  =  l,  ot'  +  w^  —  l 

««=1 

/,  The  product  ahore  =a:*  —  xy  —  xt  +  y*  —  y«  +  a^ 

X*  — xy  — xar  +  y«  — y«  +  «* 

x  +  y  +  z 

x*  —  x*y  —  x^  +  xy*  ^    xy«  +  X2* 

+  xay  —  xy«—    xyz  +y'  — y^  +  y«* 

+  x^  —    xy2  —  xai*         +  y*«  —  y**  +  «* 

x»  -3xy«  +y»  +«• 

22.  Find  all  the  fourth  roots  of  —  1. 

Let  x*  =  -l 

Then  x*  +  1  =  0 

DiTide  hy  x*,  x^  +  1  =  0 

x* 

Add  2  to  both  sides,         xa  +  2  +  i  =  2 

X* 

Extract  square  root,  x  +  -  =  ±  V2 
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ar^T  V^x  =  — 1 

arT}V2  =  ±jV^ 

.-.  ar=±}V2±}V^ 
The  four  roots  are : 

>^+Vi:2   v^-V=^  -v^+VZi  - v^^>/i:2 

>  f  9     ■  ' 

2  2  2  2 

88.  Find  all  the  sixth  rooto  of  + 1. 
Let  a«  =  1 

Then  ai«-l=:0 

(a*+l)(a*-l)=0 
If  aH»+l  =  0 

(ar  +  l)(j:a-ar+l)  =  0 

.'.  ar  =  — 1 
or  a:*  — x+l  =  0 

0:8  — ar+ J  =  — t 

2 
If  x«-.l  =  0 

(x-l)(xa  +  x+l)  =  0 

.*.  ar  =  1 

or  x«  +  ar+l  =  0 

«*  +  ar  +  i  =  -i 

.*.  The  BIZ  roots  are : 

i  +  x/zs  i~ yira  ^i+ yira  ^i-yzs 
1,  —  1, » > »  * 

2  2  2  2 

84.  Find  all  the  eighth  rooto  of  +  1. 
Let  a*  =  l 

Then  aJ»  - 1  =  0 

(x*  +  l)(x*-l)  =  0 
If  a?*+l  =  0 

the  four  roots  are  by  Example  22 : 

y/2+y/^^     y/2-^J^    -v^+v^irg    -.VS-v/n 

9      * >      >  * 

2  2  2  8 
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If  x*-l  =  0 

(z«+l)(xa-l)=0 

or  *a-l  =  0 

x=±l 


.*.  The  eight  roots  are :  1,  —  1,  V^,  —  V^, 

2         '  2         '  2  '  2  * 

85.  Beduce  to  the  typical  form 

(6  +  4  V=l)(15  -  8  V^) 
(2-3V=ri)(  8  +  4^171)^     18-x/iri 

(6  +  4VC1)(15-8V^)      122  +  12  \/^ 

(i8-vri)(i22--i2v/in;) 

(122  +  12vCri)(i22  -  12 V^) 
_  2184  -  338V^i_  84  -  18V-  1 
16028  678 

Exercise  32. 

Show  that,  the  letters  being  unequal  and  positire : 

1.         a«+36«>26(a+6)  «.'           €flb-\-alfi>2a^ 

That  is,  a*  +  86«  >  2a6  +  26«  That  is,  a6(aa  +  6«)  >  2a«6« 

aS4.6S^2a6  a«  +  6»>2a6 

Bat        a3  +  6S>2a6  But            a>  +  6>>2a6 

. .-.  a«  +  36^  >  26(a  +  6)  .-.  a»6  +  a6»  >  2a«6a 

(a*  +  6*)(a*  +  M)  >  (a«  +  6»)« 

fl^  +  0*63  +  a2&*  +  6«  >  a«  +  2  a«6»  +  ft» 
a<62+a2ft*>2a«6» 

aa+fca>.2ad 
But  a2+6a>2ad 

.-.  (a«  +  68)  (a*  +  ft*)  >  (a«  +  6»)« 

For  a«+c2>2ac 

/.  (a«  +  ca)6>2a&c 
or  a^+6c«>2a6c  (1) 


S. 

That  is, 
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Also, 


or 


And 


OP 


/.  (a2  +  62)c>2a6c 
a^c  +  b^c>2abc 
52  +  c2>26c 
...  (62+c2)a>2afcc 
a62  +  ac2>2a6c 
Add  (1),  (2),  and  (3), 
a%  +  a^c  +  a62  ^  bf^c  +  ac^^  ■\-  bc^  >  Sabc 

6.  The  snm  of  anj  fraction  and  its  reciprocal  >  2. 


(2) 


(3) 


Let 

Then 

and 
Now 


if 


But 


-  be  any  fraction. 

-  is  its  reciprocal, 
a 

-  +  -  is  their  sum. 
b     a 

I+->2 
0     a 

a«+62>2a6 

a^  +  b^>2ab 

6     a 


6.  If  a:a  =  a2+6a,  and  ya  =  c2+cf2,  ary<ac  +  M,  or  ad-i-bc. 


if 

and 
/  Hence 

if 

if 

if 
But 
Also 

if 

if 

if 
But 


aV  +  62c2  +  a2cf2  4,  W 


(a2  +  62)(c2 
a2c2  +  62c2  +  a2d2  +  62^ 

62c2  +  a^d^ 
b^c^  + 

fy  <  ad 

<>«2e/2 

a2c*4-62rf2'<2a6c 
a2^4.^<2a6c 


2abcd+i^ 
2abcd-{-Vk^ 


^l  u^ 


-2^ 


c  '■ 
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7.  a6  +  ac  +  6c<  (a  +  6-c)«+  (a  + c-6)2+  (6  +  c-a)« 

if  a6  + 

S(a6  + 

a6  + 
/.  a6  +  ac  +  ^  <  (a 

8.  Which  is  the  greater;  (a^  +  6*)(c»  +  rf*)  or  (ac  +  6<0*1  >^u  /     !^      t 


^  /'/■ 


-    9.  Which  if  the  greater,  a*  —  6*  or  4a«  (a  —  6)  when  a  >  6 1  .  ^ 


.  And  since 


—   A.; 


«  *      «' 


'    // 


»     t 


t      .» 


c 


V. 


/.  a«  +  o«6  +  a6«  +  6»<4a« 
Since  a  ^  6  is  positire, 

(a«  +  a«6  +  a6«  +  i»)  (a  -  6)<  4  a»  (a  -  6) 

.-.  a*-6*<4a«(a-6)ifa>6 


c*   t  /i'*   / « • 


'    .  * 


as 
as 
as 


10.  Which  is  the  greater,  -J 7"  +  A/-  or  Va  +  VS  ?        -    ' /-'" 

X >or<Va+v6    y 

aAfi)  +  l^Vg^>  or  <  a6 v^  -t>*^>/S 
(a*  — a5)V6+  (J— a^Va>  or <0..  "' 
(a  -  6)  (of/^hyTd)  >Tir<:  0 


But,  if  a  >  6, 
and 


a  ~  6  is  positive, 
a'^/h^h'^  is  positive. 


/^  ]^  '^  ^l^l^  ^^^"^"^^ 


andrtberefore 


IL  Which  is  the  greater. 


L 


12.  Which  18  the  greater,  ^  +  A  or  -  +  -  ? 

o*      a^       b     a 


a 


o^T 


ai 


V 


7? 


Q-^ 


(a«  +  68) 


> 


-  :  ab(a  +  6) 


H  ^ 


8 


f 


Bat 


a'^+b^f:p^ab 
6     « 


j^ 


^^  ^  '':.■ 


u 


^ 


6* 


•»'-+-' 
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33. 

1.  Write  down  the  ratio  compoiuided  of  8 :  5  and  8 : 7.  Which  of 
these  ratios  is  increased,  and  which  is  diminished  by  the  composition  ? 

.*.  The  compound  ratio  is  24 :  86. 
As  3:6  =  21:36 

and  8:7  =  40:36 

.'.  3:6  is  increased, 
.'.  8:7  diminished. 

2.  Compound  the  duplicate  ratio  of  4 :  16  with  the  triplicate  of  6 :  2. 

i?.x^  =  ^ 
16«     2»      9 

.'.  The  compound  ratio  is  10 : 0. 

^S.  Show  that  a  duplicate  ratio  is  greater  or  less  than  its  simple 
ratio  according  as  it  is  a  ratio  of  greater  inequality  or  a  ratio  of  less 
inequality. 

Let  m :  a  =  a  ratio  of  greater  inequality. 

Then  m  >  a 

->1 


•  .  ^—  —  ^  "— 

an       a 
laJI  w  la 

n*      n 
Let  m :  a  =  a  latio  of  lets  inequality. 

Then  SI  <  a 

n 

la  M      la 

•• *<  — 

n  a       n 

«*  ^  at 
a«       a 

4.  Arrange  in  ordbr  of  magnitude  the  ratios  8 : 4,  23 :  26, 10 :  11. 

3:4=   826:1100 
23 :  26  =  1012 :  1100 
10:11  =  1000:1100 
.-.  The  descending  order  of  magnitude  is  28 :  26, 10 :  11,  3 : 4. 


X 
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6.  If  a  >  6,  which  is  the  greater  ratio, 

a  +  6:a  — 6  or  a2 +62:  a2  — 62? 

a  +  6 : a  —  6  =  (a  +  6)(a  +  6)  :  (a  +  6)(a  —  6) 
=  a2  +  2a6  +  62:a2--62 

But  o2+2a6  +  62>a2+62 

.\a  +  6:a  — 6  >a2  +  6a:a2  — 6» 

Find  the  ratios  compounded  of : 

6.  8:5,10:21,14:15. 

.*.  The  compound  ratio  is  4 :  16. 

7.  7:9,102:105,16:17. 

JxH*xH  =  f 

.*.  The  compound  ratio  is  2 : 8. 

8.  a2>a:3.a8  +  3ax  +  2a:2anda  +  2;:a  — a:. 

a^  —  oi^        y q  +  X _   (o  +  j:) (g  —  x)   yq  +  x_  g  + 
o2  +  3ax  +  2x2     o  — x~  (a  +  x)(a  +  2x)      a  — x~a  +  2x 

.*.  The  compound  ratio  isa  +  x:a  +  2x. 

9.  x2  — 4:2x2  — 5x+8andx-l:x  — 2. 

x2-4       yX-l^  (x+2)(x-2)       x-l_  x  +  2 
2x2-5x  +  8     x-2      (2x-3)(x-l)      x-2     2x-3 
•*.  The  compound  ratio  isx  +  2:2x  —  3. 

10.  Prove  that  a  ratio  of  greater  inequality  is  diminished,  and  a  ratio 
of  less  inequality  increased,  hy  adding  the  same  number  to  both  its 
terms. 

Let  III :  n  be  thp  given  ratio, 

and  a  the  quantity  added. 

Then  m-\-a  ^y^^  e^cond  ratio. 

n  +  a 

Then  £±f^>or<5 

n-\-a  n 

as  mn  +  an  >  or  <  mn  +  am 

as  an  >  or  <  am 

as  n  >  or  <  m 

as  m  <  or  >  n 
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11.  Prove  that  a  ratio  of  greater  inequality  is  increasecl,  and  a  ratio 
of  less  inequality  diminished,  bj  subtracting  the  same  number  from 
both  its  terms. 

Let  m :  II  be  the  given  ratio, 

and  a  the  quantity  subtracted. 

The  2:Zf!>or<? 

ti'-^a  fi 

as  mn  —  on  >  or  <  ma  —  am 

as  am  >  or  <  OA 

as  m  >  or  <  a 

12.  Show  that  the  ratio  a :  5  is  the  duplicate  of  the  ratio  a-i-eib-i-Cf 

[b  +  c)      62^.26c  +  c« 
But  c^  =  ab  • 

'a-\-cy_  a»4-2aVa6-f  aft 


"  \b  +  c)      62+26\/a6  +  oft 

6(6  +  2Va6  +  a)      * 


18.  Two  numbers  are  in  the  ratio  2 : 6,  and  if  0  be  added  to  each, 
they  are  in  the  ratio  4 : 7.    Find  the  numbers. 

Let  X  =  one  number, 

and  y  =  the  other. 

Then  ?  =  | 

x  +  6^4 
y  +  6     7 
.'.  5x=2y 
-.4y  =  -'l8 
.'.  ar  =  6 
y=16 

14.  What  must  be  added  to  each  of  the  terms  of  the  ratio  m :  n,  that 
it  may  become  equal  to  the  ratio  p :  9  ? 
Let  X  =  number  to  be  added. 

**  n  +  ar      q 
qm -^  qx  =  pn  +  px 
(,p '-' q)  X  =  qtn  — /m 
.   ^     qm-^pn 

•  .     <4>   — 
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16.  If  X  and  y  be  Buch  that,  when  they  are  added  to  the  antecedent 
and  consequent  respectively  of  the  ratio  a:b,  its  value  is  unaltered, 
show  that  X :  y  =  a :  6. 

a  +  x  :6  +  y  =  a:b 

By  alternation,  a  +  x:a  =  b-\-y:b 

By  division,  x:a  =  y:b 

By  alternation,  x:y  =  a;b 

Find  X  from  the  proportions  : 

16.  27:90  =  45:x 

.'.  27x=  46x90 

x=160 

17.  lH:4}  =  3|:x 

.-.  Iltx  =  4ix3t 

x=}=li 

to  3a   12a     14c 

18.  -— - : = :  X 

66     Ic      166 
.  ^qj.-12xl4oc_8a 
**66         7xl66c       66 
.-.  x=i  =  2} 

Find  a  third  proportional  to : 

19.  fjand^f. 

Let  X  =  the  third  proportional. 

Then,  fJ:A  =  A:ar 

j.^  10X26 
27X144 


90.  i'jl^  and  ?in*. 


*  =  iWt 


Let  X  =  the  tliird  proportional. 

Then,  ?!z^:£r_*  =  ^*:, 

(a  +  6)x  =  li:=i 
c 
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ind  a  mean  proportional  between  : 

L.  3  and  16|. 

et  X  =  the  mean  proportional, 

hen  x=  V3xlttJ=\/49=7. 

JH  +  6  m  — 6 

■et  x  =  the  mean  proportional. 

Hen  ^^  /(m-^ xi5ii?=  VSniaS. 

'    111  +  6  m  — 6 

f  a :  &  =  c :  cf ,  prove  that : 
3.  2a'^b:b  =  2c  +  d:d, 
ince  a  :  6  =  c :  cf 

b'd 

2a_2c 

ft        cf 

b  d 

"6  d 

2a'\-b:b  =  2c  +  d:d 

ince  a :  6  =  c :  cf 


ft 

<; 

6^ 

^ 

a 

c 

6_ 
a 

_d 
c 

8- 

b_ 
a 

c 

3a- 

-b 

3c-rf 

a 

c 

.-.3 

a-fc; 

:  a  = 

3r-rf: 

c 
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26.   4a  +  3&:4a-36  =  4c  +  3</:4c-3(/. 
Since 


Also 


a:6  = 

zc:d 

a  •_ 
b~ 

c 
'  d 

4.a 
b 

.4c 
■  d 

4«  +  3  = 
0     » 

=4;+3 

a 

.   4a  +  36 

.4c  +  3rf 
d 

^«     3  = 

6 

=  4^-3 
d 

4a-36 

4c-3rf 

b 

d 

4o  +  36 

.4c  +  3rf 

a) 


(2) 


DiYide  (1)  by  (2). 

4a  — do     4c  — 3a 

.-.  4a  +  36:4a-36  =  4c  +  3rf:4c-3d 

26.  2a8  +  368:2a8-36»  =  2c«  +  3(/8:2c»-3d». 
Since 


a:6  = 

-.cid 

a 

c 

—  • 

"  -. 

6 

(/ 

a8 

c« 

—  ^Z 

>  ■    ■■ 

6« 

d» 

2a8 

2c« 

6« 

d» 

2a« 
6^ 

1 
+  3  = 

¥-» 

2a8  +  368^2c«  +  3d» 
AUo  2a8^3^2c?^3 

2a8-363^2c8-3d» 
68  ^ 

Divide  (1)  by  (2),         ^.^±11:1  =  2c8  +  3d? 
^  ^    "^  ^  ^'         2a3-368     2c8-3d8 

.-.  2a8  4.368:2tt8-368  =  2c8  +  3(/8:2c8-3rf» 


(1) 


(2) 
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If  a:b  =  h:Cf  prove  that : 

27.  a^-\-ab:Iy^-\-bc::a:c. 

If  a:b  =  b:e 

By  composition  and  alternation, 

a+  6:&  +  c=:&:c 

a  +  b_b 
6+  c     c 

Also  2  =  * 

6     c 

Multiply  together,  ^^^  =  ^ 

b{b  +  c)      c*    • 

But  62-.  ac 

.    a(a  +  fe)  _  g 
"   6(6  +  c)      c 


■  • 


.  a:c::(a  +  6)a:  (ft  +  c)*. 

If  a:6  =  6:c 

Bj  composition  and  alternation, 

a  :b  =  a  +  &:6  +  c 

fc^ft  +  c 

'*  62      (6  +  c)a 
But  62=gc 

c      (6  +  c)2 
.-.  g:c=  (g  +  6)2:  (6  +  c)« 

S9.  If  g  :  6  =  6 :  c,  and  a  is  the  greatest  of  the  three  numbers,  show 
itg+c>26. 

g:  6  =  6:  c 

ffow  g2  +  c2>2gc 

/.  g2  +  2gc  +  ca>4gc 
g2  +  2gc  +  c2>462 
/.  g  +  c>26 
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Also, 

a2+62>2a6 

/.  (aa  +  62)c>2a6c 

or 

a^c-\-l^c>2ahc 

And 

624.c2>26c 

.-.  (6a+c2)a>2a6c 

or 

a62  4.ac«>2a6c 

Add  (1),  (2),  and 

(3), 

a%  +  a^c  +  a62  +  fr^c  +  ac'^  +  6c2  >  6  aftc 

6.  The  Bum  of  any  fraction  and  its  recip] 

Let 

^  be  any  fraction. 

0 

• 

Then 

-  is  its  reciprocal, 
a 

and 

7  +  -  is  their  sum. 
0     a 

Now 

0     a 

if 

o2+fi2>2a6 

But 

o2  +  62>2a6 

ha 

(2) 


(8) 


6.  If  a:a  =  a2  +  62,  and  y2=ca  +  rf2,  ary<ac  +  M,  or  ad^hc. 


if 

and 
/  Hence 


">-. 


4 

if 
if 


But 

Also 


if 
if 
if 


But 


a2c2  +  62c2  ^.  flScP  +  J2rf2 
62^2  + 

aV  +  e>2ca  +  a2rf2  y52<f2  ^'2</2  1 2  a6crf  +  6^  ^ 
a2^+^<2a6c< 


;.'.'-  ^    >  . 


-'    /  *  /*  s  r 


,     in, 


X 


^^, 


7V 


£^«» 


-■^;^ 
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3  (a6  +  oc  + 


a6  +  ac  + 
/.  a6  +  ac  +  6c  <  (a  +  6 

.  Which  is  the  greater,'  (a«  +  62)  (^a  +  rfa)  or  (oc  +  6</)2  ?  jb  ^     /  <" 

^_  («^^t/)2  =  gala  4.  2</^y/  +  t>?^p^  ^  jP  ^  X      'V^> 


ir  M 


e 


^  ^^ 


Which  is  the  greater,  a*  —  6*  or  4a» (a  —  6)  when  a  >  6 1     . 


/;  ^'  / 


Ij 


a*  -  6*  =  (a«+  a26  +  a62  +  6«)(a-6) 
id  sipce        ^-^^  — >^        jA'<^ 

^-^  .*  /A—  tK^..^  d^9s^^  •>  ;  '  ■ 

.-.  a»  +  a26  +  a62  +  6»<4a»  C.  ^*     ^^\     ^ ''*      '^' 

ce  a  —  6  is  positive,  \^  *     *.'.«' 

(a«  +  a25  +  a52+68)(a_ft)^4a8(a_ft) 

.-.  a*-6*<4a«(a-.6)  if  a>6 


Which  is  the  greater,  -W^  +  -J-  or  Va  +  V6  ? 

^  6        'a 

\ -7 >  or<  Va  +  V6    yr' 

\      06  -^  / 

o2  VS  +  62  V5'>  or  <  06  v^  -|j^>/5 
(a2  —  oi)  V6+ (d-aJ)Va  >  or  <  0,-"'' 
(a  -  6)  {al/y^h  VS)>-fjr<:  0 
if  a  >  6,  1/  a  —  6  is  positive, 

aV6  — 6Va  is  positive. 


/ 


^-  i-vXfr  h  ■., 


i 


^'-'^^  c: 


.  •^^' 
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•    i 

(c-rf-o  +  6)jt  =  0 

c  — <f  —  a  +  6i8 

not  0. 

For,  if 

c— rf— a+6=0 

But 

.•.  if  G'^b^C'^d 

b=:d,  which  ia  DOt  allowed. 

A  x  =  0 

• 

Exercise  34. 

1.  A  rectangular  field  contains  5270  acres,  and  its  length  is  to  its 
breadth  in  the  ratio  of  31 :  17.    Find  its  dimensions. 


Let 


Then 


2  )  x  =  number  of  rods  in  length.  ' 
'*■»       ^  —  number 


^ulmtitote  ya 


Br  of  rods  in  length.  '  /  ^ 

sr  of  rods  in  width,      v  ■-  n  t  /sS<  J  Q 


X160 


#  o 


XlflO 
ya=i;TxT7»^160 


(2) 


x=3^,>H0=1240 
The  field  is  1240  ro^s'Iong  and  680  rods  wide. 

3.  If  five  gold  coins  and  four  silver  ones  be  worth  as  much  as  tbree 
gold  coins  and  twelre  silrer  ones,  find  the  ratio  of  the  value  of  a  ^old 
coin  to  that  of  a  silver  one. 


Let 


Then 


ar  = 


y 

2x 

X- 


number  of  units  of  value  in  1  gold  coin. 
number  of  units  of  value  in  1  silver  coin. 
3x+12y 


x:y  = 


4y 
4:1 


The  ratio  is  4 : 1. 
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3.  The  lengths  of  two  rectangular  fields  are  in  the  ratio  of  2 : 3,  and 
be  breadths  in  the  ratio  of  5 :  6.    Find  the  ratio  of  their  areas. 


Let 


^  X  =  number  of  units  in  length  of  one  field. 
5^y  =  number  of  units  in  breadth  of  this  field. 

"^  number  of  units  in  length  of  second  field. 

=  number  of  units  in  breadth  of  second  field. 


Then 


"Of  Iffiifi  in  area  of  second  field. 

^7 


joy^  :  /«  >y-'j 


^6:9 
The  areas  of  the  fields  are  in  the  ratio  6 : 9. 


^ 


L  Two  workmen  are  paid  in  proportion  to  the  work  they  do.    A  can 
in  20  days  the  work  that  it  takes  B  24  days  to  do.    Compare  their 


?e9. 
'hen 


*  '  i  i 

x=  amount  of  w^f]c^A^'|n  do  in  20*  days.  ^> 

X  =  amountj^^t^rk^ tan  do  in  24  days. 


-) 


20 


=  a 


fork 


A  can  do  in  l^day. 
mount  of  work  B  ca^'do  in  1  day. 


L's  wai 


-""^"^  A  jc^  X       1      1       1*0    120     rt   / 
wagesfci^*^:  —  =  — :  —  =  -^  :  — -^  Q^  6 

*    ^"20   24     20   24      20 '  24  y^ 


In  a  mile  race  between*  a  bicycle  and  a  tricycle  their  rates  were 
:  4.  The  tricycle  had  half  a  minute  start,  but  was  beaten  by  170 
is.     Find  the  rate  of  each. 

it  ^  X = number  of  yards  the  bicycle  goes  in  1  minute, 

>^  y^  4^  number  of  yards  the  tricycle  goes  in  1  minute. 


1760  yards  =  1  mile, 

•er-^  miimt^a  i^-wh^  itavHUbycle 

--^      -  :  / 


goes  1  mile: 


.- '- 


G0IJ.E6E   jlI^GEBRA. 


e  goes  in  }  minnte. 
goes  in  all. 

tricycle  goes 

« 

(2) 
(3) 


'=  9,  or  362 
),  or  440 
.*.  The  rate  of  the^hsj^eie  is  440  yards  a  minute,  or  15  miles  an  hour ; 
that  of  the  tdoycle  is  362  yards  a  minute,  or  12  miles  an  hour. 

\,  ,  J  6.  A  railway  passenger>>hseryes  that  a  train  passes  him,  moTing  in 
'  ^  f/'  the  opposite  direction,  in^  seconds;  but  moTing  in  the  same  direction 
/  ',         with  him,  it  passes  him  in  30  seconds.    Compare  the  rates^of  the  two 


I 


trains.  ytX,     WlvuC/l'^  ^Jk  4  Uj^  ' 

Let  X  =  number  of  untfs  the  firtfr-train^yaoTes  per 

second,  ^C-^  A  C^ 

and  y  =  number  of  units  the  second  train  mor^per 

second. 
Then  y  +  a:  =  number  of  units  the  second  train  moTes 

past  the  first  in  1  second  when  moTing  in 
the  opposite  direction. 
y  —  x  =  number  of  units  the   second  train  mores 
past  the  first  in  1  second  when  moring  in 
the  same  direction. 
But  the  rates  of  motion  of  the  two  trains  are  inversely  proportional 
to  the  time  of  passing  each  other. 
.'.  y  +  ar :  y  —  jr  =  30  : 2 
By  composition  and  division, 

2y:2r  =  32:28 
.*.  y :  X  =  8 :  7 
The  rate  of  the  second  train  is  to  the  rate  of  the  first  as  8 : 7. 


•/- 


^v^ 


vU 


*  ^'~    v^fy 


•*  > 


-i  ^  y   vr  ^  ;J  y  ^  5*  X 


.^ 


Lr 


l^^  (T^^^i^ 


V  ->_ 


-^^  V  — ^-f      . 


teachers'  edition.  239 


7.  A  vessel  is  half  full  of  a/mixture  of  wine  and  water.  If  filled  up 
ith  wine,  the  ratio  of  the  quantity  of  wine  to  that  of  water  is  ten  timet 
hat  it  would  be  if  the  vessel  were  filled  up  with  water.  Find  the  ratio 
r  the  original  quantity  of  wine  to  that  of  water. 

Let  X  —  number  of  gallons  of  wine  in  the  vessel  at  first, 

y  =  number  of  gallons  of  water  in  the  vessel  at  first. 
Then  r  +  y  =  number  of  gallons  the  vessel  contains  when  half  fnlL 
X  +  y  =r  number  of  gallons  which  must  be  put  in  to  fill  it. 
.  2x  +  y  =  number  of  gallons  of  wine  in  the  vessel  if  it  is  filled  up 
with  wine. 
2  +  2y  =  number  of  gallons  of  water  in  the  yestel  if  it  is  filled 
^p  with  water. 
/.  2x  +  y  :y  =  10x:x  +  2y 
.-.  (2jt  +  y)(ar  +  2y)=10ary 
2a:«+6a:y+2y«=10ry 
2a^  — 6xy+2ya=0 
Factoring, 

(2x-y)(x-2y)  =  0 

.-.  x  =  |,  or2y 

ar:y  =  l  :2, 

x:y  =  2:l 
The  ratio  of  the  original  quantity  of  wine  to  that  of  water  was  1 : 2, 
2:1. 

8.  A  quantity  of  milk  is  increased  by  watering  in  the  ratio  4  : 6,  and 
en  3  gallons  are  sold ;  the  remainder  is  increased  in  the  ratio  6 :  7  by 
jcing  it  with  3  quarts  of  water.  How  many  gallons  of  milk  were 
^re  at  first  ? 

Let  4x  =  number  of  quarts  of  milk  originally. 

Then  6x=:  number  of  quarts  of  milk  and  water  after 

first  watering. 
6x  — 12  =  number  of  quarts  remaining  after  3  gallons 
are  sold. 
}  (5x  — 12)  =  number  of  quarts  after  second  watering. 
6x  —  9  =  number  of  quarts  after  second  watering. 
.-.  J(6x-12)=(5x-9) 
86x-84=:S0x-64 
6x  =  d0 
x  =  6 
4x  =  24 
There  were  ^iLttgma/lmmft  6  gallons  of  milk  at  first. 


4 


7 
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7X^-^^^ 


J. 
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9.  Each  of  two  vessels,  A  and  B,  contains  a  mixture  of  wine  and 
water;  A  in  the  ratio  of  7  : 3,  and  B  in  the  ratio  of  3:1.  How  many 
gallons  from  B  must  be  put  with  5  gallons  from  A  to  give  a  mixture  of 
wine  and  water  in  the  ratio  of  11:4? 


A. 
e  in  B. 
[Water  in  B. 

e  taken  from  B. 
ine  and  -^  water. 

gallons  of  wine 

water. 

3; 


/14  + 
-X.. ' 

I  /    «=10 

10  gall<ms  must  be^  taken  from  B. 


contain  —  gallons  of  | 
•--^4     


IS  tram  takes  to  trayefr  180  miles  is  to 


10.  The  time  which  an  express  t^h  takes  to  trave 
that  taken  bj  an  ordinary  train  as  9 :  14.  The  ordinary  train  loses  as 
much  time  from  stopping  as  it  would  take  to  travel  SO  miles ;  the  ex- 
press train  loses  only  half  as  much  time  as  the  other  by  stopping,  and 
travels  16  miles  an  hour  faster.    What  are  their  respective  rates  ? 


s  p«r  hoi 


^i'Vk. 


Let  X  =  number  of  miles  the  ordinary  train  travels  p|r  hour. 

Then    jr  +  16  =  number  of  miles  the  express  train  travels  p#  hour. 

i —  =  number  of  hours  required  by  ordinary  train  to  travel 


\^ 


180  miles. 
^^=  number  of  hours  lost  by  express  train  in  stopping. 


180     .  »" 


yr 


«+16 


+  ^^  =  number  of  hours  required  by  express  train  to  travel 


/ 


180  miles. 
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X  + 16  Jix 


<^        U 


^V..-^-^  '  -'^ 


-/.ffy  ^  • 


r-"/ 


L  ;^f.V 


3a 


a;+16  =  46 

.  The  ordinary  train  travels  30  miles  an  hour,  the  ezpreta  train 
rels  45  miles  an  hour. 


/ 


1.  A  and  B  trade  with  different  snms.    A  gains  f  200  and  B  los<« 
»,  and  now  A's  stock  is  to  B's  as  2 :  }.    Bnt  if  A  had  gained  $  lUO 
B  lost  $85,  their  stocks  would  have  been  as  16:3^.     Find  the 
inal  stock  of  each. 


et 


X  =  number  of  dollars  in  A's  stock  at  flrst, 
y  =  number  of  dollars  in  B*s  stock  at  first 


•om  (1), 


t)m  (2), 


/.  x  +  800:y  — 50  =  2:^ 
x+100:y-85=15:3} 

x-4y  =  -400 
l?i£±i5?i=15(y-86) 

13x-(K>y  =  -6400 
13x~52y  =  -5200 


y 

'2 


■t   1^ 


(1) 
(2) 


8y=:      1200 

y=l50 
x  =  200 
A'a  orifl^l  stock  was  $200,  B's  was  $  150. 

A  line  is  divided  Into  two  parts  in  the  ratio  2 : 3,  and  into  two 
in  the  ratio  3:4;  the  distance  between  the  points  of  section  is  2. 
the  length  of  the  line. 


c/      . 

•^  /  ^  '^ 


^ 


> 


/>,' 


'  1 


ion. 
'divuiom 
dly|fkm.        (^ 
diriflion. 


V2- 


'J) 


The  line  is  70  units  long. 

18.  A  railway  consists  of  two  sections ;  the  annual  expenditure  on 
one  is  increased  this  year  6%,  and  on  the  other  4%,  producing- on  the 

« 

whole  an  increase  of  4j^%.    Compare  the  amounts  expended  on  the 
two  sections  last  year,  and  also  the  amounts  expended  this  year. 

Let  X  =  amount  expended  on  the  first  section  last  year. 

y  =  amount  expended  on  second  section  last  year. 
Then         jr  +  ^  =  amount  expended  on  both  sections  last  year. 

U^x=  amount  expended  on  first  section  this  year. 

jo^y  =:  amount  expended  on  second  section  this  year. 

105  X  +  104  V 

— ^  =  amount  expended  on  both  sections  this  year. 

100 
But  — —7§^^—  amount  expended  on  both  sections  this  year. 

1000  y 

.    1043(x  +  .y)^105r-i-104.y  /// 

10^  IW^ 

J.^        7a:=3y 


/U-X^'f^^ 


x^ 


0-1 


5* 


*  ^ 


iJJar:J«Jy  =  46:104 
.'.  The  amounts  expended  last  year  are  to  each  other  as  3:7;  this 
year  the  ratio  is  45 :  104. 


1.   Ifyx:r,  andy 

Here 
When 


Exercise  35. 

4  when  x  =  5,  find  y  when  x 
y=  mx 
y  =  4,  X  =  6 


=  12. 
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.-.  4=  6m 
m  =  t 

Qc  X,  and  when  jr  =  J,  y  =  |,  find  y  when  x  =  (. 

y  =  mx. 

«  =  } 

z  vary  jointly  as  x  and  y,  and  3,  4,  5,  be  simoltaneona  ralnei 
z,  find  z  when  x  =  y  =  10. 

z  =  mxy. 
[1  X  =  3»  y  =r  4,  2  =  6 

.'.  5=  12  m 

m  =  A 

sn  X  =  y  =  10 

«  =  VJi  =  41| 

f  ycc-,  and  when  y  =  10,  x  =  2,  find  the  ralne  of  x  when  jr  =  4. 

X 

m 


e 

y=x- 

en 

y=10,x  =  2 

2 

ffir=20 

'-? 

nen  y  =  4, 

«.» 

X 

x=6 

If  2  QC  -,  and  when  z 

=  6,  x=:4,  andy  = 

}f 

S  and  y  =  7. 

mx 

ere 
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When  2  =  6,  jr  =  4,  y  =  3 

..0-   ^ 

i»=  I 

Oar 
z  =  — 

-    '^y 

When  ar  =  6,  y  =  7 

6.  If  the  square  of  x  vary  as  the  cube  of  y,  and  x  =  Z  when  y  =  4, 
find  the  equation  between  x  and  y. 

Here  a^  =  my^ 

When  ar  =  5,  .y  =  4 

/.  9  =  64m 

^  =  -ii 
64:c2=9y8 

7.  If  the  square  of  x  vary  inversely  as  the  cube  of  y,  and  x=  2  when 
y  =  3,  find  the  equation  between  x  and  y. 

Here  a:3  =  ^ 

When  ar  =  2,  y  =  3 

27  ^  y^T 

m  =  108  ^  k   y/^     ^V 

8.  If  2  vary  as  x  directly  and  y  inversely,  and  if  when  i»  =s  2,  x= 3, 
and  y  =  4,  find  the  value  of  z  when  x=\b  and  y  =  8. 

Here  ;fc=^ 

y 

When  «  =  2,  ar  =  3,  y  =  4 

A  2  =  ^ 
4 

When  x=16,  y=:8 


•  4-  — 
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r  +  c  where  c  is  constant,  and  if  y  =  2  when  x  =  1,  and  if 
c  =  2,  find  y  when  x  =  Z, 

y  =  m  (a:  +  c)  (1) 

ar=l,  y  =  2 
/.  2  =  m  +  mc  (2) 

x=:2,  y  =  6 
/.  5  =  2  m  +  mc  (8) 

and  (3),  m  =  3,  mc  =  —  1 

/.  y  =r  3x— 1 

x  =  3,  y  =  8 

velocity  acquired  by  a  stone  falling  from  rest  yaries  as  the 
ing ;  and  the  distance  fallen  varies  as  the  square  of  the  time, 
nd  that  in  3  seconds  a  stone  has  fallen  145  feet,  and  acquired 
)f  96 J  feet  per  second,  find  the  velocity  and  distance  fallen 
of  5  seconds. 

V  =  velocity  in  feet  per  second, 

t  =  number  of  seconds, 

X  =  distance  in  feet. 
c  tf  and  x<xfi, 

v=mt 

v=06i,<  =  3 

/.  06}=  3m 

«  =  5,  r=iej4 

x  =  nfi 
x=146,«  =  3 
145  =  9n 

x  =  H*<a 

«=5,x  =  402f-^'^ 

I  heavier  weight  draw  up  a  lighter  one  by  means  of  a  string 
ver  a  fixed  wheel,  the  space  described  in  a  given  time  will 
;tlj  as  the  difference  between  the  weights,  and  inversely  as 
.  If  9  ounces  draw  7  ounces  through  8  feet  in  2  seconds,  how 
12  ounces  draw  9  ounces  in  the  same  time  ? 

X  =  heavy  weight, 
y  ==  light  weight, 
t  =  space. 


/ 


«  • 
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zee * 

ar  +  y 

Substitute  yalues,  m  =  ^        j^ 

/.  m  =  64 

12-9 
64  =  _ 

7«  =  64 
/.  z  =  9} 

13.  The  space  will  vary  also  as  the  square  of  the  time.  Find  the 
space  in  Example  11,  if  the  time  in  the  latter  case  be  3  seconds. 

We  have  from  last  example,  0}  feet  for  2  seconds. 
Since  space  varies  as  square  of  time,  we  have 

9f  :jr::22:8« 
.-.  4jr=9x^ 

x=zdx^  =  H^  =  20i^  feet 

IS.  Equal  volumes  of  iron  and  copper  are  found  to  weigh  77  and  89 
ounces  respectively.  Find  the  weight  of  10}  feet  of  round  copper  rod 
when  9  inches  of  iron  rod  of  the  same  diameter  weigh  81^^  ounces. 

Let  X  =  required  weight 

9  inches  =  f  of  a  foot. 

If  f  of  a  foot  weigh  31.9  ounces,  }  of  a  foot  would  weigh  10.03} 

ounces,  and  10}  feet  would  weigh  446.60  ounces. 

And,  as  equal  volames  of  iron  and  copper  weigh  77  and  89  ounces 

respectively, 

77:89::446};* 

.*.  X  =  616^  ounces. 

14.  The  square  of  the  time  of  a  planet's  revolution  varies  as  the 
cube  of  its  distance  from  the  sun.  The  distances  of  the  Earth  and 
Mercury  from  the  sun  being  91  and  86  millions  of  miles,  find  in  days 
the  time  of  Mercuiy's  revolution. 


teachers'  editiok.  247 

X  =  time  of  Mercury's  reyolutioD. 
91»:36»::12:a:a 
13»:5»::l:a:» 
a^  =  .056896 
•*.  X  =  J2dS,  time  in  yean, 
=  87.1,  time  in  days. 

lierical  iron  shell  1  foot  in  diameter  weighs  ^  of  what  it 
h  if  solid.  Find  the  thickness  of  the  metal,  it  being  known 
lume  of  a  sphere  varies  as  the  cube  of  its  diameter. 

Z>  =  diameter  of  shell, 

d  =  diameter  of  sphere  required  to  fill  the  shell, 
^sent  the  weight  of  iron  sphere  haying  diameter  =  D, 
-  ^^  will  represent  the  weight  of  iron  sphere  harlng  diam- 

weights  vary  as  the  cubes  of  their  diameters, 

2)»:rf»::l:H* 
^acting  the  cube  root  of  each  term, 

D:d::lii 

le  thickness  of  the  shell    =  ^  (2>  ^  </) 

688  of  the  shell  =J(l-.*)  =  ^ 

the  thickness  of  the  shell  is  ^  of  a  foot,  =  1  inch. 

i  Tolume  of  a  sphere  varies  as  the  cube  of  its  diameter.  Com- 
volume  of  a  sphere  6  inches  in  diameter  with  the  sum  of  the 
»f  three  spheres  whose  diameters  are  3, 4, 6  inches  respectively. 

X  =  volume  of  first  sphere  in  cubic  inches, 
y  =  sum  of  volumes  of  other  three  in  cubic  inches. 
ar:y=e«;3«  +  4«  +  6» 
a::y=216:216. 
lumes  in  question  are  equal. 

NO  circ^iISr  gold  plaj^sf^ch  an  inch  thick,  the  diameters  tit    " 
e  6  i^es  tin^^J^^^ncheB  respectively,  are  melted  and  formed 
inglercipNltiir  plate  1  inc})..lhtck.    Find  its  diameter,  fiirving    » 
at  ^/area  of  a  cirale-f  aries  as  the  square  of  its  diameter. 


V 


I     > 


M 


yi^y 
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B. 

From  (1), 

2=0+(fl-l)rf 

f=Jn(a  +  0 
«=Z-(fi-l)d 

(1/ 
(2) 

From  (2), 

^     2«-/fi 
o  =  — — 

ft 

Then 

2i 

fi 
2»  =  2/n-(n-l)rfn 
.-.  «=}n[2/-(n-l)rf] 

9. 

Transposing, 

Z=a+(n-l)rf 
fl  =  /-(n-l)rf 

10. 

From  (2), 

/=a  +  (n-l)rf 
«  =  Jn(a+0 

2s  =  na  +  nZ 

.  i_2»  — na 
n 

/.  a  +  ^n- 

.l)rf-2s-fia 

n 
tia  +  rfn*  -«  c?n  =  2s  —  na 

2na  =  2s  — (fn^+efn 

fi  2 

11. 

Z=a  +  (n-l)rf 
c?n  =  /  —  a  +  (f 

»=Jn(a  +  0 
2s=:na  +  n/ 

"=— , 
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.-.  r»  — aa  +  arf  +  /rf  =  2rf«. 

.-.  a=}d±  V(/+ Jrf)a-2rf« 
12. 

n 


n 


n 


d  = 


n 


16. 

/  = 

za  +  (H-l)d 

••.  n  = 

'■?+> 

:Jii(a  +  0 
2s 

S+l  = 

2s 

IS.  .-.  P*aS  + 04^  +  6/  =  2efs 

a  =  Z-(ii-l)rf  .-.  2d8^ad^dl  =  P^a* 

)  =  l-^a  .\  d(2fl^a)=rP^a9 


n  — 1  2s  — /--a 

14.  16. 

Z  =  a  +  (n-l)cf  Z  =  a  +  (n-l)rf 

«  =  in(«  +  0.  ••.  a  =  /-(fi-l)rf 

ls  =  an  +  ii/  s  =  }n(a  +  0 


2*-q«  2s-/n 


n 


2g-a»  ,    ,     ,_      ,^_,      2»-/ji 


...  /-(n-l)d  = 


n 


irf  =  2s-on  /fi-rfn3  +  rfn  =  2s-/n 

irf  =  2«-.2an  -.rfn9  + dn  =  2s-2/n 

n)  =  2(<  -  an)  d(n  -  l)n  =  2(M  -  s) 

rf  =  2^n^  ,,rf^2(/n-s) 

»»(«-l)  »«(n-l) 

17. 

Z  =  a+(n-l)rf 

/  =  a  +  <^n  —  t' 
rfn  =  /  —  a  +  rf 

/.  n  =  — —  +  1 
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8. 

2=o  +  (n-l)rf  (1, 

•=Jn(a  +  0  (2) 

From(l),  «  =  Z-(n-l)d 

From  (2),  ^^2g-/n 

ft 

Then  2l=:^  =  Z-(n-l)rf 

fi 

2»  =  2M-(n-l)rfn 

.-.  «  =  }n[2/-(n-l)rf] 

9. 

/=a  +  (n-l)rf 
Transposing,  a  =  /  —  (n  —  l)d 

10. 

/=a  +  (n-l)rf 

«=Jn(a+0 

From  (2),  2s  =  na  +  ti/ 

,   7  _  2  s  —  no 
•  •  » —  — .^^— — 

ft 

/.  a  +  (fi-i)rf=2l=:^ 

ft 

na  +  dti^  -« (f ft  =  2  s  —  fta 

2?ia  =  2s  — (fn^+efft 

ft  2 

11. 

Z=a  +  (ft-l)rf 
c?fi  =  /  —  a  +  (f 

n= ^ 

s=Jft(a  +  0 
2s  =  fta  +  ft/ 

.   /~a4-</_    2s 
d  a  +  / 
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...  P^a^  +  ad  +  ld:=2d8, 

a^^ad^P'i-ld^2d8 


a-^id=: 
,\  a  = 

13. 

16. 

»=Jn(a  +  0 

/  =  a  +  (»-l)rf 

Multiply  by  ?, 
n 

...»='-^-+i 

2'  =  a  +  / 

ft 

18. 

a  =  /-(it-l)rf 

»=i»(<»+0 

d               a  +  i 
.-.  2d8^ad^dL  =  P'^a^ 

d(fi-l)  =  /-a 

. .  a  — 

ft  — 1 

••''■-2*-/-a 

14. 

Z=a  +  (it-l)rf 

2«  =  att  +  f}/ 
.    i_2«-afi 
ft 

16. 

/  =  a  +  (ft-l)rf 
.-.  a  =  /-(fi-l)rf 

«=Jfi(a  +  0 
...a  =  2.-/ft 
ft 

.     J      J     2«  — aft 

.-.  /    Tfi    nd-^'"^" 

an  +  fi^rf  —  fw/  =  2«  —  aft 
fi^  — ft(f  =  2<  — 2aft 
rf(na  — ii)  =  2(«  — a»i) 

••^-n(n-l) 


ft 


/ft  — </ft3  +  (;ft  =  2s  — /ft 

—  (/fta  +  C?fl=:2s-2/ft 

d(n  -  l)fi  =  2(M  -  «) 
f.(ft-l) 


17. 

Z=a  +  (n-l)rf 

2  =  a  4-  <^n  ~  flf 
rfft  =  /  —  a  +  d 
/-a 


fi  = 


+  1 
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18.  (1) 

/=a+(n-l)rf  (2) 


From  (2),  Z  =  ^-a. 

ft 

.'.  a-^-  (n-^  l)d  =  —  —  a. 

ft 

an  +  fPn  —  rfn  =  2  s  —  an 

rfn2  +  n(2a  — rf)  =  2«. 

Complete  the  square, 

Extract  the  root, 


2rfn  =  rf-2a±  V(2a-rf)a+8rf» 

rf->2qdhV(2o-rf)a4.85< 
•'•  II  = ^     _        '  ■ 


2d 


19. 

«=}n(a  +  0 
2  5  =  an  +  ^n 

25 


•  n  = 


•  • 


l+a 

80. 

/=a  +  (n-l)rf  (1) 

«=Jn(a  +  0  (2) 


From  (1),  a  =  /  —  (n  —  l)rf 

From  (2),  a  =  llnh 

n 

...  ?-(n-l)rf=2«j^ 

n 

.*.  /n  —  dn^  +  rfn  =  2  «  —  ?n 

rfn2-(2/  +  c?)n  =  -2s 

4rf2n2-(  y+(2l+dy=(2l  +  d)^^Sds 

2rfn-(2/+(0  =  V(2/+rf)a-8rf« 


.    ^_2/+rfdbVC2/4-rf)2"8rfg 

2(/ 
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Exercise  36. 

1.  Find  the  lOth  term  of  3,  8, 13 

/=a+(n-l)rf  =  8  + 9x6  =  48. 

3.  Find  the  8th  term  of  12,  0,  6 

/=  a  +  (n  -  l)rf=  22  +  7(- 3)  =  -9. 

3.  Find  the  12th  term  of  —  4,  —  9,  — 14 

/=a+(n-l)rf  =  -4+ll(-6)=-59. 

4.  Find  the  11th  term  of  2^,  If,  1^ 

/=a+(n-l)rf  =  2J+10(-i)  =  -4J. 

5.  Find  the  14th  term  of  1},  },  —  f 

/=a+(n-l)rf=l}+13(-Ji)  =  -jy^  =  -12|. 

6.  Find  the  sum  of  8  terms  of  4,  7, 10 

/=a+(n-l)rf=  4  + 7x3  =  25. 
,  =  !» (a  4-  /)  =  4(4  +  26)  =  116. 

7.  Find  the  sum  of  10  terms  of  8,  6,  2 

;  =  a  +  (»  -  l)rf  =  8  +  9(^  3)  =  - 19. 
«=??(a  +  0  =  5(8-19)  =  -66. 

8.  Find  the  sum  of  12  terms  of  —  3,  1,  6 

/  =  a  +  (n-l)(/=-3+llx4  =  41. 
s=5(o  +  0  =  0(-3  +  41)=228. 

9.  Find  the  sum  of  n  terms  of  2, 1  J,  J 

17 -.5n 


/  =  a  +  (n-l)rf  =  2  +  (n^l)(-|)=2-fn  +  f=       ^ 


2^    ^  ^      2V  6      y  12 


«=  - 


254  COLLEGE  ALGEBRA. 


10.  Find  the  sum  of  n  terms  of  2},  If,  l^^. 


/  =  a  +  (n-l)rf=2i+(n-l)(-.A)  =  ?-^  +  A  =  32-6n 


2^         ^     2U  12      J 


4      12      12  12 

24~- 


11.  Given  a  =  3, 2  =  55,  n  =  13.    Find  d  and  <. 

/  =  a  +  (n-l)rf.        55  =  3+12rf.        rf  =  J^. 
,  =  ?(a  +  0  =  ¥(3  +  55)  =  377. 


12.  Given  a  =  3^,  2  =  64,  n  =  82.  Find  <f  and  <. 
Z  =  a  +  (n-l)rf.        64  =  3j4-81rf.        81^  =  ^^^.        d=t. 
s  =  ^(a  +  0  =  41(3i  +  64)  =  ^l^=li^  =  2757J. 

18.  Given  a  =  1,  n  =  20,  «  =  305.  Find  d  and  /. 

/  =  a+(n-l)rf  .-.  /  =  jy^. 

2^^   ^  ^  67=:38rf 

l=l  +  lQd          (1)  rf=i  =  lj. 
305  =  10(1  +  0         (2) 

14.  Given  /  =  105,  n  =  16,  s  =  840.    Find  a  and  rf. 

/  =  a  +  (n  —  l)d  From  (2), 

s  =  ^(a  +  /)            ,  a  +  105=105 

2^         ^            '  a  =  0 

105  =  a  +  15  rf           (1)  In  (1),         15  rf  =  106 

840=8(a  +  105)      (2)  rf=7 

16.  Givenrf=7,n=  12,  5  =  694.  Find  a  and /. 

Z=a  +  (n-l)rf  /+a  =  99 

,  =  ?Ca  +  n  -^^^^°«'           2/=176 

2^         "^  /=88 

/=a  +  77           '  Subtracting,  2a  =  22 

694  =  6(0  +  0  a=ll 

Z-a=77 
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16.  Given  a  =  0,  <f  =  4,  «  =  624.    Find  n  and  L 

/  =  a  +  (n-l)rf  4n9+14n  +  y=Ai^ 

2^        ^  n  =  16,or-V 

/  =  9  +  4(n-l)  Ifn  =  16,       /  =  6  +  4n  =  69. 

/=5  +  4n         (1)  Ifn=-.V»  /=6  +  4n  =  -73. 

024  =-(9  +  /)  This  last  answer   may  be  re- 

^  jected.    It  may  be  retained,  how- 

9  n  +  n/  =  1248            (2)  ever,  if  we  interpret  the  V^h  term 

Substitute  in  (2)  the  yalue  of  to  be  a  +  V^,  and  interpret  the 

I  obtained  from  (1),  «  gign  to  mean  that  the  termi  are 

9n  +  n(5  +  4n)  =  1248  to  be  counted  before  a. 
4n3+14n=1248 

17.  Given  d=:b,  /  =  77,  «  =  623.    Find  a  and  n. 

/  =  a  +  (n  —  1)  rf 

77  =  a  +  6  (n  -  1) 
a+6n=:82  (1) 

623  =  -  (a  +  77) 

an  +  77  n  =  1246  (2) 

From  (1),  a  =  82  — 6» 

Substitute  in  (2),  82  n  —  5  n^  +  77  n  =  1246 

6nS- 159  = -1246 
100n«  -  (  )  +  (159)«  =  26281  -  24920  =  361 
10n-159=±19 

n  =  14,  or  ^ 
a=:82  — 5n 
If  n=14,  a=12  K^ 

If »  =  l5«,  a  =  -  7^^^'  ^-^ . 

This  liiiU  miBMi  I  iilllji  Till  rsjflrtnd  nr  rrtaingdi  — 

18.  When  a  train  arrives  at  the  top  of  a  long  slope,  the  last  car  is 
detached  and  begins  to  descend,  passing  over  3  feet  in  the  first  second, 
three  times  3  feet  in  the  second  second,  five  times  3  feet  in  the  third 
second,  etc.  At  the  end  of  2  minutes  it  reaches  the  bottom  of  the 
slope.    What  was  its  velocity  in  the  last  second  ? 

/  =  a+(n-l)d 
Here  a  =  3,  rf  =  6,  n  =  120 

/  =  3  +  119  X  6  =  717  feet  per  second. 
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19.  Insert  eleven  arithmetical  means  between  1  and  12. 

Counting  1  and  12  the  number  of  terms  is  13. 

/=a+  (n  — l)rf 
12=l  +  12rf 

The  means  are  Hi,  2|,  Sf,  4f,  6^^,  6i,  7^,  8},  OJ,  lOJ,  11^. 

20.  The  first  term  of  an  arithmetical  series  is  3,  and  the  sum  of  six 
terms  is  28.    What  term  will  be  9  ? 

n  ,^  ,  ;v  If  9  is  nth  term, 

8  = -(a 4- 1)  ' 

2^         "^  9  =  3  +  ?(n-l) 

28  =  3  (3  +  0  27  =  9  +  2  (n  -  1) 

/  =  J^,  6th  term.  n  —  1  =  19 

Z  =  a+(n  — l)rf  -       n=10 

J^  =  3  +  6  rf  The  10th  term  is  9. 

d=% 

31.  How  many  terms  of  the  series  —  5  —  2  +  1  + must  be  taken 

in  order  that  their  sum  may  be  63  ? 

Substitute  in  (4)  the  value  of  / 
obtained  from  (3), 

3na-J[3n  =  126 
«      l3n,lC9      .j/l69     1681 
3        36        ^      36       36 
n=13-41 

n  =  9,or-V 


22.  The  arithmetical  mean  between  two  numbers  is  10,  and  the  mean 
between  the  double  of  the  first  and  the  triple  of  the  second  is  27.  Find 
the  numbers. 

Let  i€  =  first  number,  and  y  =  second  number. 

£±1  =  10  2ar  +  3y=64 

2  2jr  +  2y=40 

2£+^^27  y=^^ 

2  .-.  a:=    6 

or  +  y  =  20  The  numbers  are  6  and  14. 


Here 

o  = 
/  = 

:  — 5,    rf=3,   8  = 

:a+  (n  — l)rf 

:68. 

8  = 

=  (a  +  0 

1  = 

:_5  +  3(n-l)  (1) 

63  = 

=  =  (-5  +  0 

(2) 

In- 

/  = 
■  5n  = 

:3n-8 
=  126 

(3) 
(4) 

Nine  terms  must  be  taken. 
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23.  The  first  term  of  an  arithmetical  progression  is  3,  the  third  term 
is  11.    Find  the  sum  of  seven  terms. 

Third  terrai8a  +  2(f. 
3  +  2c/=ll 
c/  =  4 
/  =  a  +  (n-l)<f  =  3  +  6x4  =  27 

,  =  ^(a  +  0=K3  +  27)=r=106. 

24.  Arithmetical  means  are  inserted  between  8  and  32,  so  that  the 
smn  of  the  first  two  is  to  the  sum  of  the  last  two  as  7  is  to  26.  How 
many  means  are  inserted  ? 

The  first  two  means  are  8  +  (/  and  8  +  2  (f. 

The  last  two  means  are  32  -  (/  and  32  —  2  (/  V 

16-|-3rf^  7 
64  +  3</     25 
400  +  76<f  =  448-21rf 
96(/  =  48 
d=\ 
Z=a  +  (n  — l)rf 

31}  =  8}  +  i(«-l) 
n-.l  =  46 

n  =  47 

47  means  are  inserted. 

25.  In  an  arithmetical  series  the  common  difference  is  2,  and  the 
square  roots  of  the  first,  third,  and  sixth  terms  form  a  new  arithmetical 
series.    Find  the  series. 

Let  a  =  first  term. 

Then  a  +  4  =  third  term. 

a  +  10  =  sixth  term. 

/.  Vo  -HO  —  Va  +  4  =  Vo  +  4  —  Va 
Va-f  Vo-f-  10  =  2Va  +  4 
2a  +  10  +  2Vog-f-  10  a  =  4a  +  16 
Vaa+10a  =  a  +  3 
a3+10a  =  a3  +  6a  +  9 
4a  =  9 
a  =  t  =  2J 
/.  The  series  is  2^,  4^,  6 J, 
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86.  Find  three  numbers  in  arithmetical  progression  of  which  the  sum 
is  21,  and  the  sum  of  the  first  and  second  |  of  the  sum  of  the  second 
and  third. 

Let  a  —  cf  =  the  first  number. 

a  =  the  second  number. 
Then  a  +  cf  =  the  third  number. 

.-.  a  — rf+o  +  a+rf=21  (1) 

a-<f  +  «=|(a  +  a  +  <0  (2) 

From  (1),  3a  =  21 

a  =  7 
From  (2),  8a-4<f=6a  +  3rf 

2a=7d 
.-.  rf  =  2 
a^d=.  5 
o  +  rf=7 
.*.  The  numY)ers  are  5,  7,  and  9. 

87.  The  sum  of  three  numbers  in  arithmetical  progression  is  33,  and 
the  sum  of  their  squares  is  461.    Find  the  numbers. 

Let    a  ^d,  a^a-i-d  be  the  three  numbers. 

Then  a  — c^  + a  +  a  + (/=:33  (1) 

(a-(0*+o2  +  (a  +  <f)2  =  461  (2) 

From  (1),  3a  =  33 

a  =11  (3) 

From  (2),  3a2+2(f^  =  461 

Substitute  value  of  a  from  (3),      363  +  2  cT^  =  461 

rf2  =  49 
d=±7 
a  —  <f  =  4  or  18 
a  +  c'  =  18  or  4 
.*.  The  three  numbers  are  4, 11,  and  18. 

28.  The  sum  of  four  numbers  in  arithmetical  progression  is  12,  and 
the  sum  of  tiieir  squares  116.    What  are  these  numbers. 

Let    a^Sdj  a-~d,  a-\-  d,  and  a  +  3<f  be  the  numbers. 
Then  a-3rf  + a  — rf+ a  + rf+ a  + 3rf=  12  (1) 

(a  -  3  c/)2  +  (a  -  dy  +  (a  +  </)*+  (o  +  3  <0^  =  H^  (2) 

From  (1),  4a  =12 

a  =  3  (3) 
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From  (2), 

4a8  +  20(f3  = 

116 

Sabstitute  value  of  a 

from 

(3). 

86  +  20  if>:= 
d  = 

116 

4 

±2 

From  (3), 

as 

a-3<f  = 

a-rf  = 

a  +  d=: 

a  +  S(f  = 

3 

—  8  or  9 
lor  6 
6orl 
9  or— 8 

/.  The  numbers  are 

-8.1 

,  6,  and  9. 

89.   How  manv  termi 

3  of  th 

e  aeri 

e8l.4.7 r 

nnst  be  take 

n.  in  ordpT 

that  the  sum  of  the  first  half  may  bear  to  the  sum  of  the  second  half 
the  ratio  7:22! 

Let  2fi  =  number  of  terms. 


a'  =  sum  of  the  first  half. 
For  first  half, 

/  =  a  +  (n  - 1 )  rf  =  1  +  3  (fi  - 1 )  =  3  fi  -  a 


For  the  w 


J9 


14  ' 


'^" 


n=f  6 
2n  =  10 
10  terms  must  be  taken.  -  .    -  -        y   , 

30.  The  sum  of  the  squares  of  the  extremes  of  four  numbers  in    ' 
arithmetical  progression  is  200,  and  the  sum  of  the  squares  of  the 
means  is  136.    What  are  the  numbers  ? 

Let  a  —  3(f,  a  ~  (f,  a  +  (f, a  +  3(/  be  the  four  numbers. 
Then  (a  -  3  <f )»  +  (o  +  3  d)^  =  200  (1) 

(a  -  rf)2  +  (a  +  rf)3  =  136  (2) 


(^-i 
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From  (1),  2a2+18d2  =  200 

From  (2),  2a3+   2^2=136 

.-.  16cf3  =  64 

d  =  ±2 
/.  a  =  ±  8 
a  — 3(f=d:2,or  ±14 
a  —  rf  =  ±  6,  or  ±  10 
a  +  rf  =  ±  10,  or  ±  6 
a  +  3<f=±14,  or  ±2 
/.  The  nnmbers  are  2,  6, 10, 14,  or  —  2,  —6,  — 10,  — 14. 

31.  A  man  wishes  to  have  his  horse  shod.  The  blacksmith  asks  him 
^  2  a  shoe,  or  1  cent  for  the  first  nail,  3  for  the  second,  5  for  the  third, 
etc.  Each  shoe  has  8  nails.  Ought  the  man  to  accept  the  second 
proposition  ? 

Here  a  =  1,  rf  =  2,  n  =  32 

/=  1+31x2  =  63 
«=  16(1 +  63)  =  1024 
The  shoeing  would  therefore  cost  $  10^24  if  the  second  proposition 
were  accepted.    At  |^2.00  a  shoe  it  would  only  cost  $8.00. 

I       LO         Z2>^  number  consists  of  three  digits  which  are  in  arithmetical  pro- 

V ^      gression  ^^Ifc^d  this  number  divided  by  the  sum  of  its  digits  is  equal 

to  26 ;  if  198  D^  added  to  the  number,  the  digits  in  the  units'  and  hun^ 
'  ^dreds'  places  will  be  interchanged.    Required  the  number. 

3>t'^o  —  6,  0/0^'  ft  be  the  throe  dtgita^^'^  ^ 

Then 
f  100  (a  A  6)  +  10a  +  a+  b  =  the  number^^ 

'/  100y+6)  +  10a+a  — 6  =  the  n^j^i^ Ji   the   first  and  third 

j       ■*"  y  4^^  are^'^terchaneed. 

3^^ 7"^       '.^ 


'^       ,.  ^y (^  -,&)  +  IQg  +  g  +  6  ^^^  -  ,.  ' ^-^'"^    JCl     (1) 
100(a/-  6)'+  10a  +  a  +  5+196  =  100^^4  6)  +  10a  +  a  -  6^-^  (2) 


Fromf(l), 


111  a -1(9  5 


•  \: -^  3^ 

Vi-.  — *■       111  «_ 


lllaT-9a6  =  78a 
va8a»«96 
a  =  3& 


".'  .  / 


•5  i,  ..  /  i>  r- .">  i-y^l.  -it 
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From  (2),  111  a  -.-^  6  +  198  =  Hi 

■^  198^188 

-    '6=1 


( 


^ 


a  =  3 

The  number  is  234.    ^  ^ 

33.  There  are  placed  m  a  straight  line  npeff  a  lawn  60  eggs  3  feet 
distant  from  each  other.  A  person  is  ra<juired  to  pick  them  up  one  by 
one  and  carry  them  to  a  basket  in  th^<line  of  the  eggs  and  3  feet  from 
the  first  egg,  while  a  runner,  starUifg  from  the  basket,  touches  a  goal 
and  returns.  At  what  distanceymght  the  goal  to  be  placed  that  both 
men  may  have  the  same  disti^ide  to  pass  over  ? 

In  picking  up  the  eggs  the  man  goes  snccessiyely  6,  12, 18, feet. 

Hence  the  distances  form  an  arithmetical  series  for  which  a  =  6, 
d=6,n  =  60, 

/  =  6  +  49x6  =  300 
«  =  25(16 +  300)  =  7660 
.'.  The  first  man  travels  7650  feet.    The  goal  must  therefore  be 
placed  at  a  distance  of  3825  feet. 

34.  Starting  from  a  box,  there  are  placed  upon  a  straight  line  40 
stones,  at  the  distances  1  foot,  3  feet,  6  feet,  etc.  A  man  placed  at  the 
box  is  required  to  take  them  and  carry  them  back  one  by  one.  What 
is  the  total  distance  that  he  has  to  accomplish  ? 

The  man  goes  successively  2,  6, 10, feet 

Hence  a  =  2,  rf  =  4,  n  =  40 

/  =  2  +  39x4=158 

s  =  20(2  +  168)  =  3200 
/.  He  has  to  travel  3200  feet. 


^   . 


/  / 


35.  The  sum  of  five  numbers  in  arithmetical  progression  is  46,  and 
the  product  of  the  first  and  fif  thjs^  of  t]^  product  of  the  second  and 
fourth.     Find  the  numbers.   >^       / "  >- 

Let  the  number  be  a  —  46,  a  —^6,  a,  a  +  2 6,  a  +  ^b. 

Then,  !^!,./     ' 

0;g,^  +  u»fl6tutut2&-hu  + 46-46 c  '^  (1) 

(a-46)(a  +  46)  =  f(a-26)(a  +  26)  (2) 


f' 


•  ^ 


l\^ 
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From  (1), 

6a  = 
a  = 

45 
9 

(8) 

From  (2), 

8(a2- 

1662)  = 

3a2  = 

a2  = 

:6(a2-4 
10862 

:3662 

4>) 

Substitute  yalue  of  a  from  (3), 

81  = 

:3662 

/.  6  = 

±! 

a 

-46  = 

3,  or  16 

a 

-26  = 

6,  or  12 

n 

+  26  = 

12,  or  6 

a 

+  46  = 

:  15,  or  3 

.*.  The  numbers  are  3, 

6,  9, 12,  and  15. 

* 

Table  on 

Faob 

186. 

1.       1st  term  =  a 
2d  term  =  ar 

2. 

«  = 

r-1 

3d  term  =  ar2 

r»- 

-«  = 

rl^-a 

nth  term  =  ar^"^ 

• 
• 

r/  = 
.  /  = 

a+(r- 

r 

-1). 
-1). 

3.                         /  =  ar^- 

-1        (1) 

/.  rl=zar^ 

(2) 

From(l),    r«-i  =  -  *•  /  =  af-i 

*  7 


Also,  « =  ^^ ^  r  —  1 

ar-«  =  ar^-a  s(r- 1)  =  a(r»-l) 

«r  —  ar»  =  «  —  a  a  =  *v  ""^ 


Substitute  r/  for  ar^, 


r*-l 


«r-r/=«-a  .   _L_£(Lzil 


r*~i       r»  —  1 
/(r«-l)=>sr*-i(r-l) 

*-i/7     c_^  r"-l 


r(«  —  0  =  «  —  o 

8  —  a 
•    r  ^ 


_/,\n-l 


/(«  -  0«-i  -  a(«  -  a)*-!  =  0 
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6. 

8  =  a -\- ar -\' ar^  +  ar*  ■{■ +  ar^^ 

Multiply  by  r,         r«  =         ar '\' ar^ '\- ar*  •\- +  ar^"^  +  ar» 

Subtract,  rs  ^$  =  01^-^0 

»(r-l)  =  a(r«-l) 
a(r»  — 1) 

6. 

8  =:  a  +  ar -{-  ar^ -^  at* -^^ +  ar*"l 

Multiply  by  r,         rg  =        ar  -f  ai-a  +  ar«  -|- -|-  ar^"^  +  ar» 

Subtract,  rt  —  «  =  or»  —  a 

(r-l>  =  a(r»-l) 
ar»  — a 

Since  /  =  fl**"* 

rl  =  ai-* 

Substitute  r/  for  ar^,  « =     ""^ 

r  —  1 

7.  Z  =  ar*~i  8.  /=ar*"i 

•■^t)^  From(l).     a  =  -i:j 

*-     r-1  From  (2),     o  =  £j£--i2 

r,_,  =  a(r"-l)  ,(r-l)_    « 

Snbititute  ralue  of  r,  • "    ^_  1   ~5^ 

«  = ^ 

\«/  ar*-i  =  / 

»-^^-— ^  / 

_       * ^  •     a  — . 
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0) 

(2) 
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10.  5=^^-^  14.  s^^^niziL 

r-1  r— 1 

(r— 1)»=  (r*— l)a  r«  — «  =  ar»»-.a 

.    /.  _  (^  "  ^)^  >•«  —  a*^  =  «  —  a 

r"  —  1  ar»  =  rs  —  («  —  a) 

s        «  — a 

.'.  r»  =  -  r 

a  a 

11  ,  _  rZ  —  g  s        s  — a     ^ 

r  — 1  a  a 

(r  —  l)s  =  r/  —  a 

a=r/-(r-l>  15^  ,  =  !lzi« 

r-1 

12.  /  =  ar»-l  (1)  r«  — r/=«  — a 

j^rl^a  .g.  r(«-/)=«-a 

r-l  ^  ^  .    -_i~a 

•  •  #  — ^  ^^^"^^ 


From(l),     r  =  (^yri 
From  (2),     r  = 


■••(a---;5f 


Then 


a  = 


r-l 


a 


.'.  a(«  — a)«-i  — /(«  — /)«-l  =  0  r»  — 1 

...  _L  =  i(r-ll 
13.  Zrrar*-!  "  r»-A       r"-l 

1  _  /  /r*  —  /  =  sr*  —  sr""i 

"~  "  «r»  —  si-w-i  —  /r»  +  /  =  0 

.   ^_^/7  r»»(s-0-«r«-i  +  /  =  0 

* '     —   /«  7 

r»--?_r»-i  +  -i_  =  0 


Exercise  37. 

1.  Find  the  eighth  tenn  of                 2.  Find  the  twelfth  term  of 
3,6,12, 2,-4,8, 

/  =  ar»»-l  /  =  a^n-i 

^=3X27  /=2(-2)ii 

'=384  /  =  -4096 
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8.   Find  the  twentieth  term  of  8.  Find  the  sum  of  twelve  terms 

h-hh of  5, -3,  If, 

/  =  ar^-^  _  o(r»  — 1) 

4.  Find  the  eighteenth  term  of  —  8 

3,2,li, 3i«_25 

/=ar-i  ,  =  ^ 

,     2"  ,  =  26_^^ 

'  =  3S  8      8X6M 

._.,,,             ,  9.  Find  the  «um  of  n  terms  of 

6.  Find  the  nth  term  of  11  <    i. 

l.-li.lj. *'*'*' ,^     „ 

1  =  ar—^  *  -    V-1 

6.  Fmd  the  sum  of  eleven  terms  a 

of  4,8, 16, ^_76_        3 

r-l 

^  ^  4(2"  ~  1)  10.  Sum  to  infinity 

2-1  4-2  +  1- 

«  =  8188  a 

s=  

1-r 

7.  Find  the  sum    of   nineteen  4 

terms  of  9,  3,  1, '  ""  1  ^  j 

r-1 

9r(i)i9  _  IT  11.   Sum  to  infinity 

,_■   27r(t)»-ii  ,=-£_ 

2  l-r 

'  =  ¥-¥«)»  .-    » 

^     2  X  3«>  » = 
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18.  Sum  to  infinity  18.  Sum  to  infinity 

a  ^        a 

'=T:rr  '=T:rr 


14.  Find  the  value  of  the  recurring  decimal  .158153  + 

1-r 
.163163  + =  tWV  +  TjMhns  +  etc. 

JL5JL 

15.  Find  the  value  of  the  recurring  decimal  .123635  + 

a 
1-r 


••••• 


.123636  + =  .12  +  .003636  +  ... 

.003636  + =  ttW^tt  +  TJ^hns  + 


loVoo 


•  —     99  *  -•  "vihf      '^2  —  ifJ4 

....123636  + =  1188  +  36^1223 

9900  9900 


16.  Find  the  value  of  the  recurring  decimal  3.17272  + 

8.17272  + =  3.1  +  .07272  + 

.07272  + =  T^J^  +  TJiihn  + 

a 
1-r 

'  =  ^A  =  Tfi7  3.1  =  fi  =  ftt 

••.3.17272+ =  MJ  +  T*Tr  =  3iWr 


.*••• 
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17.  Find  the  valae  of  the  recurring  decimal  4.2661661  + 

4.2561661  + =  4.2  +  .0661661  + 

.0661661  + =  ^JJ^  +  TviHini  + 

1-r 

**  ~  Tooixr  ^  ^  iinnr 

11  —  TOodo  ,  __   6«i 

JJJL  •**" 

«  =  tWF  4.2  =  f}  =  V 

4.2661661  + =  ^VA  +  V  =  Wy  =  4** 

18.  Given  a  =  36,  /  =  2  J,  fi  =  6.    Find  r  and  «. 

l  =  af^-^  {  =  86r* 

""r-l 

19.  Given  /  =  128,  r  =  2,  n  =  7.    Find  a  and  «. 

/=:ar»-i         128  =  ax2»        a  =  2 
.      r/  — a     266  —  2     or. 

8  = = =  204 

r-1        2-1 


SO.  Given  r  c  2,  n  =  7,  «  =  636.  Find  a  and /. 

.  =  «(^-^)  .  636  =  ^^?!:^ 

r-1  2-1 

636=  127a  a  =  5 

/  =  ar«-i  /  =  6X2«  =  320 

21.   Given/=1296,  r  =  6,  s=1666.    Find  a  and  «. 

_  r/  — g  /  =  ar""! 

"r-l  1296  =  6*-i 

1666=^^^^^^  1.-1  =  4 

6-1  n=6 
a  =  7776  -  7776  =  1 
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22.  Insert  three  geometrical  means  between  14  and  224. 
The  total  number  of  terms  is  5. 

/  =  ar"^-^  r  =  +  2 

224  =  14r*  The  means  are 

r*  =  16  28,  56,  112 

r  =  ±2  r  =  — 2 

The  means  are 

-28, +  56, -112 

23.  Insert  five  geometrical  means  between  2  and  1458. 
The  total  number  of  terms  is  7. 

I  =  ar*-^  r  =r  +  3 

1458  =  2  X  r*  The  means  are 

r^  =  729  6,  18,  54, 162,  486 

r=±3  r  =  — 3- 

The  means  are 

-  6, 18,  -  54, 162,  -  486 

24.  If  the  first  term  is  2  and  the  ratio  3,  what  term  will  be  162 1 

/  =  a7«-i  n  —  1  =  4 

162  =  2  X  3«-i  n  =  6 

3»-i  =  81  The  5th  term  will  be  162. 

25.  The  fifth  term  of  a  geometrical  series  is  48,  and  the  ratio  2. 
Find  the  first  and  seventh  terms. 

Fifth  term  is  ar*,  r  =  2  Seventh  term  =  at* 

.-.  a2*  =  48  =3X2« 

a  =  S  =192 

26.  Four  numbers  are  in  geometrical  progression;  the  sum  of  the 
first  and  fourth  is  195,  and  the  sum  of  the  second  and  third  is  60.  Find 
the  numbers. 

Let  a,  ar,  ar^,  ar^  be  the  numbers. 

Then  a-\-ar»=  195  (1) 

ar  +  ar2=   60  (2) 

From  (1),  fl(l  +  r8)  =  195  (3) 

From  (2),  ar(l  +  r)  =    60  (4) 

Divide  l-r  +  r^^lgS 

r  60 
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60-.60r  +  60r2=  196r 
60r2-.255r  +  60=0 

(4r-l)(r-4)  =  0 

•.  r  =  4,  or  J 


=  60 


(1) 
(2) 


Substitute  yalae  of  r  in  (4), 

20a  =   60,  or  T^  a 

/.  o  =     3,  or  192 

ar=    12,  or    48 

ar^=   48,  or    12 

ar»=  192,  or     3 

.'.  The  numbers  are  3, 12,  48,  and  192. 

27.  The  sum  of  four  numbers  in  geometrical  progression  is  106 ;  the 
difference  between  the  first  and  last  is  to  the  difference  between  the 
second  and  third  in  the  ratio  of  7  : 2.    Find  the  numbers. 

Let  a,  ar,  ar^,  ar*  be  the  numbers. 

a-\-  ar-^-  ar^  +  ar^  =  106 
Then  ar*  — •  a :  ar^  —  ar  =  7 :  2 

Jrnm  (**)] 2(jii'a-a;  =  T(uj^»ui) 

rJK''^    n     11)- 

3ra— 5r  +  2  =  0 

(2r-l)(r-2)  =  0 

.-.  r  =  2,  or  J 
Substitute  value  of  r  in  (1), 

a  (1  +  2  +  4  +  8)  =  106 

OP  a(l  +  J  +  t  +  i)=106 

a  =   7,  or  66 

ar  =  14,  or  28 

ar^  =  28,  or  14 

ar»  =  66,  OP    7 

.*.  The  numbers  are  7, 14,  28,  66. 

28.  The  first  term  of  an  arithmetical  progression  is  2,  and  the  first, 
second,  and  fifth  terms  are  in  geometrical  progression.  Find  the  sum 
of  11  terms  of  the  arithmetical  progression. 

Let  d  =  the  common  difference  of  the  arithmetical  progression. 

Then  2,  2  +  (/,  and  2  +  4</  are  in  geometrical  progression. 

2±d_2±4d 
2  2  +  d 

4  +  4<f+rfa=4  +  8<f 


* . 


r   '    ■> 


•''  ; 


(2) 
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rfa-.4rf  =  0 
(1  =  4 
Then  a  =  2,  rf=4,n  =  ll 

/  =  a  +  (n-l)<f 
=  2+10x4  =  42 

«  =  ^(a  +  0 

=  jjji(2  +  42)  =  242 
.*.  The  sum  of  11  terms  of  the  arithmetical  progression  is  242.    (//^ 

29.  The  sum  of  three  numbers  in  arithmetical  progression  is  6.  If 
1,  2,  6  be  added  to  the  numbers,  the  three  resulting  numbers  are  in 
geometrical  progression.    Find  the  numbers. 

Let  a^d,a,a  +  dhe  the  three  numbers. 

Then  3a  =  6  (1) 

q-l-2     _a  +  rf-f6 
a  — <f+l         a  +  2 
From  (1),  a  =  2 

Substitute  Value  of  a  in  (2), 

3-rf         4 

16  =  21 -.4c/-flP 

(rf-l)(rf  +  5)  =  0 

.'.  rf  =  1,  or  —  6 
a  —  <f  =  1,  or  7 
a  +  rf=3,  or— 3 
.'.  The  numbers  are  1,  2,  and  3,  or  7,  2,  and  —  3. 

80.  The  sum  of  three  numbers  in  arithmetical  progression  is  15 ;  if 
1,  4,  19  be  added  to  the  numbers,  the  results  are  in  geometrical  pro- 
gression.   Find  the  numbers. 

Let  a  —  d,  a,  a-\'  dhe  the  numbers. 

Then  3a  =  15  0) 

q-l-4     ^  g -!-</+ 10  .gx 

a  — rf+1  a  +  4 

From  (1),  a  =  5 

Substitute  value  of  a  in  (2), 

9     ^24  +  rf 
6-rf  9 


X'^ 
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81  =  144-18rf-(i« 
flP+18<f-63  =  0 
(rf  +  21)(rf-3)  =  0 

/.  rf  =  3,  or  —  21 
a  — (f=  2,  or  20 
o  +  c/=8,  or  — 16 
.*.  The  numbers  are  2,  6,  and  8 ;  or  26,  5,  and  — 16. 

81.  There  are  four  numbers  of  which  the  sum  is  84 ;  the  first  three 
are  in  geometrical  progression  and  the  last  three  in  arithmetical  pro- 
gression ;  the  sum  of  Uie  second  and  third  is  18.    Find  the  numbers. 

Let  a,  ar,  ar^  be  the  first  three  numbers. 
Then  ar^  +  ar^  —  ar  is  ttife  fourth  number. 

.-.  a +  or  +  ar3  +  2ar2  — or  =  84  (1) 

ar  +  ar^  =  18  (2) 

From  (1),  a  +  3ar3  =  84  ^  (8) 

Divide  (2)  by  (3).  l±f^=^l^y^^ 


14r+l4ra  =  3  +  0r« 
6ra  +  14r-.3  =  0 
(5r-.l)(r  +  3)  =  0 

.-.  r  =  J,  or  —  3 
Substitute  value  of  r  in  (2), 

a(i  +  A)  =  18,ora(-3  +  9)  =  18 
.*.  a  =  75,  or    3 
ar  =  15,  or  —  9 
ar^=   3,  or  27 
2ar2  — ar=r-0,  or63 
.-.  The  numbers  are  75, 15,  3,  and  —  9,  or  3,  —  9,  27,  and  63. 

32.  There  are  four  numbers  of  which  the  sum  is  13,  the  fourth  being 
3  times  the  second ;  the  first  three  are  in  geometrical  progression  and 
the  last  three  in  arithmetical  progression.    Find  the  numbers. 

Let  a,  ar,  ar^  be  the  first  three  numbers. 
Then  2  ar^  —  ar  is  the  fourth  number. 

...  a  +  ar  +  ar^  +  2ar^  —  ar  =  13  (1) 

2ar^^ar=:Sar  (2) 

From  (1),  a  +  3ar«=13  (3) 


rom  (2), 
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2ar2  — 4ar  =  0 
ar2  — 2ar  =  0 
,,     f  /.  ar  =  0 

or   <y  r  =  2 

^   *■  Su)><6tute  ar  =  0  in  (3),  a  =  13 

-     '■        "*•  /  .-.  r  =  0 

i  -^  s..  ^  Thii  fir  iif  iiuliilliiiiii  III  In  In  ■■jnntnd 
K  > '_  jSnlMtitMter  =  2in  (3),  o  +  12o  =  13 
^  ^  -^  •■^'^  .-.0  =  1 

-  ■  '   -  ar  =  2 


(4) 


^/>^ 


A^ 


I 


7 


ar^  =  4 
1  '  2ar2-ar  =  6 

b*.  The  nun^bers  are  1,  2,  4,  and  6. 


/ 


■#*^ 


;i.^.^* 


N^- 


\ 


83.  The  sum  of  the  squares  of  two  numbers  exceeds  twice  their 
product  by  576 ;  the  arithmetical  mean  of  the  two  numbers  exceeds 
'^the  geometrical  by  6.    Find  the  numbers. 

D(^-i  +  5f  iLtSSTx  —  y  be  ttre-iMimbers. 


I  *0>    V    Then 


V 


r\  c 


s 


From  (1),      (I 


ij(^  +  y)H  (x  -  yY  ^x  +  ^) (a:  -  y)  +  576 
2\r*  ri.iiy2^,2  xf  -"^^2  +  576 


(1) 
(2) 


b:. 


\ 


/ 


From  (2),  ^^ 

Substitute  ^  =  ±  12,  <  —  6  =  V^--,  144 

a:2.i2a:^^.^  =  z2jt;ii4 

12ja:=  WO/  I 


.*.  The  numbers  are  3  and  27. 


84.   A  number  consists  of  three  digitf^in  geometrical  progression. 
The  sum  of  the  digits  is  13 ;  and  if  792/be  added  to  the  number,  th 
digits  in  the  imits'  and  hundreds'  placek  will  be  interchanged.    Find 
the  number.  \ 

Let  a,  ar,  ar^  be  the  three'^igits  in  qjder.lN 
Then       100a  +  10>H<f  ar^  =  the 


/ 


y> 


^r;^. 


l^^-'^- 


\ 


'.«. 


'/J 


t    I 


li 


1  ^      \/^ 
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•^   0" 


*s  '^ 


N    V7     ^  /.  a4^r  +  ar»=13  ^         -(1)     v 

-^      Y  lOOa+lOarif  ora+ 702  =  a +  10ar+lQOara    y<   -      (2)       y 

.    |S  From  (2),     '   99ay99ara+ 7©2=i).--"^^  .  ^  ^    "^^  / 

-<  /  ar<a  =  8        /  X      *         (3)    ^        ^ 

Ui^ide  (1)  b,  (3|,         l^^^p'  .  ^^.^  V       ;^ 

^     ^^  V    8  +  8r  +  822//T3ra-13    •■^^^.    .  .,     ^ 

\y  (5^^F^-3)=0.<  X        ^/    ^. 

Substitute  value  of^iiviS),  ^  - '      '^ /     ^ 

^  ^Wf^af=8,or}§a-a=:g  A^    / 


ar  =  3  N  V  - 

.'.  The  number  is  139.    ' 

35.  Find  an  infinite  geometrical  series  in  which  each  term  is  five  times 
the  sum  of  all  the  terms  that  follow  it. 

Let  a  be  any  term  of  the  series. 
ar  the  following  term. 

Then is  the  sum  of  all  terms,  beginning  with  ar, 

1  — r 

6ar 
.*.  a  = 


1  = 


1-r 

5r 


1-r 
l-r  =  6r 

•*.  Any  series  for  which  r  =  |  will  satisfy  the  requirement. 

86.   If  a,  6,  c,  d  are  four  numbers  in  geometrical  progression,  show 
that  (a3  +  62  +  c2)(62  +  c^  +  (/2)  =  (a6  +  6c  +  crf)2. 

Let  r  be  the  ratio  of  the  series. 
Then  6  =  ar 

c  =  wr^ 
d  =  a»"* 
.-.  (a2  +  62  +  c2)  (6«  +  c*  +  cP)  =  (aa  +  aV  +  aV*)  (aV  +  aV  +  aV) 

=  aV2(l  +  ,^  +  r*)(l  +  r2  +  r*) 
=  a*ra(l  +  r^  +  r*)2 
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And  (ab-{-bc-{-  cd)^  =  {pflr  +  aV»  +  aM)* 

=  a*r2(l  +  ra  +  r^)« 
.-.  (a3  +  62  +  cS)  (62  +  c3  +  d«)  =  (a6  +  6c  +  crf)2 


Exercise  38. 
1.  Insert  four  harmonical  means  between  2  and  12. 


m+  1 

A*  V^'  A*  A  =  arithmetical  means, 
.'.  6,  4,  3,  2f  =  harmonical  means. 

2.  Find  two  numbers  whose  difference  is  8,  and  the  harmonical  mean 
between  them  If. 

X  =  one  number. 
X  +  8  =  the  other  number. 
2  ah 


Let 
Then    ' 


*  f. 


//  = 


^^ 


.  ^ 


■Ss, 


a  +  6 
9^2jr2-H6g  _    >1j±£^ 
"5         2x  +  8     '^      y.'f.l^ 

x=l,  or  — 7J 
x  +  8  =  9,or| 
Hence,  the  numbers  are  1  and  9. 


8.  Find  the  seventh  term  of  the  harmonical  series  3,  3},  4, 

/=:a  +  (n-l)rf 
Here  a  =  J,n  =  7,  </=iV-i«r  =  -.ifj 

Hence,  the  seventh  term  is  12. 


4.  Continue  to  two  terms  each  wa/  the  harmonical  series  two  con- 
•ecutire  terms  of  which  are  15, 16. 
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Hamionical  series,  15,  16. 
Arithmetical  series,  ^,  ^. 

Subtract  d  from  first  term,  x^  +  ^ J^  =  ^fy 

Subtract  d  from  ^^^,  ^^V  +  ib  =  AV 

Add  d  to  last  term,  A  —  ihr  =  AV 

Addrfto,VV                                   M-iiir  =  tVir 
Hence,  arithmetical  series  is  ^^,  ^i^ J^,  ^^, 

Hence,  harmonical  series  is  13^,  14]^ 17},  IS^, 

6.  The  first  two  terms  of  a  harmonical  series  are  6  and  6.    Which 
term  will  equal  30  ? 

/  =  a  +  (n-l)rf 

»  =  — +  1 

n  =  6 


6.  The  fifth  and  ninth  terms  of  a  harmonical  series  are  8  and  12. 
Fmd  the  first  four  terms. 

m+1 

tt  +  A  ~  1 6  —  ^ 

¥«  +  A  ~  is  ~  gj 

«  +  A  =  il  =  i 

Hence,  the  first  four  terms  are  6,  6 1,  6  J,  71*^. 

7.  The  difference  between  the  arithmetical  and  harmonical  means 
between  two  numbers  is  If,  and  one  of  the  numbers  is  four  timet  the 
other.    Find  the  numbers. 
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Let  X  and  y  =  the  numbers. 

Then  £±J^,  A£L  =  the  arithmetical  and  harmonical 

^  ^         means. 
Hence,  a:  =  4y  (1) 

and  £±1-1^  =  ?  (2) 

2         x  +  y      6 

Substitute  4y  for  x  in  (2), 

2       5y      6 

/.  y  =  2 
and  x  =  8 

8.  The  arithmetical  mean  between  two  numbers  exceeds  the  geoniet- 
rical  by  13,  and  the  geometrical  exceeds  the  harmonical  by  12.  What 
are  the  numbers  ? 

Let  a  and  6  =.  the  numbers. 

Then  °"^  ,  >/a6,  — —  =  the  arithmetical,  geometrical,  and 

^  "^  harmonical  means. 

Hence  ?^i^  -  v^  =13  (1) 

2  ^ 

V^-lff^  =  12  (2) 

Add  (1)  and  (2),      i±^  -  ^^  =  26  (3) 

2         a  +  ft 

Transpose  in  (1),  ^-i^  - 13  =  VS 

o  +  6-26  =  2>/a6  (4) 

Square  (4),        o2  + 2a6  + ft*  — 62a  — 626  +  676  =  4a6 
Simplify  (3),     a2  + 2o6  + 62-.60a-606  =4a6 

Subtract,  2  a  +  2  6  s^  676 

d  +  6=s338  (5) 

Substitute  value  of  a  +  6  in  (1), 

169-Va6=l3_ 
156  =  Va6 
From  (6),  o  =  338  -  6 

/.  166=V(338-6)6 
/.  1662=3386-6« 
63 -3386  =  -24336 
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fcs  _()+ (169)2  =  4225 
6-169=  ±66 

/.  6  =  234,  or  104 
and  0=104,  or  234 

9.  The  nun  of  three  terms  of  a  harmonical  series  is  89,  and  the 
is  the  product  of  the  other  two.    Fmd  the  terms. 

Let  X  —  the  first  term, 

and  y  =  the  last  term. 

2xtf 
Then  — i —  =  the  middle  term. 


2  TV 

.•.'+y+j+7=39  (1) 


(2) 


From(l),  a«+4xy  +  y«  =  39(x  +  y)  (3) 

From  (2),  1  =  -^^^ 

x  +  y  =  2xa 
y  =  2x«  — * 
Substitute  value  of  y  in  (3), 
x*  +  8x»  -  4x2  +  4x*  -  4x«  +  x3  =  78xa 

4x*  +  4x«-80xa  =  0 

4xa(xa  +  x-20j  =  0 

4x«(x+6)(x-4)=0 

/.  X  =  0,  4,  or  —  6 
y  =  0,  28,  or  56 
2xy 


ar  +  y 


=  7,  or -11. 


.'.  The  numbers  are  4,  7,  and  28,  or  —  5,  — 11,  and  56.       i  i 

10.  When  a,  6,  c,  are  in  harmonical  progression,  show  that 

a:c::a  —  6:6  —  c. 

If  a,  6,  c,  are  a  harmonical  series, 

1-1=1-1 
h     a     c     h 

Multiply  by  a6c,  Qc-^hc^ah-^aua 

or  c  (o  —  6)  =  a  (6  —  c) 

or  a:c::a  —  6;6  —  c 


>     - 
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11.  If  a  and  6  are  positive,  which  is  the  greater,  A  or  H? 

a  +  6 


A  = 


H= 


2 

2ab 


as 

as 
as 


A>OT<iH 


But 


2     ^   "   ^a-k-b 
(a  +  6)2>or<4a6 
o3  +  62>or<2a6 
aa  +  68>2a6 
.-.  -4  >  IT 


Exercise  39. 


Solve  in  positive  integers : 

1.  ar  +  y  =  12 

Transpose,    x  =  12  —  y 
If        y  =  l,  a:=ll 
If        y  =  2,a:=10 


1- 


If      y  =  ll,x=l 

2.      2x  +  lly  =  83 
Transpose, 

2x  =  83-lly 

x  =  41-.6y  +  i:=l      (1) 

Let         h=l:=m 
2 

.'.  1— y  =  2m 

y  =  l  — 2i» 

Substitute  value  of  y  in  (1). 

/.  a:  =  86+llOT 

y=l— 2m 

If       m  =  0,  x  =  S6,y  =  l 

If  m=:  — 1,  x  =  26,  y  =  3 

If   m  =  ^2,x=14,y=r6 

If   m^-^SfXz^  3,y  =  7 


8.       4x  +  9y  =  53 
Transpose, 
4x  =  63- 


Let 


x=13-2y+l:=iJ 


0) 


=  m 


4 
/.  1  —  y  =  4  m 

y = 1 —4m 
Substitute  value  of  y  in  (1). 
.-.  x=ll  +  9m 
y  =  l-.4m 
If       m  =  0,x=ll,y  =  l 
If  m  =  -l,x=   2,y  =  6 

4.       8x  +  6y  =  74 

Transpose, 

6y  =  74-8x 

4-3x 


y  =  14-x  + 

Multiply  by  2, 
2y  =  28-2x  + 


=  29  — 3x  + 


6 

8-6x 

6 
8-* 


(1) 
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Let          ^-^-m                               Multiply  by  2, 

0) 

ar  =  3  — 6m                                              x 

Substitute  value  of  x  in  (1).            "^^                3  "^  "* 

24-40m  +  5y=74                                                 ,^^3^ 

.-.  y  =  10  +  8m                         «  ,     .            ,        -     .     x^v 
o      -                             Substitute  value  of  x  m  (1). 
ar  =  o  —  ow                                                     «p. 

lfiii=0,  x  =  3,  y  =  10                                          ^ 

lfjn  =  —  1,  r  =  8,  y  =  2 

'^                             If       111  =  1,  a:  =  3,  y  =  80 

6.    5r+3y  =  106                              ^       m  =  2,  *  =  6,  y  =  25 

Transpose, 3y  =  106- 6 jr                   ^       m=:3,  x  =  0,  y  =  20 

V  =  36     x-^*                        

^                      3                If       m  =  6,x=18.y  =  6 

6,                                    tx  +  6y  =  02 

8x  +  20y-368 

Transpose,                             3  ar  =  368  -  20  y 

r=122      QyJ{.^.=ll 

8 

(1) 

Multiply  by  2,                      2i  =  246-18y +  i=J^ 

Let                                    ^T"-"' 

...   1— y  =  3OT 

y=l-3TO 

Substitute  value  of  y  in  (1). 

.-.  x=  116  + 20m 

y=l-3m 

Ifm=     0,  *=116,  y  =  l 

If  m  =  -  1,  X  =    96,  y  =  4 

If  m  =  -2,  x=   76,  y  =  7 

Tf  m  =  -6,  x=    16,  y=16. 

7.                                      }x+}y  =  27 

8x  +  y  =  108 

Transpose,                                y  =  108  —  3  x 

If                                      x=l,  y=r:106 
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If  x=    2,  y=102 

If  a:  =  36,  y  =  3 

8.  *x  +  }y  =  53 

8a?+15y=1060 
Transpose,  Sx=  1060  - 15  y 


x=132-2y  +  i±i?  (1) 


Let  i±it=m 

8 

/.  4  +  y  =  8  III 

y  =  8  III  —  4 
Substitute  value  of  y  in  (1). 

a:=140  — ism 
y  =  8in  — 4 
If  wi  =  l,  ar=  126,  y  =  4 

If  in  =  2,  *=110,  y  =  12 


If  m  =  9,  X  =  6,  y  =  68 

Solve  in  least  possible  integers : 

».  7x-2y=12 

Transpose,  2  y  =  7  x  — 12 


y  =  3x-6  +  |  (1) 


Let  £  =  m 

2 

/.  x  =  2m 
Substitute  value  of  x  in  (1). 

.'.  y  =  7m  — 6 
x  =  2m 
If  wi  =  l,  x  =  2,  y=:l 

10.  9x-6y  =  21 

Transpose,  6  y  =  9  x  —  21 


y  =  2x-4  +  ^4-^  G) 

5 


Let  £±i  =  m 

6 
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/.  x=:6m  — 1 
Substitiite  yalue  of  x  in  (1). 

If  111=1,  x=:  4,  y  =  3 


11. 

7x-4y  =  46 

Transpose, 

4y  =  7x-46 

y-2*     11     '+^ 

Let 

4     - 

.'.  x  =  4m  — 1 

Substitute  yalue  of 

xin(l). 

.-.  y  =  7m  — 13 

ar  =  4m  — 1 

If 

m  =  2,x  =  7,y  =  l 

12. 

llx-5y  =  73 

Transpose, 

6y=llx-73 

y-2x-14  +  *7^ 

5 

Let 

x-3 
— - — =  m 

6 

.'.  x=6in  +  3 
Substitute  value  of  x  in  (1). 

.'.  y  =  11  m  —  8 
x= 6to  +  3 
If  fn  =  l,  x  =  8,  y=r:3 

18.  16x-47y=ll 

Transpose,  16x=ll  +  47y 


Multiply  by  8,  8x  =  25y  +  5  +  ^?-±if 

16 

Let  1^  =  « 

16 

/.  y  =  16  m  — 13 


(1) 


(1) 


,=  3,  +  llJ^  0) 
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Substitute  value  of  y  in  (1). 

.-.  x  =  47m  — 40 
y=16m-13 
If  TO  =  1,  a:  =  7,  y  =  2 

14.  23a;-14y  =  09 

Transpose,  14  y  =  23  x  —  09 

y  =  x-7  +  ?^l  (1) 

Multiply  by  11,  11  y  =  14  *  -  77  +  ^^  "^  "■  ^^ 


lly  =  18x-77  + 


14 
x~ll 
14 


Let 

X  — 

14 

11_ 

m 

• 
•  • 

x  = 

14) 

in +11 

Substitute  value  of 

xin 

(1). 

• 
•  t 

y  = 

23 

01+  11 

x  = 

14 

rn+ll 

If  TO  =  0, 

x  = 

11, 

y  =  il 

16.  Find  two  numbers  which,  multiplied  respectively  by  7  and  17, 
have  for  the  sum  of  their  products  1135. 

Let  X  and  y  be  the  numbers. 


Then 

7x+17y  =  1135 

Transpose, 

7x=1136-17y 

^ 

x=162-2y  +  l^^ 

Multiply  by  6, 

5x-810-12y  +  ^^:Jf 

7 

Let 

7 
/.  y  =  5'7m 

Substitute  value  of 

y  in 

(1)- 

x=17to+160 

* 

y  =  5--7to 

(1) 


:..,!<--     r^ 


-k//^ 


I  < 


•2  -> 
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Ifiii=     0,*=160,y=    6  ^^  ^y 

If  m  =  -l,x=133,y=12  /y^  ^^ 

W  "^^^r 

If«  =  -8,ar=    U,y  =  61  ''  ^y 

16.  If  two  numbers  are  multiplied  respectively  by  8  and  17,  the  dif- 
ference of  their  products  is  10.    What  are  the  numbers  f 

Let  X  and  y  be  the  numbers. 

Then  8x  — 17y  =  10 

Transpose,  8x=10  +  17y 

x=l  +  2y  +  2±J[  (1) 

Let  ^=m 

8 

/.  y  =  8iii-2 
Substitute  ralue  of  y  in  (1). 

.-.  X  =  17  m  —  3 
y  =  8»i-2 
If  m  =  1,  X  =  14,  y  =  6 

If  »it  =  2,x  =  3l,y=14 


17.  If  two  numbers  are  multiplied  respectively  by  7  and  16,  the  first 
product  is  greater  by  12  than  the  second.    Find  the  numbers. 

Let  X  and  y  be  the  numbers. 

Then  7jf-15y  =  12 

Transpose,  7  x  =  12  +  16  y 

*=l  +  2y  +  ^  (1) 

Let  ^  =  "1 

/.  y  =  7  m  —  6 
Substitute  value  of  y  in  (1). 

/.  x=  16 111  —  9 
y=7m'6 
If  m  =  l,x=    6,y  =  2 

If  m=r2,x=:21,y  =  9 
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18.  Divide  89  in  two  parts,  one  of  which  is  divisible  hy  3,  and  the 
other  by  8. 


Let  Sx  and  8y  be  the  two  parts. 
Then  8x  +  8y  =  89 

Transpose,  3  x  =  89  —  8  ^ 


2-2.y 


x  =  29-2y  +  ^-^  (1) 


Multiply  by  2,  2 x  =  69  -  5y  + 

Let  "7  "  =  Tn 

3 

.-.  y  =  1  — 3  m- 

Substitute  value  of  y  in  (1).  . 

.•.x  =  27  +  8m 

y = 1— 3m 

If  m=      0,  x  =  27,  y=l 

It  m  =  -  1,  X  =  19,  y  =  4 

If  »i  =  — 2,  x=ll,  y  =  7 

If  m  =  —  3,  X  =  3,  y  =  10 

.-.  3x=81,  67,  33,  or9 

8y  =  8,  32,  56,  orSO 


19.  Divide  314  in  two  parts,  one  of  which  is  a  multiple  of  11,  and 
the  other  a  multiple  of  13. 

Let  11 X  and  13y  be  the  two  parts. 
Then     (  llx+13y  =  314 

Transpose,  11  x  =  314  —  13  y 

x  =  28-y  +  ^:^2^ 

Multiply  by  6,  6  x  =  171  -  7  y  +  ^^^  (1) 

Let  ^.=^^m 

11 

.'.  y  =  3^  11m 
Substitute  value  of  y  in  (1). 

.-.  X  =  13  m  +  26 
y  =  3-llm 
If  m  =  0,  X  =  25,  y  =  3 
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If 

iii  =  -l,x=12,y  =  14 
/.  11  xt=  276,  or  132 

13y  =  30,orl82 

• 

80.  What  is  the  smallest  number  which,  divided  by  6  And  by  7,  giv^          ,^ 

each  time  4  for  a 

remainder?             iC^  -''     ^ 

Let 

.  X  =  the  number. 

/, '.-y  /••;.  )'fi  ', 

Then 

jr  —  4 

— -—  =  an  integer, 

6 

:^«Vy  ~   0 

jc  —  4 

— —  =  an  integer. 

c'.  t^;^^-^ 

Let 

5                              C^rt^ 

^^  n^^^^UfiU  4 

and 

— — — =  n  • 

>■  V7  V  Ji" 

7 
.•.  x=:6m  +  4 

/..f**'^"? 

4r=7n  +  4 

, 

/.  6m  =  7n 

0 

Multiply  by  3, 

3m  =  4A  +  ^ 
6 

Let 

H- 

/.  n  =  5/> 
Substitute  value  of  n  in  equatioxf  6  m  =  7  n. 

.-.  m  =  7p 
n  =  6p 

.-.  x  =  86p  +  4 
If  p=l,x  =  39 

.'.  80  is  the  smallest  number,  except  4  itself. 


81.  The  difference  of  two  numbers  is  161.  The  first  divided  by  8 
has  6  for  a  remainder,  and  4  must  be  added  to  the  second  to  make  it 
divisible  by  11.    What  are  the  numbers? 


Let  X  be  one  of  the  two  numbers. 
Then  161 4-  x  is  the  other. 

.   X  — 5 


/ 


'j> 


8 


=  an  integer. 


«-v 


f  - 


f^' 


t> 


y-s^ 


7 
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7  = 


32. 


161+^V4_ 


Let  ^ 


/3 

/(Pf 


Multiply  by  3, 


Let 


If 

If 


an  integer. 


:r=\llfi-155 

8jn  =  \ln  — 160 
m  =  nV- 20  +  ^ 

3m  =  4n-60  +  | 

/.  n  =  8p 

a:  =  88/1  — 165 
161  +  :r  =  88/i-4 
p  =  2,  a:=   21,  161  +  x 
;)  =  3,x=109,161  +  a: 


172 
260 


SS2.  Find  pairs  of  fractions  whose  denominators  are  24  and  16,  and 
whose  sum  is  J|.  _    i        ^  -  — 

Let  X  and  y  be  the  numerators.  y --.    . 

19  .      -       ; 


/ 


y/' 


Then 


1 


Let 


24  16~24 
!2x+^y  =  38 
'         2x  =  38-3^ 

x=19-y-| 

2     ^ 
/.  ytf=2m 
2x+6m  =  38 

.-.  x=19-3iii 
y  =  2m 


♦  * 


J^Ji*.   3  7 
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S3.  How  can  one  pay  a  sum  of  $87,  giving  only  bills  of  #6  and  f  2  f 


Let 

X  =  number  of  $6  bills, 

and 

y  =  number  of  $2  bills. 

Then 

6a:  +  2y=87 

2y  =  87-6x 

y  =  43-2x  +  l^ 

Let 

2     ""• 
.-.  x=:1^2m 
/.  y  =  6  m  +  41 
ar=l-2m 

If 

m 

=  0,ar=l,y  =  41 

If 

m  = 

-l,x=3,y  =  36 

If 

m  = 

•    • 

-2,x=5,y  =  31 

n 


m  =  —  8,  X  =  17,  y  =  1 


S4.  A  man  buys  calyea  at  $6  apiece,  and  pigs  for  $3  apiece.    He 
spends  in  all  $  114.    How  many  did  he  buy  of  each  1 


Let 

X  =  number  of  calves. 

and 

y  =  number  of  pigs. 

Then 

6x  +  3y  =  114 

3y=114-5x 

y=38-,-^ 

2y  =  76-3x-| 

3 

Let 

r" 

x  =  3m 

yr=38  — 5m 
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If 


If 


111  =  1,  2r=:8,  y  =  83 
m  =  2,  X  =  6,  y  =  28 

wi=7,  x  =  21,  y  =  3 


86.  A  person  bought  40  animals,  consisting  of  pigs,  geese,  and 
chickens,  for  $40.  The  pigs  cost  $5  apiece,  the  geese  $1,  and  the 
chickens  25  cents  each.    Find  the  number  he  bought  of  each. 


Let 


Then 


Subtract, 


Let 


(l)is 


Then, 


If 
If 


X  ^  number  of  pigs, 
y  =  number  of  geese. 
z  =  number  of  chickens, 
ar  +  y  +  «  =  40 
5x  +  y  +  i«  =  40 

4a:  — fa:  =  0 
16ar-3z  =  0 

3«=16x 

3 


(1) 
(2) 


X 

3 


=  m 


/.  x=zZm 
3«=16x 

J^  +  y  +  «  =  40 
3m-f  y  +  13m  =  40 

/.  y  =  40  — 19f« 
a;  =  3in 
y  =  40  — 19ot 

m  =  l,  x=3,  y  =  21,  z=16 
TO  =  2,  X  =  6,  y  =   2,  z  =  32 

.'.  He  bought  3  pigs,  21  geese,  and  16  chickens,  or  6  pigs,  2  geese, 
and  32  chickens. 


26.  Solve  18x  —  5y  =  70  so  that  y  may  be  a  multiple  of  x,  and  both 
positire. 

18x-5y  =  70 
y  =  wix 


teachers'  edition.  289 


18x~6iRx=70 

70 


a;  = 


18-6ni 
70m 
^      18-6«i 
If  «  =  1,  ar=5A,  y  =  5T^ 

w  =  8,«  =  2SJ,y  =  70 

87.  Solre  8x  4-  12y  =  28  so  that  x  and  y  may  be  positiye,  and  their 
sam  an  mteger. 

8ar+12yr=23 

*  +  y  =  « 

x  =  m  — jr 
8m  — 8y  +  12y  =  23 

4y  =  23-8m 

y  =  y-2m 

/.  «=8m  — y 

If  «  =  2,«  =  J,y  =  H 

28.  Divide  70  into  three  parts  which  shall  gire  integral  quotients 
when  divided  by  6,  7,  8,  respectively,  and  the  sum  of  the  quotients 
shall  be  10. 

Let  6  X,  7  y,  and  8  «  be  the  three  parts. 

Then  6x  +  7y  +  8*=70  (1) 

ar  +  y  +  *=  10  (2) 

Subtract  6  X  C2)  from  (1), 

y  +  2«  =  10 

y=10  — 2s 
Substitute  value  of  y  in  (2), 

x+10— «  =  10 

X=zZ 

y=10  — 2« 
If  «=l,x  =  l,y  =  8,6x=   6,7y  =  66,8«=   8 

«  =  2,*  =  2,  y  =  6,6x=12,  7y  =  42,  8«=16 
c  =  8,x  =  8,  y  =  4,6x=18,  7y  =  28,  8«  =  24 
a  =  4,x  =  4,  y  =  2,  6x  =  24,  7y=14,  8«  =  32 
.*.  The  parts  are  6,  66,  and  8;  or  12,  42,  and  16;  or  18,  28,  and  24; 
or  24, 14,  and  82. 
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29.  In  how  many  ways  can  $3.60  be  paid  with  dollars  and  twenty- 
cent  pieces  ? 

Let  X  —  number  of  dollars, 

and  y  —  number  of  20  cent  pieces. 

Then  100x  + 20j/  =  360 

6a:-f  .y=18 

^=18  — 5r 
If  a:  =  0,  y  =  18 

T=l,y=l3 
x=2,y  =  8 
a:  =  3,y  =  3 
Hence  it  can  he  done  in  3  ways  (or  4  ways  including  the  case  in  which 
the  amount  is  all  paid  in  twenty-cent  pieces). 

80.   In  how  many  ways  can  300  pounds  be  weighed  with  7  and  9 
pound  weights  ? 

Let  X  —  number  of  7  pound  weights, 

and  y  =.  number  of  9  pound  weights. 

Thea  7x-f9y  =  300 

7x  =  300-9y 

^  7 

7 


Let 

^ 

4x  = 

8-.V_ 
7 

.-.  y  = 

x  = 

y  = 

:171-5y  + 

m 

3-.7m 
39  +  9  m 

3-77M 

If 

m 

=  0,  ar  = 

39,y=r3 

m 

=r 

-l,x  = 

30,  y  =  10 

m 

= 

-2,X=: 

21,y=17 

m 

~ 

—  3,  x  = 

12,  y  =  24 

m 

=r 

-4,x  = 

3,y  =  31 

.-.  It 

can 

be  done 

in  5 

ways. 

31.  Find  the  general  form  of  the  numbers  that,  diyided  by  2, 3, 7, 
have  for  remainders  1,  2,  5,  respectively. 
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Let 

Then               '  -  ^, 

2    ' 

X  — 

3 

X  =  a  nunber  of  the  required  kind. 
-,  ^"T    are  integers. 

> 

Let                  '-^ 

2 

Then 

From  (1)  and  (2), 

=  m, 

'-2_       x-6_^ 
8     -"'       7     =^ 

x  =  2mi+1 
x=3n  +  2 
x=7/>  +  6 

(1) 

(2) 
(8) 

Let 

t±J!=ra,            /.  »  =  2a-l 

x=8»  +  2,   /.  x  =  6a  — 1 

(.*) 

From  (1)  and  (3), 

«  =  2  +  8p  +  | 

Let 

1  =  6,             /.  p  =  26 

From  (4)  and  (5), 

6a 

x  =  7p  +  6,   /.  x=146  +  6 
^146  =  6 

a=l  +  26  +  | 

(6) 

Let 


=  c 


8 

.-.  6=  8c 

x=146  +  6 
/.  x  =  42c  +  5 
.*.  The  numbers  are  of  the  form  42  c  +  5,  where  c  is  any  integer. 


88.  Find  the  general  form  of  the  numbers  that,  dirided  by  7,  S,  9, 
have  for  remainders,  6,  7,  8,  respectiyely. 


Let 
Then 

Let 


X  =  any  number  of  the  required  kind. 

X  — 6  X  — 7    X  — 8         .  - 

— -,  — -,  — —  are  mtegers. 

*  — ^     -.    X  — 7     ^    X  — 8     ^ 
=  *"»    — 7r-  =  ^»    — TT-^P 


From  (1)  and  (2), 


8  '       9 

x=7m+6 

x=8n  +  7 

x  =  9;>  +  8 

.  n  +  1 


(1) 
(2) 
(3) 
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Let  !L±l  =  a,  /.  n  =  7a-l 

7 


From  (1)  and  (3),  w  =  ;>  + 


x=:8n  +  7,    .-.  ar  =  66o  — 1  (4) 


E±l 


4iii  =  6p  +  l4-     _ 

7 

Let  ^Y^  =  ft»  /. />  =  76-l 

ap=9p  +  8;    A  x  =  635  — 1  (6) 

From  (4)  and  (5),  66a  =  636 

Let  Q~^»  •'•  ^  =  8c 

x  =  636-l,   /.  x  =  504c  — 1 
.'.  The  numbers  are  of  the  form,  604  c  —  1,  where  c  is  any  integer. 

88.  A  farmer  buys  oxen,  sheep,  and  hens.  The  whole  number  bought 
is  100,  and  the  total  cost  £100.  If  the  oxen  cost  £5,  the  sheep  £1, 
and  the  hens  Is,  each,  how  many  of  each  did  he  buy  ? 

Let  X  =  number  of  oxen. 

y  =  number  of  sheep. 
z  =  number  of  hens. 

Then  *  +  y+     «=100  (1) 

6x  +  y  +  ^z=l(H)  (2) 

Subtract,  4x       ^^{2  =  0 

8O2  — 10z  =  0 

2  =  4«  +  -A' 
6z  =  21x'^z 

Let  ^x=m 

.*.  2=  lOflt 
80x— 10z  =  0 
80x19m  — 192  =  0 

/.  z=z  90m 
Substitute  yalues  of  x  and  2  in  (1), 

10m  +  y  +  80fn=100 

.*.  y  =  100  — 99fli 
If  m  =  l,  x=19,  y  =  l,  «  =  80. 
.'.  He  bought  19  oxen,  1  sheep,  and  80  hens. 
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34.  A  farmer  sells  16  calyes,  14  lambs,  and  13  pigs,  and  receives 
$200.  Some  days  after,  at  the  same  price,  he  sells  7  calves,  11  lamhs, 
and  16  pigs,  for  which  he  receiyes  $  141.     What  is  the  price  of  each  ? 

Let  X  —  number  of  dollars  paid  for  |  calf. 

y  =  number  of  dollars  paid  for  1  lamb. 
z  =  number  of  doUan  paid  for  1  pig. 
Then  152+ Uy+ 132  =  200 

7*+lly  +  16«=141 

7x(l)is    1062+   08y+   Ql«  =  1400 
16  X  (2)  is  106r  +  166y  +  240«  =  2116 

Subtract,  67^  +  1402=   716 

67jr=r  716 -1492 

iA     o     ,46— 16« 
|r=10  — 2a  + 


9y  =  04-20«  + 

ft 
Let 


67 

67 
8-«     _ 


67 

/.  z  =  3  — 67fli 

67y  +  447  - 149  X  67  m  =  716 

y  =  4+149fli 
Substitute  values  of  y  and  z  in  (1), 
16ar+ 66  +  2086TO  +  39- 871m  =  200 

x  =  7-81« 
If  m  =  0,  or  =  7,  y  =  4,  2  =  3. 
.-.  The  price  of  each  calf  was  $7,  of  each  lamb,  $4,  of  each  pig,  $8. 


Expand  Exercise  40. 

1.   (l  +  3x)« 

=  l  +  5(3x)  +  f^9..  +  |^«27a.  +  f^81^ 


6.4.8.2.12^^ 
1.2.3.4.6 

=  1  +  16x  +  90  ja  +  270x»  +  406  a:*  +  243x» 
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8. 


(-¥)• 


=  1  +  42^  +  6. iif+4?£!+i^ 

3  9  27  ^    81 

_,      Bar      8ir3      32g»      i6j4 
■^  3         3         27         81 


6. 


..-.f. 


«(t)'-'(t)"^(t)* 

4.   (2  +  x«)» 

=  (2)»  +  6(2)»(za)  + 1^  (2)«(ia)«+  ^l|^  (2)«(x»)« 

.  6'6«4«3-2'l  ,^s6 
1.2. 3. 4. 6. 6^    '^ 
=  64+192a;3+240a:*+160a;«  +  60a:8+12:cW+A-". 

-a)'-H!)"(?)*He)'(?)-f^'©'(?)' 

6.4'3>2  /2\  /^\*_ 5.4.3.2.1  /jc2\« 
1.2.3.4U/\4/       1.2.3.4.5^4/ 

/2a         gg    Y 
V  *       (2a)V 

[x)         [x)  \(2ay)'^1.2\x)  [(2ay) 

_ 6.4.3  /2a\2/_^_\«    5.4.3.2  /2o\  /    jg    y 
1.2.3\  X  )  \(2a)2J  ■*'l.2.3.4V  a:  j\(2a)V 

5.4.3.2.1  /  gg  y 

1.2.3.4.5V(2a)2J 


32a»     20aa  ,  5x      5r*  ,     5a:7  ^.10 


x^  a^«       2  a     8a*      128a7      1024  ai» 
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7.    (3x-.2y)e 

=  (8x)6  -  6(8x)«(2y)  +  5^  (3x)*(2y)»  -  J^  (3x)»(2y)« 

6.6.4.8.2.1.g  .e 
1.2. 3. 4. 6. 6^  ^^ 

=  729  a:«  -  2916  x«y  +  4860  «*y«  -  4820a:«y>  +  2160  ai^y* 

—  576x/  +  64y« 

••  (t-¥T 

-(y)-KT)'(f)*^trf)-(f)' 

_ 6.4. 8  /2£f \«/_J^\»    6.4.8.2  /2£^\  /  v2\* 
1.2.3V  y  /  V  4   ;"*'l.2.3.4l  y  ;V  4   j 

»•         y¥       ,t      8         128    '       1024' 


**      6?      86*      16ai      266a* 

la    (l  +  4ar+8a:2)* 
=  [l  +  (4a:  +  3x2)]4 

=  1  +  4(4x  +  3x2)  +  6(4x  +  8x«)«  +  4(4jp  +  8a«)«  +  (4x  +  8  j*)* 
=  1  + 16  X  +  108ara  +  400a:*  +  886:r*  + 1200  a*  +  972  j«  +  432a:H  81  xS 

11.   (a* -ax -2x2)8 
=  [a2-(ax+2x2)]« 

=  ae  —  3a*(ax  +  2x2)  +  ZaHax  +  2x^)2  —  (ax  +  2x2)« 
•     =  a«  —  3a«x  -  3a*x2  +  lla«x»  +  6a2x4  -  12ax6  -  8x8 
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12.  The  fourth  tenn  of 

1\» 


\        2x)      1.2.3      \2x) 


=  7x2 
Coefficient  of  8th  term  is  same  as  coefficient  of  4th  term. 


18.  The  eighth  term  of  ^2  -  ^-^ 


■•»""— ■^(^)-(.-i)' 


16 


25(Ja:i* 
14.  The  twelfth  term  of 


/I      v^y*^     14.18.12/l\Yv^^^ 


410 
16.  The  twentieth  term  of 


V  4  / 


/  2    y»_     23.22.21.20^/    2    V 

V   3^y         1.2.3.4     [s^j 


2    \w 
.3 
23  .  11 .  7  .  6  .  2" 

3Wx* 
8856  X  2i» 


319  ar^ 
1ft   The  fourteenth  term  of 


/^:^,.JLf  =..17-16.16.14^    /_X.\» 

V        2viy  1.2.3.4   '^     ^  V2v^/ 


606 


2048  a: V 
17.  The  (r  +  1)<A  term  of 

(-^^■l)'--'-'l:a:i:r'"^'-^--(D- 

Put  n  =  8.    We  hare 


8 


1-2 r  V2/  Va:/  1-2 r       V^J 
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18.  The  (r  +  1)M  term  of 

f^fT      Vi\^    10-9 (n-r)/,/T\M--/-V?\'- 

IVa^'T-j  = — i.2.....r      (Vs^j     il-j 


^      ^  1-2 r  5-r 

2'.3    • 


19.  The  (r  +  3)tA  term  of  f — ^  V* 

V2y     V3i/ 

Pat  r  +  2  instead  of  r  in  the  formula.    We  hare 

fiCn-1) rn-(r.f2)-H]  ( J^y-^^^U ^\^^ 

1-2 (r  +  2)  V2yy  ^     Vsi) 

_n(n-~l) (w-r-l)  /^N*"*'-*/ LV"*"* 

1-2 (r  +  2)  UW  V.    V3ij 

Plttll=:12. 

1-2 (r  +  2)     Uy/        V     Vsi) 

°'V^::^V'-)-(l)-(l)'^''V" 

^r     IV 12 '11 (ll-r)x^Tv«r-« 

^      ^      1-2 (r  +  2)         Mr^ 


2*^-^3 


90.  Find  the  middle  term  of  (^  -  yj^)^ 

The  middle  term  is  the  7th. 

12.11.10.9.8.7/_3,y/^y^^^.^,3,^,y^^^ 
1.2.3.4.6.6     UW  V^2y  ^4«.2* 


^ll-7.87  . 

218 


91.  Find  the  two  middle  terms  of  (-^  +  \l^]^ 

\V2x      ^4«/ 

The  two  middle  terms  are  the  8th  and  0th. 
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The  8th  tenn  is 


-     K 

N 


I  16>14-13»12.11«10»9/    a    V/^/^V 

^  1.2.3.4.6.6.7       W2i/   W4ay 

=  13.11.6.9(J)*(i)*a*ar"* 

^  13. 11 . 6. 3^a^^  173746\/5o* 

^  2"  xi  2048      xj 

,  1  The  9th  tenn  is 

%{  13.11.5.9(-5L-y^^y  =  13.11.6.9(})i(i)*a«x* 

-•  '  ^18.11.6.3>^.^i^  621236^.^t 

•^    •  2^  2048V2 

23.  Find  the  rth  tenn  from  the  end  of  I  -^ -v/— ) 

The  rth  tenn  from  the  end  is  the  (13  —  r)th  term  from  the  beginning. 
A        The  coefficient  of  the  rth  term  from  the  end  is  the  sanie  as  the  coeffi- 
v^       cient  of  the  rth  term  from  the  beginning ;  and  the  former  term  is 

<-v,^^^  n(n^l) (n-r-f  2)  ^_i ^.^^.^ 

.^  1.2 (r-1) 

^r^  |^Putn=ll. 

:    \^     11.10 a3^r)/v^\'-Y    J^\"-^ 

^''V^      1.2 (r-1)    \   4.   )      \     ^2) 

-^  ,  12 -r    2(r-l)  SOS-f) 

:  -V       -■V^zgiTr<-"°-a)"'(l)^' ' '  ■ 

^       ^  8r+8  lOi-Sr 

^  i  =  (-  n"-^"-^" ns-r)  / 1  \  ,  ^-T- 


^r   n"-^»-^o 08-'-) /i\  » 

^      ^  1-2 (r-l)     \2) 


V.  104-5r 


^     ^^  ^       "^      1.2 (r-l)        *±§ 

2  * 

28.  In  the  expansion  of  (a  +  6)*^  show  that  the  sum  of  the  coeffi- 
cients is  2^ 

The  expansion  is 

(a  +  6)»  =  a»  +  na»-i6  +  ''("~^)o»-^  4. 

If  we  put  a  =  1,  6  =  1,  we  have 

(1  +  1)»  =  1  +  n  +  "C**^^)  + 


Ji~^lrf^j^***-     I   -f-  ^rtrljj  r-  Jt /  — r.^  ffj 
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But  the  right  side  is  the  sum  of  the  coefficients  in  the  expansion 
of  (a  +  6)».  / 

/.  2*  =  sum  of  the  coefficients.  y^ 


94.   In  the  expansion  of  (a  +  6)**  show  that  the 
efficients  is  equal  to  the  sum  of  the  odd  coefficiei 


The^xpression  is 


n(n^ 


It  we  put  a  =  1,  6  =  ^1,  we  have, 


2  \    .  ,  iw- . '     / 


But  the  right  side  is :  -r     ."  i>  '  -^  * 

Sum  of  eyen  coefficients  —  sum  of  odd  coefficients  in  the  expansion 
of  (a  +  h)\ 

.'.  (1  —  1)**  =  sum  of  eTen  coefficients  —  sum  of  odd  coefficients. 

But  (l--l)-=0'«  =  0. 

.'.  sum  of  even  coefficients  =  sum  of  odd  coefficients. 

86.  Expand 

2        2a*        Vix* 

■■•(^*Ji)'='^''(-T)'=^(-¥)' 
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('-f)'--^-'«(f)-'«(x)+KT)'-(T)' 

~  4  8        32       266       1024 


(8) 


—  a 


_i ^  v^_  v^^  vzi;^:^^-.! 


a 
a 


v=n: 


2 


V  2 


) 


•■•(^\-;fe3)'-<^>'(T-i)->^{f-a' 

(f4)-(#)-Kf)'(i)*-»(f)'e)" 


oz-v/g     6o        6 6  6  1 

32        1»     4v^     2a»     2o»Vi     «• 

! 


v\W'   .    "••    fA^^i       1     X/     «^     6a       6         6         6       1 
\\K^i^^     "\    2      ^ay/:^l)      \    32     Ifl^^^J     2a«+2„}     «. 


i)v^ 


26.  If  ^  is  the  sum  of  the  odd  terms,  and  B  the  sum  of  the  eren 
terms,  in  the  expansion  of-  (a  +  6)*,  show  that 


Sum  of  odd  terms  in  expansion  of  (a  +  6)**  is 


^.  # 
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••• 


Sum  of  even  terms  in  expansion  of  (a  +  &)*•  la 

nai»-i4.n(n-l)(n-2)^^.^,y^ ^^ 

.-.  (a+6)«  =  ^  +  J? 


Exercise  41. 
Expand  to  four  terms : 

V    -r     y             ^^     ^       1.2           ^  1.2.3  ^ 

=  1+Jar-Jx3  +  A^- 

=r  1  +  4a:  +  10a:«  +  20  x»  + 

5.     (l  +  x)4=l  +  ix^iiJx«+i4^|^+ 

■^*ir2*3"*("^)"^(^)^+ 


•• 


••••• 
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7.    \^2-3ar  =  (2-.3ar)* 
=  2*-  t2-*(3x)  +  il^  2"^(3 x)« -  *  \"; I ;  7 *2"^(3 x)«  + 


=  2*- 


X  — 


0 


ara- 


81 


6.2*        26. 2*         126.2* 


x»- 


8.   ^(2-.x2)a  =  (2-ara)t 
=  2*-}2-*xa+J^2-*(;c«)a-**^";*;^M(x«)«  + 


=  2*-?-ar» L-.JC4 L^a:«- 


18.2 


.si 


81. 2 


i 


9. 


=  (l  +  2a:a)"^ 


\^(1  +  2j:2)8 

=  l-iara+^a:*-.H^  + 

10.  The  eighth  term  of 

^^1      ^x)   -  1.2.3.4.6.6.7  ^     -^ 

8.6.7.9.11       - 


1-2-3-4-6-6-7 

11.  The  tenth  term  of 
(a -3:*)"* 

■"  1.2.3.4.6.6.7.8.9  ^  ^ 

_2. 6. 8. 11. 14. 17. 20. 23. 26  -^  ^ 

1.2.3.4.6.6.7.8.9 
_  11. 17. 10. 23. 13  -y  n 
81  " 

12.  The  (r  +  l)th  term  of 

__  /     1 '^r-i  2.  6»  8 (3r  —  4)    1_    af 

1.2.3 r         3^   «!Lz2 
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IS.  The  (r  +  l)th  term  of 

(a*  -4x^-i=i-  i),-t-t-t---(-i-r)  („i)-l-(4,i). 

_6«7«9 (8  +  2r)g^   j*- 

1-2 -3 r  o*^ 

14.  Find  Vtf6  to  flye  decimal  plmces 

V56=VB4Tl  =  V64(l  +  ^)  =  8>/rTS 

vT+^  =  (i  +  A)* 


=1+1.1+  1 


128     8.64^     16.64> 
=  1  +  .0078126  -  .0000306  +  .0000002 
=  1.0077822 
.-.  V66  =  8(1.0077822) 
=  8.06226  + 

16.  Find  v^l20  to  six  decimal  placet. 

^^29=  ^128  (1  +  xir)  =  2  ^l^rrS 

=  i  +  iJL  +  iiirJ/J_y+ 

7  128       1.2    U28/ 

=  1  +  ^1 ^_+ 

^7.128     49.1288 

=  1  +  .00111607  -  .00000372 

=  1.00111236 

.-.  \/l29  =  2.002224+ 

16.  Expand  (1— 2x  +  32^^  to  four  tenni. 
(l-2x+8««)"*=[l-(2r-3a:a)]"* 

1  * « 


--^■-i:-'^i^'-9'^*+ 
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17.  Find  the  coefficient  of  a^  in  the  expansion  of 

(l  +  3a:)«      ^  ^  ^  ^ 

=  (l+2:r)«[l-.3(3:r)+^|l|^(3x)2  +  -^-^^-^(3x)» 


1.2.3.4  ^     ^  ^       J 


=  (1  +  4ar +  4ar2)(l-9x+ 64x3- 270  a:»+1215x* ) 

By  multiplication,  coefficient  of  x*  is  361. 

18.  By  means  of  the  expansion  of  (l-\-  xy  show  that  the  limit  of 
the  series 

1  +  1 1_.      1-3    ,     1.3.6        

2     2. 22     2.3. 2«     2. 3. 4. 2* 
is  VS. 

K   T   J  ^»    ^1.2       ^     1.2.3  1.2.3.4 

^^        2.2a  2.3.2«  2.3.4.2* 

Put  ar=l 

(1  +  1)*=1+1 L-+-Li LAl5_^ 

^'^         ,2     2.222.3.28     2.3.4.2* 

V2=l  +  1-J-  +  -Ll3 1-3.6         

2      2.22      2.3.23     2.3.4.2* 

19.  Find  the  first  negative  term  in  the  expansion  of  (1  +  x)  ' . 

The  first  negative  term  is  the  sixth  from  the  beginning,  and  is 

¥'»'»'1^-^^^        11.8.6.2  ^ 
1.2.3.4.6  23.4.6.3* 

=  -??x* 
3« 

90.  Expand  \l   "^  ^  in  ascending  powers  of  x  to  six  terms. 
~1  —  X 

JI±£  =      ^-^^     =  (1  +  X)  (1  -  X3)"i 
^1-X        Vl-X2 

(l-xari  =  l-(-J)x2  +  =ll=li(x2)2- 

=  l  +  J^+}ar*+ 

.-.  (l  +  x)(l-a:«r*=l  +  ^+ia:®+i^+ »**  +  !«*+ 


^^ 
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28.  Find  the  coefficient  of  x^  in  the  expansion  of  -i/^-— ^  in  ascend- 


ing powers  of  x. 


/r--x 


^  / 


N 


^1  +  X       Vl-x^  X^ 

(1  -xa)~*=  1  +  i^+—x^+ ^'^'^ ^^^  ^  ^^ 

2*4  2*4*6 2k 


) 


-y/IEi  =  1  _  X +}(«*-*•)  + 1^  («♦-«•)  + 


r 


1.8*6"*»»^il:— 1 
2*4*6 2k 


i^ 


(X»»  -  XWH-I)  + 


If  r  is  eyen,  8r  is  even,  and  the  required  coefficient  is 


l*8*6**««^or— 1  ^- 
2.4*6.A..8r    /^^ 


; 


If  r  is  odd,  8r  is  odd,  and  the  required  coefficient  is 

X  ••!*  o*****i 


2.4*6.**./3r  — 


94.  ProTe  that  the  coefficient  of  of  in  the  expansion  of  (1  —  4x)~'  is 

1»5b»0*****^I* 


(1.2*8 r)« 

(l-4xri 


=  l  +  2x+ +  (,  l)r  (-  ^^(- «f- «) (*  -  ^)  (4x)^  + 

=i+2x+ + (- !)-(- 1)'  ^  •  ^;  ^•••:  (^'-  ^>  2^,^ + 

x*iB*3*****r 


.*.  The  coefficient  of 

j-_18-6...-(2r-l)y 

X  *  ^  *  o  •••••  f* 


1.8*6 (2r  -  1)  *  (2  *  1)  *  (2  *  2) (2 « r) 

1*2 r  1*2 r 

1  '2*8*4*6 2r 

(1*2*8*4*6 r)« 
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Exercise  44. 
Find  by  logarithms : 


25     » /0.00764332  x  78.343  X  8172.4^  x  0.00062 


64286*  X  164.27*  X  0.001  X  686.79* 

log  0.00764332  =6.7552 

log  78.343        =  1.8940 

log  8172.4*      =1.3044 

log  0.00062  =4.7160 
colog  64285*  =2.3973 
colog  164.27*  =  9.2468 
colog  0.001  =3.0000 

colog  686.79*      =  2.6158 

11.9392  =  36.9392  -  50 
Antilog  3.3868  =  0.002431  6)36.9292  -  50 

7.3858-10  =  3.3868 

3g     ^^0.032712  X  63.429  x  0.775428 
\         32.769x0.000371* 

log  0.0327 12   =   3.0292 

log  63.429      =    1.7278 

log  0.775428   =    1.6688 

colog  32.769      =   2.4845 

colog  0.000371*  =  13.7224 

7)10.6327 
Antilog  1.6189  =  33.03  1.5189 

3Y.    '  /   7.1206  X  VO.13274  X  0.057389 
^VO.43468  X  17.385  X  VO.0096372 

log  7.1206  =0.8625 

log\/0.13274     =1.6616 

log  O.057389  =2.7688 
colog  V0.43468  =0.1809 
colog  17.385  =2.7699 

colog  V0.0096372  =  1.0080 

1.1216  =  29.1216-30 
Antilog  1.7072  =  0.5095  8)29.1216-30 

9.7072  -  10  =  1.7072 
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Find  X  from  the  equations : 

28.                   6«=12 

81.            (1.3)-  =  7.2 

X  log  6  =  log  12 

xlogl.3=log7.J2 

^^  log  12 

X  =  10?  7.2 

log  6 

log  1.3 

1.07P2 

0.8673 

0.6990 

0.1139 

log  1.0702  =  0.0331 

log  0.8573  =1.9332 

colog  0.6990  =  0.1565 

log  0.1 139  =1.0659 

.-.  log  a:  =  0.1886 

.-.  log  ir  =  0.8773 

x=  7.538 

x=  1.544 

82.          (0.4)-*=  7 

—  X  log  0.4  =  log  7 

89.                  4«  =  40 

X  log  4  =  log  40 

^^  log7 
log  0.4 
0.8451 

^^  lop  40 

9.6020  -  10 

log  4 

0.8451 

1.6021 

0.3980 

0.6021 

log  0.8451  =  1.9270 

log  1.6021  =  0.2047 

colog  0.3980  =  0.4001 

colog  0.6021  =  0.2203 

log  T  =  0.3271 

/.  log  x  =  0.4260 

.-.  2r=  2.124 

X  =  2.66 

88.     (0.9)^  =  (4.7)~*. 

ilog0.9  =  -Jlog4.7 

80.                 7»=25 

^_     3  log  0.9 

xlog7  =  log25 

log  4.7 

^_  log  25 
log  7 

3(9.9642  - 10) 
0.6721 

1.3979 

0.1374 

0.8461 

0.6721 

log0.1374=  1.1380 

4og  1.3979  =  0.1454 

colog0.6721  =  0.1726 

colog  0.8461  =  0.0730 

log  (x2)  =  T.3105 

A  log  ar  =  0.2184 

log  x  =  1.6662 

«=  1.654 

.-.  X  =  0.4521 
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Exercise  45. 
Find  to  four  places  the  natural  logarithms  of : 


1.  2. 


Iog.2  =  2.302xlogio2 
=  2.302  X  0.3010 


log  2.302  =  0.3621 
log  0.3010  =1.4780 

1.8407 

.-.  log.2  =  0.6930 


8.  S. 


Iog.3  =  2.302xlogio3 
=  2.302  X  0.4771 


log  2.302  =  0.3621 
log  0.4771  =  1.6786 

0.0407 

.*.  log«3  =  1.009 


8.  100. 


log.  100  =  2.802  X  logio  ^^ 
=  2.302x2 
=  4.604 


4.  32.6. 


log.  32.5  =  2.302  X  logio32.6 
=  2.302  X  1.6119 

log  2.302   =0.3622 
log  1.6119  =  0.1798 

0.5420 
.'.log.  32.5  =  8.488 


6.  7.89. 

log.  7.89  =  2.802  xlogjo  7.89 
=  2.302  X  0.8971 

log  2.302  =0.3621 
log0.8971  =  1.9629 

0.3150 
.-.  log.  7.89  =  2.066 

6.  1.23. 

log.  1.23  =  2.302  X  logiol-^ 
=  2.302  X  0.0899 

log2.302  =  0.3621 
log0.0899  =  2.9638 

1.3159 
.-.  log.  1.23  =  0.207 

7.  2.001. 

log.  2.001  =  2.302  X  logto2.001 
=  2.302  X  0.3012' 

log  2.302  =  0.3621 
log0.3012=  1.4789 

1.8410 
.*.  log.  2.001  =  0.6936 

8.  0.0981. 

log.  0.0931  =  2.802  X  log^o 0.0981 
=  2.302  X(8.9689-10) 
=  2.302  X  (- 1.0811) 

log2.802  =  0.3621 
log  1.0311  =  0.0138 - 

0.3754  - 

/.  log«0.0931  = -2.874 
=  3.626 
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Find  to  fonr  places  : 

9.               log,7  =  l5&i^ 

logio2 
0.8461 

0.8010 

18.              log,8  =  |2giii| 

0.9030 
0.9542 

log  0.8451  =  1.9270 
colog  0.8010  =  0.6214 

log  0.9030  =1.9567 
colog0.9542  =  0.0204 

0.4484 

1.9761 

/.  log,  7  =  2.808 

.*.  log,  8  =  0.9465 

10. 


log,4  =  |2&4 


logioS 
0.6020 
0.4771 

1.7796 
0.3214 

0.1010 
/.  log,4=  1.262 


log  0.6020 
colog  0.4771 


14. 


log8  5  = 


log,o8 
0.6990 
0.9031 

1.8445 
0.0443 

1.8889 
/.  log,  5  =  0.7743 


log  0.6990 
colog  0.9030 


11.  log,9  =  |-2&4 


log  0.9542 
colog  0.6020 


log,o4 
0.9542 
0.6020 

1.9796 
0.2204 


12. 


0.2000 
.-.  log49  =  1.585 

log,7  =  ?2SMLl 


log  0.8451 
colog  0.6990 


0.8461 
0.6990 

1.9270 
0.1654 


.0824 
.-.  logs  7  =  1-209 


15. 


log, 14 


log  1.1461 
colog  0.8451 


log,.  14 
logioT 
1.1461 
0.8451 

0.0598 
0.0730 


0.1328 
/.  logf  14  =  1.356 


16. 


logs  102  = 


log  2.0086 
colog  0.6990 


login  102 

log,o  5 
2.0086 

0.6990 

0.3029 
0.1554 


0.4583 
.-.  logs  102  =  2.873 
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17.  Find  the  logarithm  of  4  in  the  system  of  which  }  is  the  base. 

*       logioi     -logio3         0.4771 

log0.6020=  1.7796 
colog0.4771  =  0.3214 

0.1010 

log|4  =  - 1.262 

18.  Find  the  logarithm  of  ^  in  the  system  of  which  0.6  is  the  base. 

^^~logio0.5  logioO.6 

^  -0.1963  _  0.1968 
9.6990  - 1     0.3010 

log  0.1963  =  1.2930 
colog  0.3010  =  0.5214 

1.8144 

•*•  logM  A  =  0.6623 

19.  Find  the  base  of  the  system  in  which  the  logarithm  of  8  is  f. 

Let  a  be  the  required  base. 

Then  loga8  =  f 

.-.  8  =  a* 
a2=612  =  2» 
a  =  2*V^=16v^ 

90.  Find  the  base  of  the  system  in  which  the  logarithm  of  }  is  —  }. 

Let  a  be  the  required  base. 

Then  logat  =  -| 

a  =  1.068 
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Exercise  46. 

1.  In  how  mtLDj  jean  will  1 100  amount  to  1 1060,  at  6  per  cent  com- 
pound intereit  f  ^  i 

Put   .    --  '^  ^=/060  ,      ^ 

JR^l.06  \  "       ^^^    t '^  ^ 

Tlien"N-.  /  idw  fe  100  X IW* 


'7  1.0  ^"^^  Z^^*^" 


Ifib-U  Jjfl 


J.oin 


lUie  the  logfuiiXmi  of  bhfcji Jpe  of  thg^wMlion. 
C ,•   ►  --iUagL05 1  log  106(r^ 


I  I 


St 


loglOSlT— If^ 

utoy 

log  1.06 

1  /) 

3.0212  -  2    7 

1^2 

0.0212  y^ 

0.0212 

(ismy 

\.^ 

.*.  n  = 


B'-A  y^^  n  log  i?  =  log  B  -  log  ^ 

At  '  log  P  —  loK  ^ 

log/i 
logP^log^ 
log  J? 

8.  Find  the  difference  (to  five  places  of  decimals)  between  the 
amonnt  of  f  1  in  2  years,  at  6  per  cent  compound  interest,  according  as 
the  interest  is  due  yearly  or  monthly. 


'  •  • 


,  -I 


^       M     ^ 


log  1.02 
colog  0.0^2  = 

logn^ 

/.  It  will  take  48.18  years.    '^  ■'  '  '  ^  *  ) 

2.  In  how  many  years  will  f  J^mount  to  9-8  (1)  at  simple  interest, 
(2)  at  compound  interest,  r  and  B  being  used  in  their  usual  sense  ? 

(1)  B  =  ^(l  +  nr)  (2)  B^AR' 

B^A  ^     B 
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(1)    Let  the  interest   be   due         (2)    Let  the  interest  be  doe 
yearly.  monthly. 

P=l 
JS=L06 
n  =  2 
/.  ^=1X(1.06)« 
=  1.123a 

'^=1X1.005» 
log  ^  =  24  log  1.005 
=  0.0628 
A  =  1.12926 

•  1.12026  -  %  1.1236  =  10.00366. 

The  difference  is  10.00366.       'N    '^i  ^ 

4.  At  5  per  cent,  find  the  amount  of  an  annuity  of  9-^  which  has 
been  left  unpaid  for  4  years. 

>./^*Ci^-l)  .,^^(1.05*-!) 

r  0.06 

»  =  ^  _   .05156 

.R  =  1.05  0.06 

r  =  0.06  =^X4.31 
n  =  4 

The  amount  is  4.31  X  A  dollars. 

6.  Find  the  present  yalue  of  an  annuity  of  9 100  for  6  years,  reckon- 
ing interest  at  4  per  cent. 

i^^JR-1 
5  =  100 
JS  =  1.04 
n  =  6 
.   p^  100  yl.04'-l 
1.046      1.04-1 

By  logarithms,  P  =  -i21  x  ^^ 

^     *  '  1.216      0.04 

P=444  J- 

Thepresent  yalue  is  $444.  _         '    f /aL-^  )  ^ 
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6.  A  perpetual  annuity  of  $1000  is  to  be  purcliased,  to  begin  at  the 
end  of  10  years.  If  interest  is  reckoned  at  31  per  cent,  what  should 
be  paid  for  it  ? 

P=  present  value. 
PH^'^  =  value  at  end  of  10  years. 

a 

—  =  value  of  perpetual  annuity. 


Let 

Then 

But 


• 

•  • 

r 

iS'=1000 

i?=  1.036 

r  =  0.036 

.   p_          1000 

1.036i'>x  0.036 

By  logarithms, 

/>  =  20270 

$20^70  should  be  paid. 

7.  A  debt  of  $1860  is  discharged  by  two  payments  of  $1000  each, 
at  the  end  of  one  and  two  years.    Find  the  rate  of  interest  paid. 

Let  r  =  rate  of  interest. 

Then  1860(1  +  r)  =  amount  of  debt  tft  end  of  first  year. 

1860(1  +  r)  —  1000  =  amount  of  debt  after  first  payment. 
[1860(1  +  r)  —  1000](1  +  r)  =  amount  of  debt  at  end  of  second  year. 
.-.  [1860(1  +  r)  -  1000] (1  +  r)  =  1000 
860  +  2700r  +  1860r«  =  1000 
1860»-a  + 2700  r=  160 
37r«+64r  =  3 

-27  ±2 


r  = 


'210 


By  logarithms, 


37 
r  =  0.06361 


The  rate  of  interest  is  0.06361. 

8.  Reckoning  interest  at  4  per  cent,  what  annual  premium  should  be 
paid  for  30  years,  in  order  to  secure  $2000  to  be  paid  at  the  end  of 
that  time,  the  premium  being  due  at  the  beginning  of  each  year  ? 

Ar 


P  = 


liiH^-l) 


-4  =  2000 


/  -    V 


V        — 


J  . 


•  / 


V 


yv/ 


i^,^  ^ 
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r  =  0.04 
/2=1.04 
n  =  30 

2000  X  0.04 


.-.  P  = 


1.04(1.0483-1) 
By  logarithms,  P=  34.40 

.'.  The  annual  premium  is  %  34.40. 

• 

9.  An  annual  premium  of  $150  is  paid  to  a  life-insurance  company 
for  insuring  $5000.  If  money  is  worth  4  per  cent,  for  how  many  yean 
must  the  premium  be  paid  in  order  that  the  company  may  sustain  oo 
loss  ? 


t,i '  ' 


I 


3  Up_^^-Lk 


V 


y 


^     =  21.66 
0.0170 

.'.  The  premium  must  be  paid  21.65  years.  « 

10.  What  may  be  pai^  for  bonds  due  in  10  years,  and  bearing  semi- 
annual coupons  of  4  per  cent  each,  in  order  to  realize  3  per  cent  semi- 
annually, if  money  is  worth  3  per  cent  semi-annually. 

7(l  +  a-)» 
>S'=100 
q  -  0.03 
r  =  0.04 


teachers'  edition.  817 


*=0.03 

.    p^3-f  4(1.03«)--.l) 
0.03  (1.03)«> 

By  logarithms,  P=  -?:?1?_  =  114.8 

^     ^  '  0.06409 

The  bonds  must  be  bought  at  114.80. 

11.  When  money  is  worth  2  per  cent  semi-annually,  if  bonds  haying 
12  years  to  ruD,  and  bearing  semi-annual  coupons  of  3}  per  cent  each, 
are  bought  at  114|,  what  per  cent  is  realized  on  the  investment  ? 

Let  X  =  rate  of  interest  received  on  the  investment 

Then  l^,=  (^S<f^Sr(lJr^)n^8r^ 

8=100  ' 
q  =  0.02 
r  =  0.036 
n  =  24 
P=  114.126 


.-.  1  +  x 


_  / 2-f  3.6xl.02«*-3.6 \ ^ 
V       114.126  X  0.02       J 

-( 


413  \^  ^  j^^jg.^ 


2.2826; 
X  =  0.026 

.'.  2}  per  cent  semi-annually  is  realized  on  the  investment;  that  is  6 
per  cent  per  annum. 

18.  If  9 126  is  paid  for  bonds  due  in  12  years,  and  yielding  ^  per 
cent  semi-annually,  what  per  cent  is  realized  on  the  investment,  pro- 
vided money  is  worth  2  per  cent  semi-annually  ? 

Let  X  =  rate  of  interest  received  on  the  investment. 

Then  ,^,^^^+^r(l^-fy)"-^ry,i     - 

iSf=100  • 

9  =  0.02 

r  =  0.036 

n=24 

P=126 
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'•^■^         I  126X0.02  J 

\2.62y 


1.021 

ar  =  0.021 
.*.  4.2  per  cent  per  annum  ib  made  on  the  investment. 


13.  A  person  borrows  $600.25.  How  much  must  he  pay  annually 
that  the  whole  debt  may  be  discharged  in  35  years,  interest  beiog 
reckoned  at  4  per  cent  1 


Let 


Then 


p  =  amount  of  debt. 
8  =  annual  payment. 

i?»— 1 

P=  600.26 
r  =  0.04 
R  =  1.04 
n  =  35 

^_  600.25  X0.04X1.04» 
1.0486  _  1 
94.5 


2.035 


=  32.3 


.*.  He  must  pay  $32.30  per  year. 


14.  A  perpetual  annuity  of  $  100  a  year  is  sold  for  $2500.    At  what 
rate  is  the  interest  reckoned  ? 


)   r 

/  ,, 

t"^ 


^. 


J 


.*.  The  interest  is  reckoned  at  4  per  cent. 
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15.  A  perpetual  annuity  of  $320,  to  begin  10  yean  hence,  is  to  be 
purchased.  If  interest  is  reckoned  at  3^  per  cent,  what  should  be  paid 
for  it  ? 

Let  P  =  present  value  of  the  annuity. 

Then  P(1.032)io  =  its  value  10  years  hence. 

320 
But  =  its  value  10  years  hence. 

0.032  "^ 

.-.P  (1.032)10  =  ^  =  10000 

p_    10000    _,o,,  ^h^' 

.'.  $  7377  should  be  paid  for  the  annuity.  y  ^^"^ 

16.  A  sum  of  $  10,000  is  loaned  at  4  per  cent.  At  the  end  of  the 
first  year  a  payment  of  %  400  is  made ;  and  at  the  end  of  each  following 
year,  a  payment  is  made  greater  by  30  per  cent  than  the  preceding 
payment.    Find  in  how  many  years  the  debt  will  be  paid. 

Let  n  =  number  of  years  in  which  the  debt  will  be  paid. 

Then 

10000  (1.04)*"  =  sum  to  which  10,000  dollars  will  amount  at  the  end 

of  that  time. 

400  (1.04)*-i  +  400  X  1.30  (1.04)"^  +  400  (1.30)2(1.04)"-«  +  etc. 

=  sum  to  which  the  payments  would  amount  at  the  end 

of  that  time. 

.-.  10000  (1.04)*  =  400  (1.04)»-i  +  400  X  1.80  (1.04)'»-2 

+  400  (1.30)2(1.04)'»-«  +  etc. 

=  400  [1.04--1  +  1.30(1 .04)"^  +  (1.30)2(1.04)"-»  +  etc.] 

But  1.04*-i  ^  l.30(1.04)*-2  +  (1.30)8C1.04)«-8  +  etc.  is  a  geometrical 

1  30 
progression  of  which  the  ratio  is  -^,  and  the  sum 

1.04 


'»*"[(iS)--]      ,.3».-,.«. 


.-.  10000(1.04)*  =  400 


1:22-1  1.30-1.04 

1.04 
1.30* -104* 
1.30-1.04 

1.30* -1.04* 


26(1.30-1.04)  = 


1.04* 


26X0.26=  (If  )•-! 
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nlogJ-|5  =  log7.6 

„^  log  7.6 


log  1.30  -  log  1.04 
0.8751 


=  9.032 
0.0969 

/.  The  debt  will  be  paid  in  9.032  years. 

17.  A  man  with  a  capital  of  $  100,000  spends  every  year  $9000.  If 
the  current  rate  of  interest  is  5  per  cent,  in  how  many  years  will  he  be 
ruined  1 

Let  n  =  number  of  years  in  which  he  will  be  ruined. 

Then 
100000(1.05)*^  =  sum  to  which  his  capital  will  amount  in  n  years. 

9000(1.06)»-i  +  9000(1.05)»-2  +  etc. 

=  sum  to  which  his  expenditure  will  amount  in  n  years. 
.%  OOOOCl.OS)"-!  +  9000(1.05)«-2  +  etc.  =  100000(1.06)* 


1.05»-i(-i 1^ 


1        ^  -  .00Al.06)« 


-1 
1.06 


V1.05        ) 


1.06 
1 


-1 


1.05»        _  100 
1-1.06  "■    9 


1     ^i_6^4 


1.06«  9     9 

1.06«  =  f 


V -- 

y  "  "  .   n  =  log  ^- log  ^ 

Jog  1.06 

0.3521 


0.0212 
.*.  He  will  be  ruined  in  16.23  years. 


=  16.23 
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]!&  Find  the  amoant  of  |3d5  at  compound  interest  for  20  yean, 
at  5  per  cent. 

^=366(1.06)M  =  969 
f  969  is  the  amount. 


Bxercise  47. 

1.  How  many  numbers  of  five  figures  each  can  be  formed  with  the 
digits  1, 2,  S,  4,  6,  no  digit  being  repeated  ? 

The  5  digits  can  be  arranged  in  [5  ways,  and  each  arrangement  gives 
a  number.    Hence,  [5,  or  120,  numbers  can  be  formed. 

2.  How  many  even  numbers  of  four  figures  each  can  be  formed  with 
the  digits  1,  2,  3,  4,  5,  6,  no  digit  being  repeated  ? 

The  last  place  can  be  filled  in  3  ways,  by  2,  4,  or  6.  The  first  place 
in  5  ways ;  and  so  on. 

Hence  there  are  6  X  4  x  3  X  3  =  180  numbers. 

8.  How  many  odd  numbers  between  1000  and  6000  can  be  formed 
with  the  figttres  1^  2,  3,  4,  5, 6,  7, 8, 9, 0,  no  figure  being  repeated  ?  How 
many  of  these  numbers  will  be  divisible  by  6  ? 

The  last  place  can  be  filled  only  by  1,  3,  6,  7,  or  9. 

The  first  place  can  be  filled  only  by  1,  2,  3,  or  4. 

If  5,  7,  or  9  occupies  theyast  place,  the  first  figure  ptmy  be  1, 2, 3,  or  4. 

But,  if  1  or  3  occupy  tb^  last  place,  only  2,  3,  ^d  4,  or  1,  2,  and  4, 
can  occupy  the  first  place. 

The  first  and  last  places  c^n  therefore  be  filled  in  4  +  4  +  4  +  3  +  3,  or 
18  ways. 

These  2  places  having  beeij  filled,  the  remaining  2  places  can  be  filled 
from  the  remaining  8  digits  m  56  ways. 

Hence  there  are  in  all  18  J:  56  =  1008  numbers. 

Of  these,  those  that  are  divisible  by  B  must  have  5  for  the  last  figure. 

The  first  figure  may  be  1 J2,  3,  or  ji. 

These  two  places  having  been  filled,  the  remaining  figure  can  be 

Hence  4  X  56  =  224  ot^ifa^  numbers  are  divisible  by  5. 

w  * 

,1        .'   ' 


322  COLLEGE   ALGEBRA. 


4.  How  many  three-lettered  words  can  be  made  from  the  alphabet, 
no  letter  being  repeated  in  the  same  word  ? 

26 .  25  •  24  =  15,600 

5.  In  how  many  ways  can  4  persons,  A,  6,  C,  D,  sit  at  a  round  table? 

A  can  take  any  one  of  the  four  seats :  4  possibilities. 

A  being  seated,  B  can  take  any  one  of  the  three  remaining  seats: 
3  possibilities. 

A  and  B  being  seated,  C  can  take  either  of  the  two  remaining  seats: 
2  possibilities. 

D  must  take  the  remaining  seat :  1  possibility. 

Hence  there  are  in  all  4  X  3  X  2  X  1  =  24  ways. 

If  however  only  the  order  in  which  A,  B,  C,  and  D  sit,  not  the  par- 
ticular seats  they  occupy,  be  regarded,  then  A  may  take  any  seat,  and 
the  others  can  then  arrange  themselves  in  3x2x1  =  6  ways. 

6.  In  how  many  ways  can  6  persons  form  a  ring? 

Any  one  of  the  6  being  selected  as  a  starting  point,  his  neighbor  on 
either  side,  say  on .  the  right,  can  be  selected  in  5  ways,  the  second 
man's  riglit-hand  neighbor  in  4  ways,  and  so  on. 

Hence  there  are  in  all  5  X  4  X  3  X  2  X  1-=  120  different  ways. 

The  120  arrangements  can  be  divided  into  pairs,  such  that  in  each 
pair  the  order  of  succession  from  right  to  left  in  the  one  arrangement 
is  the  same  in  the  order  of  succession  from  left  to  right  in  the  other. 
If  such  a  pair  be  regarded  as  a  single  arrangement,  there  will  be  only 
60  ways. 

<    7.  How  many  word/l  can  be  made  with  9  letters,  3  letters  remaining 
inseparable  and  keeping  the  same  order  ? 

The  three  inseparable  letters  may  be  regarded  as  one  letter. 
There  are  therefore  practically  7  letters. 
Hence  there  are  [7  =  5040  words. 

8.  What  will  be  the  answer  to  the  preceding  problem  if  the  3  in- 
separable letters  can  be  arranged  in  any  order  ? 

In  each  of  the  [7  words  of  the  last  problem,  the  3  inseparable  letters 

may  be  arranged  among  themselves  in  6  ways.  i   l^fl> 

Hence  there  are  6  X  [7  =  30,240  words  in  this  case.  I  \     l^ 


,A^ 


^  / 


^  lU 


teachers'  edition.  323 


9.  A  captain,  liaving  under  his  command  60  men,  wishes  to  form  a 
guard  of  8  men.   In  how  many  different  ways  can  the  guard  be  formed? 

(60 

10.  A  detachment  of  30  men  must  furnish  each  night  a  guard  of  4 
men.  For  how  many  niglits  can  a  different  guard  be  formed,  and  how 
many  times  will  each  soldier  serve  ? 

130 
-^=-  =  27,406  nights. 

Any  soldier  being  selected,  the  remaining  8  can  be  chosen  from  the 

1 29 
remaining  29  in    —    different  ways. 

129 
Each  soldier  therefore  serves     —   =  3654  times. 

!^|3 

11.  Out  of  12  Democrats  and  16  Republicans,  how  many  different 

committees  can  be  formed,  each  committee  consisting  of  3  Democrats 

and  4  Republicans  ? 

112 
The  3  Democrats  can  be  selected  in  .^=^,  or  220  ways. 

[9[3 


16 
The  4  Republicans  can  be  selected  in    —  »  ^^  ^^20  ways. 

112^4 

Any  3  Democrats  can  serve  with  any  4  Republicans. 

Hence  220  X  1820  =  400,400  different  committees  can  be  formed. 

12.  Out  of  26  Republicans  and  14  Democrats,  how  many  different 
committees  can  be  formed,  each  committee  consisting  of  10  Republicans 
and  8  Democrats  ? 


126 
The  10  Republicans  can  be  selected  in  .  —     ways. 

[16[10 


,14 
The  8  Democrats  can  be  selected  in  -=-ways. 

[8(6 

Any  10  Republicans  can  serve  with  any  8  Democrats. 

|26         114      ^ 
Hence     —     X  ^=^  different  committees  can  be  formed. 
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18.  There  are  ire  different  things  of  one  kind  and  n  different  things 
of  another  kind ;  how  many  different  sets  can  be  made,  each  set  conr 
taining  r  things  of  the  first  kind  and  s  of  the  second  ? 

\m 
The  r  things  of  the  first  kind  can  be  selected  in  —  wajs. 


m  —  ?•  r 


The  8  things  of  the  second  kind  can  be  selected  in  , —  ways. 

n  —  8\8 


Any  r  things  of  the  first  kind  can  go  with  any  8  things  of  the  second 
kind.  (^ 


,m  In 

Hence  there  are  — = —  X  — = —  different  sets.  /     \ 


ro  —  rjr 


n  —  s  s 


14.  With  12  consonants  and  6  vowels,  how  many  different  ^$>rds  can 
be  formed  consisting  of  3  different  consonants  and  2  different  vowels, 
any  arrangement  of  letters  being  considered  a  word  ? 

112 
The.  3  consonants  can  be  selected  in  ^^,  or  220  ways. 

16 
The  2  vowels  can  be  selected  in ,  or  16  ways. 

[4  [2 

Hence  3  consonants  and  2  vowels  can  be  selected  in  15X29(^  or 
3300  ways. 

When  any  3  consonants  and  2  vowels  have  been  selected^  they  may 
be  arranged  in  [6,  or  120  ways. 

Hence  in  all  120  X  3300  =  396,000  words  can  be  formed. 


15.  With  10  consonants  and  6  vowels,  how  many  wo^  can  be 
formed,  each  word  containing  5  consonants  and  4  vowels  ? 

[10 
The  5  consonants  can  be  selected  in  ■==-.  or  252  ways. 

L6L6'  ^ 

16 
The  4  vowels  can  be  selected  in  -^=-t  or  15  ways. 

|4(2 

Hence  5  consonants  and  4  vowels  can  be  selected  in  15x252,  or 
3780  ways. 

When  any  6  consonants  and  4  vowels  have  been  selected,  they  may 
be  arranged  in  |^  different  ways. 

Hence  in  all,  3780  X  [£  woj^  can  be  formed. 


\ 


'L 


I 
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16.  How  many  woids  can  be  formed  witli  20  consonants  and  6 
vowels,  each  word  containing  3  consonants  and  2  vowels,  the  vowels 
occupying  the  second  and  fourth  places  ? 


The  3  consonants  can  be  selected  in  — •^.  or  1140  ways. 

16 
The  2  vowels  can  be  selected  in  -!=^,  or  15  ways. 

Any  3  selected  consonants  can  occupy  the  first,  thi^d,  and  fifth  pin  its 
in  3x2x  1,  or  6  ways. 

Any  2  selected  vowels  can  occupy  the  second  and  fourth  placts 
in  2  ways. 

Hence  in  all  there  are  2  X  6  X  15  X  1140  wordt. 

17.  An  assembly  of  stockholders,  composed  of  40  merchants,  20 
lawyers,  and  10  physicians,  wishes  to  elect  a  commission  of  4  mer- 
chants, 1  physician,  and  2  lawyers.  In  how  many  ways  can  the  com- 
mission be  formed  ? 

[40 
The  4  merchants  can  be  selected  in  -==-  ways. 

120 
The  8  lawyers  can  be  selected  in  ,  —  ,  or  190  wavt. 

[1812' 

The  1  physician  can  be  selected  in  10  ways. 

Any  4  merchants  can  serve  with  any  2  lawyers  and  with  any  1 

physician. 

140 
Hence  the  commission  can  be  formed  in  190  X  -f==-  X 10  =  173,641,000. 

18.  Of  8  men  forming  a  boat's  crew,  one  is  selected  as  stroke.  How 
many  arrangements  of  the  rest  are  possible  ?  When  the  4  men  who 
row  on  each  side  are  decided  on,  how  many  arrangements  are  still 
possible  1 

(1)  Tiiere  remain  7  men  and  7  places.  The  7  men  can  fill  the  7 
places  in  j7  =  6040  different  ways. 

(2)  The  3  men  who  row  with  the  stroke  can  be  arranged  in  [3,  or  6 

ways.    The  4  men  on  the  opposite  side  can  be  arranged  in  [4  or  24 

different  ways. 
Hence  6  x  24,  or  144  different  arrangements  are  possible. 
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19.  A  boat's  crew  consists  of  8  men.  Either  A  or  B  must  row  stroke. 
Either  B  or  C  must  row  bow.  D  can  pull  only  on  the  starboard  side. 
In  how  many  ways  can  the  crew  be  seated  ? 

If  A  rows  stroke,  either  B  or  C  must  row  bow :  2  possibilities. 
If  B  rows  stroke,  C  must  now  bow :  1  possibility. 
Hence  stroke  and  bow  can  be  selected  in  3  ways. 
There  remain  6  men,  and  3  places  on  each  side  to  be  filled. 
Since  D  can  only  row  on  the  starboard  side,  there  are  only  6  men 
who  can  row  on  the  port  side. 

Erom  these  6,  3  can  be  selected  to  row  on  the  port  side  in  L-  —  lo 
ways.  [5  H 

The  remaining  2  row  with  D  on  the  starboard  side. 
The  3  men  im  the  port  side  can  be  seated  in  3x2x1  =  0  ways. 
The  3  men  on  the  starboard  side  can  be  seated  in  3  X  2  X  1  =  6  ways. 
Hence  the  crew  can  be  seated  in3xl0x6x6  =  1080  ways. 

20.  A  boat's  crew  consists  of  8  men.  Of  these,  3  can  row  only  on 
the  port  side,  and  2  only  on  the  starboard  side.  In  how  many  ways 
can  the  crew  be  seated  ? 

3  must  row  on  the  port  side  and  2  must  row  on  the  starboard  side. 
There  remain  3  who  can  row  on  either  side. 

Erom  these  3,  the  fourth  man  on  the  port  side  can  be  chosen  in  3 
ways. 
The  remaining  2  row  on  the  starboard  side. 
The  4  men  on  the  port  side  can  be  seated  in  [4  =  24  ways. 
The  4  men  on  the  starboard  side  can  be  seated  in  1 4  =  24  ways. 
Hence  there  are  3  x  24  x  24  =  1728  ways  of  seating  the  ci^^w. 

21.  Of  a  base  ball  nine,  either  A  or  B  must  pitch ;  either  B  or  C 
must  catch  ;  D,  E,  and  E  play  in  the  field.  In  how  many  ways  can  the 
nine  be  arranged  ? 

A  pitcher,  B  catcher,  D,  E,  E  can  be  arranged  in  [3  ways,  the  other 
4  men  in  [4  ways  ;  total,  [3  X  [£=  144  ways. 
A  pitcher,  C  catcher,  144  ways. 

B  pitcher,  C  catcher,  144  ways. 

Total,  432  ways. 

22.  How  many  signals  may  be  made  with  8  fiags  of  different  colors, 
which  can  be  hoisted  either  singly,  or  any  number  at  a  time  one  above 
another  ? 
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With  8  flags 
With  7  flags 
With  6  flags 
With  5  flags 
With  4  flags 
With  3  flags 
With  2  flags 
With  1  flag 

In  all 


8x7x6x6x4x3x2x1  signaU. 

8x7x6x6x4x3x2 

8x7x6x6x4x3 

8x7x6x6x4 

8x7x6x6 

8x7x6 

8X7 

8 

100,600  signals. 


23.  Of  30  things,  how  many  must  be  taken  together,  in  order  that 
having  that  number  for  selection,  there  may  be  the  g^atest  possible 
variety  of  choice  ? 

16  must  be  taken. 


M.  The  number  of  combinations  of  n  +  2  objects,  taken  4  at  a  time, 
is  to  the  number  of  combinations  of  n  objects,  taken  2  at  a  time,  as 

11  is  to  1.     Find  n. 

In +  2 
n  +  2  objects  taken  4  at  a  time  give 


n-2|4 


combinations. 


fi  objects  taken  2  at  a  time  give 


l!? 


combinations. 


-2!4     |n-2|2 

n-l)_lM"n-l)        /)./' 
1  /     2X1         '. 


jil  >■ 


:  t 


y3 


2. 


(n/2)(n+l)=/132 

+  3n-130i0 
-10)(n  +  13)>=0 
=  10 


•  r-    /  :^ « 


/  *■  -~ 

86.  The  number  of  combinations  of  n  things,  taken  r  together,  is  3 
times  the  number  taken  r  —  1  together,  and  half  the  number  taken  r  + 1 
together.    Find  n  and  r. 

In 

The  number  of  combinations  of  n  things  r  at  a  time  is 

n  ^  r  r 


828 
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r 


/ 


.y 


The  number  of  combinations  of  n  things  r  —  1  at  a  time  is 

i» 


n  —  r-f  1  \r  —  1 


The  number  of  combinations  of  n  things  r  +  1  at  a  time  is 

.      In 


n— r— 1 r+1 


From  (1), 


From  (2), 


n 

.  a 

l_n 

•  •                 — 
n^r  r 

n  — 

r+l|r 

-1 

n 

.  I 

n 

|n  — r  r 

■  2 
n  — 

r-l|r 

.±i 

|n-r+l 

r 

3 

—  r 
r-1 

n  —  r 

r — 

n-r+l= 
n  — 4r+l  = 

|r-fl 

:3r 

n 

=  i  — 

n  — 

» 

a) 

(2) 


(3) 


From  (3)  and  (4), 


r+l  =  i(n-0 
2r  +  2  =  n  — r 

n  — 3r  — 2  =  0 

n=ll 

r=:3 


w 


86.  At  a  game  of  cards,  3  being  dealt  to  each  person,  any  one  can 
have  425  times  as  many  hands  as  there  are  cards  in  the  pack.  How 
many  cards  are  there  in  the  pack  ? 

Let 


Then 


nUnr^ 


n  =  number  of  cards  in  the  pack. 


t 


l^i^*-"^ 


^-^-d 


/ 


I    n8-*:3n2^^=2560 
f,3  -  rfn2  -  ^548  n      " 
„(„2_k„^'2648)  = 
Btttn  cannot  be  0.  \  j 

.-.  n2 -\n -2648 7t 0  0^-=-  ^  C 

Xn  -  52)  (n-^r^  =  0 
.-.  n  =  52 
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87.  It  is  proposed  to  divide  16  objects  into  lots,  each  lot  containing 
8  objects.     In  how  many  ways  can  the  lots  he  made  1 

|15 
-=-  =  455  ways.  ^^ 

[12[3  ^  <^ 

Exercise  48.  ^ 

1.  How  many  three-lettered  w9j;cto^can  be  made  from  the  6  vowels, 
when  repetitions  are  allowed  1 

The  first  letter  can  be  selected  in  6  ways. 

The  second  letter  can  be  selected  in  6  ways. 

The  third  letter  can  be  selected  in  6  ways. 

Hence  the  3  letters  can  be  selected  in  6  X  0  X  6  =  216  ways.     - 

8.  A  railway  signal  has  8  arms,  and  each  arm  may  take  4  different 
positions,  including  the  position  of  rest.  How  many  signals  in  all  can 
be  made? 

Each  arm  can  take  4  positions. 

Hence  4x4x4  —  1  =  63  different  signals  can  be  made. 

3.  In  how  many  different  orders  can  a  row  of  7  white  balls,  2  red 
balls,  and  3  black  balls  be  arranged  ? 

There  are  in  all  12  balls,  and  these  admit  of  1 12  arrangements. 

But  g^ven  7  white,  2  red,  and  3  black  balls,  arranged  in  any  order, 
the  7  white  balls  can  be  interchanged  among  themselves  in  [7  ways,  the 
2  red  balls  in  [2  ways,  and  the  3  black  balls  in  [3  ways,  without  chang- 
ing the  appearance  of  the  row. 

Hence  every  distinct  order  gives  [7  X  [2  X  [3  of  the  [12  arrangements. 

112 
Hence  there  are  , == =  7920  different  orders. 

I1X[2X[3 

4.  In  how  many  ways  can  the  letters  of  the  word  MathemcLtics,  taken 
all  together,  be  arranged  ? 

The  word  contains  2  a's,  2  m's,  and  2 1*8, 

The  11  letters  can  be  arranged  in  [U,  ways. 

But  given  the  11  letters  arranged  in  any  order,  the  2a's  may  be  in- 
terchanged, as  likewise  the  2  m's  and  the  2  t's.  Every  distinct  order  of 
the  letters  gives  therefore  2x2x2  =  8  of  the [11  arrangements. 

Ill 
Hence  there  are  ==  distinct  orders  or  wo^ds. 

8 
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5.  How  many  different  signals  can  be  made  with  10  flags,  of  which 
3  are  white,  2  red,  and  the  rest  blue,  alwajs  hoisted  all  together,  and 
one  above  another  ? 

The  10  flags  can  be  arranged  in  [10  ways. 

But,  given  the  flags  arranged  in  any  order,  the  3  white  flags  can  be 
interchanged  among  themselves  in  [3  ways,  the  2  red  flag^  in  [2  ways, 
and  the  6  blue  flags  in  [5  ways,  without  changing  the  signal.  Every 
distinct  signal  therefore  corresponds  to  [3  X  [2  X  [5  of  the  [10  arrange- 
ments. 

110 
Hence  the  number  of  distinct  arrangements  is     —    =  2620. 

131216 

6.  How  many  signals  can  be  made  with  7  flags,  of  which  2  are  red, 
1  white,  8  blue,  and  1  yellow,  always  displayed  all  together  and  one 
above  another  ? 

The  7  flag^  can  be  arranged  in  [7  ways. 

But,  given  the  flags  arranged  in  any  order,  the  2  red  flags  can  be 
interchanged  with  each  other  in  2  ways,  and  the  3  blue  flags  in  [3  wsys, 
without  changing  the  signal.  Each  distinct  signal  therefore  corresponds 
to  2  X  [3  =  12  of  the  [7  arrangements. 

Hence  the  number  of  distinct  signals  is  ==  =  420. 

*  12 

7.  In  how  many  ways  can  6  letters  be  selected  from  a,  6,  c,  d,  «,/,  if 
each  letter  may  be  taken  once,  twice,  up  to  five  times,  in  making  the 
selection  ? 

All  letters  alike,  6  selections. 

4  letters  alike,  6  X  5  =  30  selections. 

3  letters  alike,  2  different,  6  X  ^^  =  60  selections. 

3  letters  alike,  2  alike,  6  X  5  =  30  selections. 

2  letters  alike,  3  different,     6  X  ^^^^^  =  60  selections. 

1X2X3 

2  letters  alike,  2  alike,  ^-^  x  4  =  60  selections. 

2 

6,  all  different,  ?Jli2<±>i?i<|  =   6  selections. 

1x2x3x4x6  

Total,  262  selections. 
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8.  In  how  many  ways  can  6  rugs  be  selected  at  a  shop  where  2  kinds 
of  rugs  are  sold  ? 

6  of  the  first  kind  may  be  selected,  or  5  of  the  first  kind  and  1  of  the 
second,  or  4  of  tlie  first  and  2  of  the  second,  etc. 
In  all  7  selections  are  possible. 

9.  How  many  dominos  are  there  in  a  set  numbered  from  doable 
blank  to  double  ten  ? 

As  many  as  there  are  pairs  of  numbers  from  0  to  10  inclusive. 
There  are  11  numbers  to  choose  from. 
The  first  number  can  be  selected  in  11  ways. 
The  second  number  can  be  selected  in  11  ways. 
Hence  the  two  numbers  can  be  selected  in  121  ways. 
But  this  mode  of  selection  gives  every  domino  except  the  doubles 
twice.    Thus  0, 1  appears  also  as  1,  0. 
There  are  11  doubles. 

Hence  there  are  ^'^^  *"  ^^  +  11  =  66  dominos. 


10.  In  )iow  many  ways  can  3  letters  be  selected  from  n  diiferent 
letters,  when  repetitions  are  allowed  ? 

Three  letters  alike,  n  selections. 

Two  letters  alike,  n{n  —  1)  =  n^  —  n  selections. 

Three  letters  different,     »(»- !)(>' -g^  =  n«.3n«H-2n  selections. 

1X2X3  6 


Total  number,  n^'^Sn^^2n  ^  n(n4l)(n4  2)  ^^,^^^„^ 

6  6 


11.  Five  flags  of  different  colors  can  be  hoisted  either  singly,  or  any 

number  at  a  time,  one  above  another.  How  many  different  signals  can 

be  made  with  them  ? 

» 

If  all  are  hoisted  together,  5x4x3x2x1  signals. 

If  4  are  hoisted  together,  6x4x3x2 

If  3  are  hoisted  together,  6x4x3 

If  2  are  hoisted  together,  6x4 

If  1    is  hoisted,  6 


In  all,  326  signals. 
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18.  If  there  are  m  kinds  of  things,  and  1  thing  of  the  first  kind,  2  of 
the  second,  3  of  the  third,  and  so  on,  in  how  many  ways  can  a  selection 
be  made? 

(/,+  l)(9  +  l)(r+l) 1 

Here  />  =  1,  g  =  %  r  =  3,  etc. 

Hence  the  number  of  selections  is  : 

2.3-4 (m  +  1)  —  1  =  |wi  +  l  —  1 

18.  How  many  selections  of  6  letters  each  can  be  made  from  the 
letters  in  Democracy  f    How  many  arrangements  of  6  letters  each  ? 

The  word  Democracy  contains  9  letters,  among  which  are  2  c's. 

Selections : 

(a)  A  selection  of  6  letters  may  contain  both  c's. 

Then  the  remaining  4  letters  can  be  selected  from  the  remaining  7  in 


,7 
-=^  =  35  ways. 

4|3  ^ 

(b)  A  selection  of  6  letters  may  contain  only  one  c. 

Then  the  remaining  5  letters  can  be  selected  from  the  7  available  in 

^    =  21  ways. 


|5t^ 

(c)  Or,  a  selection  of  6  letters  may  contain  no  c*s. 

|7 
Then  the  6  letters  can  be  selected  from  the  7  ayailable  in  ^=-  =  7  ways. 

16[1 

Hence  the  number  of  selections  is  35  +  21  +  7  =  63. 
Arrangements : 


16 
(a)  Each  selection  can  be  arranged  in  —  =  360  ways. 

35  X  360  =  12600  arrangements. 

(J))  Each  selection  can  be  arranged  in  [6  =  720  ways. 

720  X  21  =  15120  arrangements. 

(r)  Each  selection  can  be  arranged  in  [6=  720  ways. 

7  X  720  =  5040  arrangements. 
Hence  the  number  of  arrangements  is  12600+15120  +  5040  =  32,700. 
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14.  If  of  />  +  9  +  r  things,  p  are  alike,  and  q  are  alike,  and  the  rest 
different,  show  that  the  total  number  of  selections  is 

(p+l)(9+l)2''-l. 

Of  the  p  things  none  maj  be  taken,  or  1,  2, 3, p  may  be  taken. 

(/>+!)  possibilities. 

Of  the  q  things  none  may  be  taken,  or  1,  2, q  may  be  taken. 

(9  +  ^)  possibilities. 
Of  the  r  things  any  one  may  be  either  taken  or  not  taken. 

2^  possibilities. 

.'.  There  are  in  all  (/>  +  1)(7  +  1)  2**  possibilities.  But  the  case  when 
no  things  are  taken  must  be  excluded. 

Hence  then  (/>  +  1)  (9  +  1)  2^  ^  1  selections  possible. 

15.  Show  that  the  total  number  of  arrangements  of  2  n  letters,  of 
which  some  are  a's  and  the  rest  6's,  is  greatest  when  the  number  of  a's 
is  equal  to  the  number  of  6's. 

Let  X  =  number  of  a's. 

Then  2  n  —  x  =  number  of  6's. 

|2n 
The  number  of  arrangements  is  — 


|2n->ir|x 

But  (§206)  this  number  is  greatest  when  2n  — x  =  x,  or  x  =  fi, 
2n  ^x  =  n. 

16.  If  in  a  giyen  number  the  prime  factor  a  occurs  m  times,  the 
prime  factor  6,  n  times,  the  prime  factor  c,  p  times,  find  the  number  of 
different  divisors  of  the  given  number. 

There  are  as  many  divisors  as  there  are  selections  of  m  +  n  +  p 
things,  of  which  m  are  equal  to  a,  n  to  6,  and  p  to  c. 
Hence  there  are  (in  +  l)(n+l)(;j  +  l)  —  2  divisors. 
This  does  not  include  the  number  itself  or  1. 

Exercise  49. 

1.  The  chance  of  an  event  happening  is  f.  What  are  the  odds  in 
favor  of  the  event  1 

The  chance  of  its  not  happening  is  1  —  f  =  f . 
The  odds  in  its  favor  are  therefore  4  to  3. 
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6.  Find  the  chance  of  throwing  doublets  in  one  throw  with  a  fMiir 
of  dice. 

There  are  36  throws,  6  of  which  are  doublets. 
Hence  the  chance  of  throwing  doublets  is  ^  =  }. 

7.  If  4  cards  are  drawn  from  a  pack  of  62  cards,  what  is  the  chance 
that  there  will  be  one  of  each  suit  ? 

The  chance  that  the  first  card  is  a  heart  is  i}  =  \. 

The  chance  that  the  second  card  is  a  diamond  is  |{. 

The  chance  that  the  third  card  is  a  spade  is  J}. 

The  chance  that  the  fourth  card  is  a  club  is  ^}. 

Hence  the  chance  tliat  4  cards  of  different  suits  are  drawn  in  thii 

order  is  • 

52. 51. 60. 49 

But  there  are  24  orders  in  which  4  cards  of  different  suits  may  be 

drawn. 

Hence  the  chance  that  there  will  be  one  card  of  each  suit  is 

24 .  134  13S  1 

=:  — :  nearlj. 


62. 51. 60. 49      17.26.49      10 

8.  If  4  cards  are  drawn  from  a  pack  of  62  cards,  what  is  the  chance 
that  they  will  all  be  hearts  ? 

The  chance  that  the  first  will  be  a  heart  is  J}. 
The  chance  that  the  second  will  be  a  heart  is  |f . 
The  chance  that  the  third  will  be  a  heart  is  |^. 
The  chance  that  the  fourth  will  be  a  heart  is  ^). 
.'.  The  chance  that  all  the  four  cards  will  be  hearts  is 

13.12.11.10^       11 

62. 61. 60. 49     6.17.49 

9.  If  10  persons  stand  in  a  line,  what  is  the  chance  that  2  assigned 
persons  will  stand  together  ? 

If  we  call  the  two  persons  A  and  B,  the  chances  that  A  will  stand  at 
the  beginning  of  the  line  is  ^,  and,  if  A  stands  at  the  beginning  of  the 
line,  the  chance  that  B  will  have  the  second  place  is  (. 

Hence  the  chance  that  A  and  B  occupy  these  two  positions  together 

Also  the  chance  that  A  and  B  will  occupy  the  tenth  and  ninth  places 
is  At- 


-^  yh^ 
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If  A  occupies  anjr  of  the  8  remaining  positions,  B  niaj  stand  on 
either  side  of  him. 
The  chance  that  A,^^€cj}pie8-mi«^ft}}io«0]^  positions  is  r^^. 

chance  in  sttdcTcase  th^t'^'I'd^upieF  one  of  the  2  places  beside 


^ 


ur  together  is  rV  X  f  =  i8- 
together  is  ^  +  M  =  M  =  i- 

•^  ^^ 

10.  If  10  i^rsons  form  a  ring,  what  is  the  chance  that  2  assigned 
ersons  will  stand  together  ? 


*  Ca] 

Vrh 


Call  the  2>a88igned  persons  A  and^ 

Then  it^rcfccupies^  iiii|n(iMiil]\ir  II  may  stand  on  eifflfer  side  of  him. 

e  chancefthat^^nSes  staj^in  one  of  these  two  positions  is  f . 
Hence  the  ibcffce  that  A.Jn\^  B  stand  together  is  |. 


11.  Three  balls  are  to  be  drawn  from  an  urn  containing  5  black,  3 
red,  and  2  white  balls.  What  is  the  chance  of  drawing  1  red  and 
2  black  balls? 

There  are  10  balls  in  the  urn. 

110 
3  balls  can  be  selected  from  these  in  -=^  =  120  ways. 


1  red  ball  can  be  selected  in  8  ways. 


|5 


2  black  balls  can  be  selected  from  5  in  -^=—  =  10  ways. 

[3[2 

Hence  the  required  chance  is  fYir  =  \- 


12.  In  a  bag  are  5  white  and  4  black  balls.    If  4  balls  are  drawn 
out,  what  is  the  chance  that  they  will  be  all  of  the  same  color  ? 


There  are  9  balls  in  the  bag. 


|9 


4  balls  can  be  selected  from  these  in =  126  ways. 

|5[4 

4  white  balls  can.  be  selected  from  5  in  5  ways. 

4  black  balls  can  be  selected  in  1  way. 

Hence  4  balls  all  of  the  same  color  can  be  selected  in  6  ways. 

Hence  the  required  chance  is  ^f  ^r  =  ^^. 


* 


/ 
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18.  If  2  tickets  are  drawn  from  a  package  of  20  tickets  marked  1,  2,  / 

3y ,  what  is  the  chance  that  both  will  be  marked  with  odd  numbers  ? 

There, are  10  odd^«ti3T6  £xea  nui 

i^DAe^:tHat  the  first  iM^^«^^iSfked>ttiranojd'^f(nmber  is  J. 
fir^ticket  b^^^tf3^:^^y9^6m^Mr^ev§]]^«tIa  9  odd  numbers  in 

Hence  thir'**iaTiryt lull  1*    iii    irni  ticket  is  odd  is  ^7.   \      /^^       / 
And  the  chanc^^^lnat  both  are  odd  is  i  X  V'g  =  jV* 

14.  A  bag  contains  3  white,  4  black,  and  6  red  balls ;  3  balls  are 
drawn.    Find  the  odds  against  the  3  being  of  three  different  colors. 

The  bag  contains  12  balls. 

112 
3  balls  can  be  selected  from  them  in  ^=-  =  220  ways. 

[9  [3 

1  white  ball  can  be  selected  in  3  ways. 

1  black  ball  can  be  selected  in  4  ways. 

1  red  ball  can  be  selected  in  5  ways. 

Hence  3  balls  of  3  different  colors  can  be  selected  in  3  X  4  X  5  =  60 
ways. 

And  the  odds  against  the  3  balls  being  of  3  different  colors  is  160  to 
60,  or  8  to  3. 

15.  Show  that  the  odds  are  35  to  1  against  throwing  16  in  a  single 
throw  with  3  dice. 

The  total  number  of  throws  with  one  dice  is  6,  with  3  dice  6*  or  216. 

Of  these  the  following  give  16. 

6,  6,  and  4,  which  may  happen  in  3  ways. 

6,  o,  and  5,  which  may  happen  in  3  ways. 

In  all  6  ways. 

Hence  the  odds  are  210  to  6,  or  35  to  1  that  16  will  not  be  thrown. 

16.  There  are  10  tickets  numbered  1,  2, 9,  0.    Three  tickets  are 

drawn  at  random.    Find  the  chance  c»f  drawing  a  total  of  22. 

|10 
Three  tickets  can  be  selected  from  the  10  in  -^=-  =  120  ways. 

Of  these  sets  of  3,  only  9,  8,  5,  and  9,  7,  6  will  give  22. 
Hence  the  chance  of  drawing  a  total  of  22  is  yfi^  =  ■^. 
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17.  Find  the  probability  of  throwing  15  in  one  throw  with  3  dice. 

The  total  number  of  throws  with  3  dice  is  216. 
Of  these  the  following  give  16. 

6,  6,  and  3,  which  may  happen  in  3  ways. 
(J,  6,  and  4,  which  may  happen  in  6  ways. 
6,  6,  and  5,  which  may  happen  in  1  way. 

In  all,  10  ways. 

Hence  the  chance  of  throwing  16  is  ^^  =  y^. 

18.  With  3  dice,  what  are  the  relative  chances  of  throwing  a  doublet 
and  a  triplet  ? 

There  are  6  triplets. 

There  are  6  doublets.  But  since  the  doublet  includes  only  2  of  the 
3  dice,  it  may  be  thrown  in  3  ways,  and  moreover  the  third  die  may 
be  thrown  in  any  one  of  the  remaining  6  ways. 

Hence  a  doublet  can  be  thrown  in6x3x6  =  90  ways. 

Hence  there  are  16  times  as  many  chances  of  throwing  a  doublet  as 
of  throwing  a  triplet. 

19.  If  3  cards  are  drawn  from  a  pack  of  62  cards,  what  is  the  chance 
that  they  will  be  king,  queen,  and  knave  ? 


j52 
3  cards  can  be  selected  from  62  in  .  — ;   =  22100  ways. 

[4913  ^ 

A  king  can  be  selected  in  4  ways,  a  queen  in  4  ways,  and  a  knave  in 
4  ways. 

Hence  there  are  4  X  4  X  4,  or  64,  combinations  of  king,  queen,  and 
knave. 

Therefore  the  chance  that  the  3  cards  will  be  king,  queen,  and 
knave  is  ^^,  or  ^Jfy- 

Exercise  50. 

1.  One  of  two  events  must  happen.  If  the  chance  of  one  is  }  that 
of  the  other,  find  the  odds  on  the  first. 

Since  the  sum  of  the  2  chances  is  1,  and  one  is  |  of  the  other,  it 
follows  that  the  one  chance  is  |,  and  the  other  |.  The  odds  are  3  to  3 
in  favor  of  the  first  event. 
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2.  There  are  three  events,  A,  B,  C,  one  of  which  must  happen.  The 
odds  are  3  to  8  on  A,  and  2  to  5  on  B.     Kind  the  odds  on  C. 

The  chances  are  i^  or  ^^  that  A  will  liappen. 

The  cliances  are  f  or  f  |  that  B  will  happen. 

Hence  the  chances  that  C  will  happen  is  1  ^  f | »  f f  =  ff. 

Hence  the  odds  are  43  to  34  against  C. 

S.  In  one  bag  are  9  balls  and  in  another  6;  and  in  each  bag  the 
balls  are  marked  1,  2,  3,  etc.  What  is  the  chance  that  on  drawing  one 
ball  from  each  bag  the  two  balls  will  hare  the  same  namber  1 

The  chance  that  1  will  be  drawn  from  the  first  bag  is  (. 

The  chance  that  1  will  be  drawn  from  the  second  bag  is  }. 

Therefore  the  chance  that  2  I's  will  be  drawn  is  (  X  },  or  5^. 

Similarly,  the  chance  that  2  2*8  will  be  drawn  is  y}^,  etc. 

Hence  the  chance  that  two  eqaal  numbers  will  be  drawn  is  6  X^^t  or  (. 

4.  What  is  the  chance  of  throwing  at  least  one  ace  in  2  throws  with 
one  die? 

The  chance  that  the  first  throw  will  not  give  an  ace  is  }. 
The  chance  that  the  second  throw  will  not  give  an  ace  is  {. 
Therefore  the  chance  that  neither  throw  will  give  an  ace  is  {  X  j>  or  f f . 
Hence  the  chance  that  at  least  one  ace  will  be  thrown  is  1  —  f  J,  or  |^. 

5.  Find  the  probability  of  throwing  a  number  greater  than  9  in  a 
single  throw  with  a  pair  of  dice. 

The  total  number  of  throws  with  2  dice  is  36. 

Of  these  the  following  give  a  namber  greater  than  9 : 

6  and  6,  1  way. 

6  and  5,  2  ways. 

6  and  4,  2  ways. 

6  and  5,  1  way. 

In  all,       6  ways. 
Hence  the  chance  of  throwing  a  number  greater  than  9  is  ^,  or  }• 

6.  The  chance  that  A  can  sol  ye  a  certain  problem  is  },  and  the  chance 
that  B  can  solve  it  is  ).  What  is  the  chance  that  the  problem  will  be 
solved  if  both  try  ? 

Tlie  chance  that  A  cannot  solve  it  is  f . 
The  chance  that  B  cannot  solve  it  is  i. 
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Therefore  the  chance  that  neither  of  them  solve  it  is  j  X  ^i  or  }. 
Hence  the  chance  that  at  least  one  of  them  succeeds  in  solving  it  is 
1  -  J,  or  |. 

7.  A,  B,  C  have  equal  claims  for  a  prize.  A  says  to  B,  "  You  and 
C  draw  lots,  and  the  winner  shall  draw  lots  with  me  for  the  prize."  Is 
this  fair  ? 

No.  Since  A  draws  lots  with  the  winner,  he  has  1  chance  in  2  of 
winning  the  prize,  whereas  he  is  only  entitled  to  1  chance  in  3. 

8.  A  bag  contains  6  tickets  numbered  1,  2,  3,  4,  5.  Three  tickets  are 
drawn  at  random,  the  tickets  not  being  replaced  after  drawing.  Find 
the  chance  of  drawing  a  total  of  10. 

3  tickets  can  be  selected  from  6  in  -- —  =  10  ways. 

[3|2 

Of  these  10  sets  only  5,  4,  and  I  and  o,  3,  and  2  will  give  a  total  of  10. 
Hence  the  chance  of  drawing  a  total  of  10  is  ^,  or  ^. 

9.  A  bag  contains  10  tickets,  6  marked  1,  2,  3,  4,  5,  and  5  blank. 
Three  tickets  are  drawn  at  random,  each  being  replaced  before  the 
next  is  drawn.    Find  the  probability  of  drawing  a  total  of  10. 

The  only  combination  which  gives  10  are  5, 5,  and  0 ;  5, 4,  and  1 ;  6, 3, 
and  2 ;  4,  4,  and  2 ;  and  4,  3,  and  3. 

5,  5,  and  0  may  be  drawn  in  3  ways ;  that  is,  tbe  0  may  be  drawn 
either  the  first,  the  second,  or  the  tliird  time. 

The  chance  that  6  will  be  drawn  the  first  time  is  y\j. 

The  chance  that  5  will  be  drawn  the  second  time  is  y^g. 

The  chance  that  0  will  be  drawn  the  third  time  is  j. 

Hence  the  chance  that  5,  5,  and  0  will  be  drawn  in  this  order  is 

A  X  iV  X  J  =  ^^. 

And  the  chance  that  this  combination  will  be  drawn  in  some  other 
order  is  also  ^^^. 

Hence  the  chance  that  5,  5,  and  0  will  be  drawn  is  ^^jf. 
Similarly,  the  chance  that  5,  4,  and  1  will  be  drawn  is 

6  X  Tff  X  iV  X  Tff  =  T^lfjf 

The  chance  that  5,  3,  and  2  will  be  drawn  is  j^gj^* 
The  chance  that  4,  4,  and  2  will  be  drawn  is  jj^^jf 
The  chance  that  4,  3,  and  3  will  be  drawn  is  y^Vtf* 
Hence  the  chance  of  drawing  a  total  of  10  la 


-  1^  '■^  .^.t;^  J^^n^^*4-e^ 
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10.   Find  the  probability  of  drawing  in  the  previous  example  a  total 
of  10  when  the  tickets  are  not  replaced.  .  ,--— — ■-•i*^ 

If  the  tickets  are  not  ii  |i1iii  i  i1^giiniT|i  li((in1iiiiiiliiinii  whit 
are  6,  4,  and  1,  and  6,  3,  andjlr^  \  ^^' 

6,  4,  and  1  can  be  dMj^in  6  ways.  \    ,- 

The  chance  thakffVul  be  drawruthe-^^j^Htn^  is  -^-^l 

5  not  hpin^  lOplflf/fl^  tL^r^i'ann^^<WTriiwin|T  I  ,^Jie  SeCOnd 

_\    And  the  c^ap<»e^oK4mKijM^^be  third  tia^  is  J.      , 
r    ■^J.JJeojjetJiechance  of  Rawing  bj^^^^t^  I -in  this  order  is 


Therefore  the/chaBCi§"clf  <^£§Jiiil^^A  a-iid  JUin  any  order 


^ Aod  8imilarl3tiirfg"chJHTge  oj^  €h'awftig  ^,  8,  and  2  is  ^\^. 
Hence  the  chance  of  dnrwing^  total  of  10  is  ^^. — 

11.  A  bag  contains  four  %  10  gold  pieces,  and  six  silver  dollars.  A 
person  is  entitled  to  draw  2  coins  at  random.  Find  the  value  of  his 
expectation. 

The  chance  that  he  will  draw  2  (J  10  gold  pieces  is  y^  X  f  =  t^. 
His  expectation  from  this  event  is  therefore  ^  of  320,  or  $2f. 
The  chance  that  he  will  draw  1  |i  10  gold  piece  and  1  silver  dollar  is 

TVxt  +  Ax4  =  V'5. 

His  expectation  from  this  event  is  therefore  -j^  of  $  11,  or  %h\\. 
The  chance  that  he  will  draw  2  silver  dollars  is  ^^^  x  |  =  \* 
His  expectation  from  this  event  is  therefore  ^  of  $2,  or  %\, 
Hence  his  total  expectation  is  |^2f  +  $^H  +  ^  i'  o^  $9.20. 

12.  Six  $5  pieces,  four  $3  pieces,  and  five  coins  which  are  either  all 
gold  dollars  or  all  silver  dimes  are  thrown  together  into  a  bag.  As- 
suming that  the  unknown  coins  are  equally  likely  to  be  dimes  or 
dollars,  what  is  a  fair  price  to  pay  for  the  privilege  of  drawing  at 
random  a  single  coin  ? 

The  chance  of  drawing  a  l|  5  piece  is  ^,  or  \. 
The  expectation  from  this  event  is  therefore  f  of  $5,  or  $2. 
The  chance  of  drawing  a  $  3  piece  is  ^^, 
The  expectation  from  this  event  is  therefore  j^  of  $3,  or  %\, 
The  chance  of  drawing  one  of  the  unknown  coins  is  y\^,  or  \. 
The  chance  that  the  coin  is  a  dollar  is  ^,  and  the  expectation  in  this 
event  is  }  X  i>  or  ^  of  1  dollar,  or  %  \, 
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The  chance  that  the  coin  is  a  dime  is  },  and  the  expectation  in  this 
event  is  }  X  i>  or  ^  of  1  dime,  or  ^■^, 

Hence  the  total  expectation  is$2  +  $|  +  $^  +  $^  =  $2|f  =  $2.98 J, 
and  this  is  a  fair  price  to  pay. 

18.  A  hag  contains  six  $  5  pieces,  and  four  other  coins  which  have 
all  the  same  value.  The  expectation  of  drawing  at  random  2  coins  is 
worth  $8.40.    Find  the  value  of  each  of  the  unknown  coins. 

Let  $x  he  the  value  of  each  of  the  unknown  coins. 

The  chance  of  drawing  2  $  6  pieces  is  -j^  X  i*  or  i. 

The  expectation  from  this  event  is  therefore  \  of  $10,  or  $3}^. 

The  chance  of  drawing  1  $6  piece  and  1  of  the  unknown  coins  is 

Ax4  +  Axf  =  A. 

The  expectation  from  this  event  is  therefore  ^^  of  5  +  x  dollars,  or 
2}  +  ®£  dollars. 

The  chance  of  drawing  2  of  the  unknown  coins  is  -^  X  )  =  -A*. 

The  expectation  from  this  event  is  therefore  ^g  of  2x  doUaiBy  or 

i^  dollars. 
16 

Hence  the  total  expectation  is  3J  +  2  J  +  —  +  i?,  or  6  +  ~  dollars. 

16      16  5 

6        ^ 
ar=3 

That  is,  the  unknown  coins  are  worth  $3  each. 

14.  Find  the  prohahilitj  of  throwing  at  least  one  ace  in  4  throws 
with  a  single  die. 

The  prohahility  that  no  ace  will  he  thrown  in  the  4  trials  is  (f )',  or  ^ffff. 
Hence  the  prohahilitj  that  at  least  one  ace  will  he  thrown  is  l—^fffs* 

16.  A  copper  is  tossed  3  times.  Find  the  chance  that  it  will  fall 
heads  once  and  tails  twice. 

The  chance  that  it  will  fall  heads  the  first  time  and  tails  the  second 
and  third  times  is  J  X  }  X  }»  or  J. 

Similarly,  the  chance  that  it  falls  heads  the  second  time  and  tails  ^e 
first  and  third,  or  that  it  falls  heads  the  third  time  and  tails  the  first 
and  second  is  in  each  case  ^. 

Hence  the  chance  that  it  falls  heads  once  and  tails  twice  is  |. 
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16.  What  is  the  chance  of  throwing  double  sizes  at  least  once  in 
3  throws  with  a  pair  of  dice  ? 

The  chance  that  double  sixes  will  be  thrown  the  first  time  is  ^, 

The  chance  that  they  will  not  be  thrown  the  first  time  is  |J. 

The  chance  that  they  will  not  be  thrown  the  second  time  is  }{. 

The  chance  that  they  will  not  be  thrown  the  third  time  is  j{. 

Hence  the  chance  that  will  not  be  thrown  at  all  is  (J^)'. 

And  the  chance  that  they  will  be  thrown  at  least  once  is  1  —  (}})'» 

17.  Two  bags  contain  each  4  black  and  3  white  balls.  A  ball  is 
drawn  at  random  from  the  first  bag,  and  If  it  be  white,  it  is  put  into  the 
second  bag,  and  a  ball  drawn  at  random  from  that  bag.  Find  the  odds 
against  drawing  two  white  balls. 

The  chance  that  the  ball  first  drawn  is  white  is  f . 
If  a  white  ball  be  drawn  and  placed  in  the  second  bag,  the  chance 
of  drawing  a  white  ball  from  this  bag  will  be  },  or  \, 

Hence  the  chance  that  2  white  balls  will  be  drawn  is  }  X  f »  or  ^. 
And  the  chance  that  2  white  balls  will  not  be  drawn  is  \\, 
The  odds  are  therefore  11  to  3  against  drawing  2  white  balls. 

18.  A  and  B  play  at  chess,  and  A  wins  on  an  ayerage  2  games  out 
of  3.  Find  the  chance  of  A's  winning  exactly  4  games  out  of  the  first 
6,  drawn  games  being  disregarded. 

A  is  to  lose  2  games.    The  2  games  can  be  selected  from  the  6  in 
-,  or  15  ways. 


[ill 

The  chance  that  A  will  lose  any  given  game  is  i. 

The  chance  that  A  will  lose  any  other  given  game  is  }. 

Hence  the  chance  that  A  will  lose  2  given  games  is  ^. 

The  chance  that  A  will  win  a  given  game  is  |. 

Hence  the  chance  that  A  will  win  the  4  remaining  games  is  (5^)*  =  Jf. 

Hence  the  chance  that  A  will  lose  2  given  games  and  win  the  4  others 

i«  4  X  if ,  or  ViV 

But  the  2  games  can  be  selected  in  15  ways. 

Hence  the  chance  that  A  will  lose  some  2  games  and  win  the  other 
4  is  16  X  VA.  or  /A. 
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19.  At  tennis  A  on  an  average  beats  B  2  games  out  of  3.    If  thej 
play  one  set,  find  the  chance  that  A  will  win  bj  the  score  of  6  to  2. 

The  chance  that  A  will  win  any  particular  game  is  f . 
The  chance  that  B  will  win  any  particular  game  is  ^. 
A  must  win  5  games  out  of  the  first  7,  and  in  addition  the  last  game. 
The  required  chance  is 

7x6  /2\6/l\2/2\      21x2*     7x2*     224 


I  (ir(i)'(i)- 


1X2  \3/  \SJ  \SJ  37  38         729 

20.  A  and  B,  two  players  of  equal  skill,  are  playing  tennis.  A  wants 
2  games  to  complete  the  set,  and  B  wants  3  games.  Find  the  chance 
that  A  will  win  the  set. 

A  may  win  the  set  as  follows: 

(1)  He  may  win  the  next  2  games.    The  chance  of  this  is  }  X  }  =  J. 

(2)  He  may  win  the  next  game,  lose  the  second,  and  win  the  third. 
The  chance  of  this  is  J  X  ^  X  ^  =  J. 

(8)  He  may  win  the  next  game,  lose  the  second  and  third,  and  win 
the  fourth.     The  chance  of  this  is  ^  X  i  X  i  X  }  =  iV- 

(4)  He  may  lose  the  next  game,  and  win  the  second  and  third.    The 
chance  of  this  is  }  X  i  X  i  =  i- 

(5)  He  may  lose  the  next  game,  win  the  second,  lose  the  third,  and 
win  the  fourth.    The  chance  of  this  is  ^  X  ^  X  }  X  i  =  1^. 

(6)  He  may  lose  the  next  two  games  and  win  the  third  and  fourth. 
The  chance  of  this  i8jXiXiXi=T^. 

Hence  A's  total  chance  of  winning  18^  +  }  +  ^  +  }+^  +  ^  =  ^. 

21.  If  n  coins  are  tossed  up,  what  is  the  chance  that  one,  and  only 
one,  will  turn  up  head  ? 

The  chance  that  a  given  one  will  turn  up  head  is  }. 
The  chance  that  all  the  others  will  turn  up  tail  is  (i)*~^. 
Hence  the  chance  that  both  events  will  occur  together  is  J  X  (i)*"^ 
or  (.»». 
But  a  coin  can  be  selected  in  n  ways. 
Hence  the  chance  that  some  coin  will  turn  up  head  while  all  the 

others  turn  up  tail  is  «(})*,  or  — • 

2» 
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22.  A  bag  contains  n  balls.  A  person  takes  out  one  ball,  and  then 
replaces  it.  He  does  this  n  times.  What  is  the  chance  that  he  has 
had  in  his  hand  every  ball  in  the  bag  ? 

He  must  draw  a  different  ball  each  time. 

After  drawing  the  first  ball,  he  can  onlj  draw  the  second  time  one  of 
the  n  ~  1  remaining  balls. 

The  chance  of  drawing  one  of  these  is . 

n 

After  drawing  the  first  and  second  balls,  he  can  draw  the  third  time 

only  one  of  the  n  —  2  remaining  balls. 

fi  —  2 
The  chance  of  drawing  one  of  these  is ,  etc. 

n 

Hence  the  chance  that  he  will  have  drawn  every  ball  in  the  n  drsw- 

.    (n-l)(ii-2) 1 

ings  IS  ^^ '-^ -—^ . 

23.  If  on  an  average  0  ships  out  of  10  return  safe  to  port,  what  is 
the  chance  that  out  of  5  ships  expected  at  least  3  will  safely  return  ? 

At  least  3  will  return  if  3  return  and  2  are  lost,  or  if  4  return  and  1 
is  lost,  or  if  all  5  return. 

The  chance  that  a  given  3  will  return  and  other  2  be  lost  is 


Vioy    vio/       10& 


|5 
But  3  can  be  selected  from  5  in  — -  =  10  ways. 

Hence  the  chance  that  some  3  will  return  and  the  other  2  be  lost  is 

lOx— ,,  or  ^. 

The  chance  that  4  given  ships  will  return  and  the  other  1  will  be  lost 

Vioj^io 

But  4  can  be  selected  from  5  in  5  ways. 

Hence  the  chance  that  some  4  will  return  and  the  other  be  lost  is 

The  chance  that  all  will  return 


I^IXij,.. 


"■  ©' 


Hence  the  chance  that  at  least  3  will  return  is 

9^      6X9*  .  ^    or  12393 
10*        10&        lOs'        12500* 
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24.  At  tennis  A  beats  B  on  an  average  2  games  out  of  3 ;  if  tbe 
score  is  4  games  to  3  in  B's  favor,  find  the  chance  of  A's  winning  6 
games  liefore  B  does. 

A  may  win  6  games  before  B  in  the  following  ways  : 

(1)  He  may  win  the  next  3  games.    The  chance  of  this  is  (^)^  or  fw. 

(2)  He  may  win  the  next  2  games,  lose  the  third,  and  win  tiie  fourth. 
Tlie  chance  of  this  is  (V)*  X  i  X  ^,  or  /f. 

(8)  He  may  win  the  next  game,  lose  the  second,  and  win  the  third 
and  fourth.    The  chance  of  this  is  f  X  i  X  J  X  ?,  or  /^ . 

(4)  He  may  lose  the  next  game  and  win  the  second,  third,  and  fourth. 
The  chance  of  this  is  J  X  J  X  J  X  if,  or  ^. 

Hence  his  total  chance  of  winning  6  games  before  B  does  is 


25.  A  bets  B  |i  10  to  $  1  that  he  will  throw  heads  at  least  once  in  3 
trials.    What  is  B's  expectation  ?     What  would  have  been  a  fair  bet  ? 

The  chance  of  throwing  tails  in  the  first  trial  is  J. 

The  chance  of  throwing  tails  every  time  in  3  trials  is  (J)',  or  J. 

Hence  the  chance  that  B  will  win  is  |,  and  B's  expectation  from  this 
event  is  I  of  $  10,  or  $  1.25. 

But  the  chance  of  B's  losing  is  },  and  his  negative  expectation  in  tliis 
case  is  }  of  $  1,  or  $0.87|. 

Hence  B's  expectation  is  $1.25  — $0.87 J,  or  $0.37  J. 

Since  A's  chance  is  to  B's  as  7  to  1,  a  fair  bet  would  have  been  $7 
to  $  1  against  B.  In  this  case  B's  expectation  would  have  been  \  of 
$  7  —  J  of  $  1,  or  0.  That  is,  he  would  have  paid  a  fair  price  for  his 
chance,  and  could  not  expect  either  to  gain  or  to  lose. 

26.  A  draws  5  times  (replacing)  from  a  bag  containing  3  white  and  7 
black  balls,  drawing  each  time  one  ball;  every  time  he  draws  a  wiiite 
ball  lie  is  to  receive  $  1,  and  every  time  he  draws  a  black  ball  he  is  to 
pay  50  cents.    What  is  his  expectation  ? 

The  chance  that  he  will  draw  5  white  balls  is  C^^)** ;  and  his  expecta- 

243 
tion  from  this  event  is  (A)^  X  5  dollars,  or —  dollars. 

^^^^  2  X  10* 

He  can  draw  4  white  balls  and  1  black  one  in  5  ways. 
The  chance  that  any  given  one  of  these  ways  will  occur  is  (A)*XtV» 

or  — -• 
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Hence   the  chance  that  some  one  of    these  ways  will    occur   is 

567 
5  X  -— -.     If  one  of  these  ways  occurs,  he  receives  f  8.60.    Hence  his 

expectation  from  this  event  is  6  X  ^  X  84,  or  -?®??-  dollars. 

10*  4  X  10* 

He  can  draw  3  white  balls  and  2  black  ones  in  10  ways. 

The  cliance  that  any  given  one  of  these  ways  occurs  is  (A)'  X  (i^)^ 
1323 

10*' 

1328 


or 


Hence  the  chance  that  some  one  of  these  ways  will  occur  is  10  X 


10*' 


1323  1323 

or        ^  ,  and    his    expectation   from  this   event  is  -^ —  x  2  dollars, 
10*  10* 

2646  ,  „ 
or  dollars. 

10* 
He  can  draw  2  white  balls  and  3  black  balls  in  10  ways. 
The  chance  that  some  one  of  these  ways  will  happen  is 

3087 


'«x(f.)x(sr 


or 


10*' 
and  the  expectation  from  this  event  is 

§581x1  dollars,  or -?5?L  dollars. 
10*       2  •  2X10* 

He  can  draw  1  white  ball  and  4  black  balls  in  6  ways. 

The  chance  that  some  one  of  these  ways  will  happen  is 

ft  V  3  y  /  7  \*     ^    7203 

^^To^ilo)'^'23aoi' 

and  the  expectation  from  this  event  is 

7203    X  (- 1)  dollar.,  or  -   '203 


2xl0«   ^       '  2x10* 


—  I  ,  or  — — -,  and  the 

expectation  from  this  event  is X(— 2*)  dollars,  or dollars. 

F^  JQ6    ^^       2/  '4x10* 

Hence  his  total  expectation  is 

243      ,3069     ,2646  .     3087  7203         16807 


2  X  10*      4  X  10*       10*       2  X  10*      2  X  10*      4  X  10*' 

or  —  }  dollar,  or  —  25  cents.    That  is,  the  expectation  is  that  he  will 

luse  25  cents. 

Same, 

The  probability  that  he  will  draw  a  white  ball  the  first  time  is  ^, 
and  his  expectation  from  this  event  is  ^^^  of  $  1,  or  30  cents. 
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The  probability  that  he  will  draw  a  black  ball  the  first  time  is  ^,  and 
his  expectation  from  this  event  is  i^  X  (—  50)  cents,  or  •  35  cents. 

Hence  his  total  expectation  for  the  first  trial  is  30  —  35,  or  —  5  cents. 
That  is,  he  must  expect  to  lose  5  cents. 

Hence  in  5  trials  the  expectation  is  that  he  will  lose  5  X  5,  or  25  cents. 


27.  From  a  bag  containing  2  eagles,  3  dollars,  and  3  quarter-dollars, 
A  is  to  draw  1  coin  and  then  B  3  coins ;  and  A,  B,  and  C  are  to  divide 
equally  the  value  of  the  remainder.     What  are  their  expectations  ? 

In  the  final  division  A,  B,  and  C  receive  equal  shares. 
Consider  their  expectations  from  this  division. 
There  are  $28.75  in  the  bag. 
A  and  B  are  to  draw  out  4  coins  at  first. 

4  coins  can  be  selected  from  8  in  -7=^  =  70  ways. 

[4  [4 

A  and  B  may  draw:             '       ^^^^'j  r^Z^,.      ""^^^^it"^' 

(1)  2  eagles,  2  dollars                      ^%  $1.75      Ax$l.75   =$2Vir 

(2)  2  eagles,  1  dollar,  1  quarter      ^^  $2.50      ^  X  $2.60   =  $^|t 

(3)  2  eagles,  2  quarters                   ^a^  $3.25      ^\  X  $3.25   =  $^A' 

(4)  1  eagle,  3  dollars                       ^  $10.75      y^  X  $  10.75  =  $  ^, 
(6)  1  eagle,  2  dollars,  1  quarter      jj  $  11.60      jj  X  $  11.50  =  $  Ky^ 

(6)  1  eagle,  1  dollar,  2  quarters  jj  $12.25  ^f  X  $12.25  =  $6j. 

(7)  1  eagle,  3  quarters  ^  $  13.00  ,%  X  $  13.00  =  $  J|. 

(8)  3  dollars,  1  quarter  ^  $  20.60  ^  x  $20.50  =  $  |}J. 

(9)  2  dollars,  2  quarters  ^  $21.25  j%  X  $21.25  =  $^^. 
(10)  1  dollar,  3  quarters  ^  $22.00  ^^  X  $22.00  =  $  f|. 

Total  expectation  for  the  division  $^22gV»  or  $  11  fj. 

Hence  the  expectation  of  each  from  the  division  is  J  of  $llf^,  or 
$  3  86  2^. 

Hence  C's  entire  expectation  is  $3,862^. 

Again,  A  may  draw  an  eagle.  The  probability  of  this  is  f,  or  J. 
The  corresponding  expectation  is  $2.60. 

Or,  he  may  draw  a  dollar.  The  probability  of  this  is  f .  The  corre- 
sponding expectation  is  37^  cents. 

Or,  he  may  draw  a  quarter.  The  probability  of  this  is  }.  The  cor- 
responding expectation  is  9|  cents. 

Hence  A's  expectation  from  his  draw  is  $  2.90}. 
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And  A's  total  expectation  is  $6.83;^;. 

A's  and  C's  expectations  together  are  $  lO.GQf^^. 

Hence  B*8  expectation  is  $23.75  —  $  10.69  =  9 13.06. 

Exercise  51. 

1.  An  even  number  greater  than  6  has  been  thrown  with  2  dice. 
What  is  the  chance  that  doublets  were  thrown  ? 

Even  numbers  greater  than  6  may  be  thrown  as  follows  i 

6  and  2,  2  ways. 

6  and  4,  2  ways. 

6  and  6,  1  way. 

6  and  3,  2  ways. 

6  and  6,  1  way. 

4  and  4,  1  way. 

In  all,       9  ways,  of  which  3  give  doublets. 
Hence  the  chance  that  doublets  were  thrown  is  f ,  or  ^. 

8.  A  number  diyisible  by  3  has  been  thrown  with  2  dice.    What  is 
the  chance  that  the  number  was  odd  ? 

The  number  must  have  been  3,  6,  9,  or  12. 

3  may  be  thrown  as  1  and  2,  2  ways. 

6  may  be  thrown  as  1  and  6,  2  and  4,  or  3  and  3,  5  ways. 

9  may  be  thrown  as  3  and  6,  or  4  and  5,  4  ways. 

12  may  be  thrown  as  6  and  6, 1  way. 

In  all,  12  ways. 

Of  these,  6  give  3  or  6. 

Hence  the  chance  that  the  number  was  odd  is  ^2*  ^^  i* 

3.  Fourteen  has  been  thrown  with  3  dice.    Find  the  chance  that  one, 
and  only  one,  of  the  dice  turned  up  a  six. 

14  can  be  thrown  only  as  follows  : 

6,  6,  and  2,    3  ways. 

6,  5,  and  3,    6  ways.  • 

6,  4,  and  4,    3  ways. 

6,  5,  and  4,    3  ways. 

In  all,  16  ways. 

6  occurs  once,  and  only  once,  in  9  ways. 
Hence  the  required  chance  is  ^3,  or  f . 
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4.  An  even  number  greater  than  10  has  been  thrown  with  3  dice. 
Find  the  chance  that  the  number  was  14. 

Even  numbers  greater  than  10  can  be  thrown  as  follows : 

6,  6,  and  1  6  ways 

6,  4,  and  2  6  ways 

6,  3,  and  3  3  ways 

6,  6,  and  2  3  ways 

6,  4,  and  3  6  ways 

4,  4,  and  4  1  way 

6,  6,  and  2  3  ways 

6,  6,  and  3  6  ways 

6,  4t,  and  4  3  ways 

.  6,  6,  and  4  3  ways 


'  25  ways. 


14 


15  ways. 


16  (  6.  3.  and  4    3  ways  J  g 

(  6,  5,  and  5    3  ways  ) 
18  -{  6,  6,  and  6    1  way     [  1  way. 

Hence  even  numbers  above  10  can  be  thrown  in  47  ways,  of  which 
16  ways  give  14. 
Hence  the  chance  that  the  number  was  14  is  }^. 

5.  From  a  bag  containing  6  white  and  2  black  balls  a  person  draws 
3  balls  at  random  and  places  them  in  a  second  bag.  A  second  person 
then  draws  from  the  second  bag  2  balls  and  finds  them  to  be  both  white. 
Find  the  chance  that  the  third  ball  in  the  second  bag  is  white. 

18 
From  8  balls  3  can  be  drawn  in  -^  =  56  ways ;   3  white  balls  in 


\i\3 


=  20  ways. 


1315 


2  white  balls  and  1  black  ball  in  30  ways. 

Chance  that  the  balls  in  the  second  bag  will  be  all  white,  and  that 
from  them  2  white  balls  will  be  drawn,  is  |J  X  1  =  3^^. 

Chance  that  there  will  be  2  white  balls  and  1  black  ball  in  the  second 
bag,  and  that  from  tliero  2  white  balls  will  be  drawn,  is  f  J  X  j  =  A* 

Odds  in  favor  of  8  white  balls  are  as  ^^ :  ^,  or  as  2 : 1. 

Chance  of  3  white  balls  is  I. 


6.  A  bag  contains  4  balls,  each  of  which  is  equally  likely  to  be  white 
or  black.  A  person  is  to  receive  $  12  if  all  four  are  white.  Find  the 
value  of  his  expectation. 
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Suppose  he  draws  2  balls  and  finds  them  to  be  both  white.    What 
is  now  the  value  of  his  expectation  ? 

(1)  }X}XjXiXl2  =  }dollar  =  76  cents. 

(2)  There  are  left  2  balls  in  doubt.    Chance  that  both  are  white  if 
i  X  i  =  i-     Answer  is  J  X  12  = 


7.  A  and  B  obtain  the  same  answer  to  a  certain  problem.  It  is  found 
that  A  obtains  a  correct  answer  11  times  out  of  12,  and  B  9  times  out 
of  10.  If  it  is  100  to  1  against  their  making  the  same  mistake,  find  the 
chance  that  the  answer  they  both  obtain  is  correct. 

There  are  but  two  hypotheses ;  the  answer  is  right  or  it  is  wrong. 
In  the  latter  case  A  and  B  must  hare  made  the  same  mistake. 

First  hifpothesis.  Chance  that  A  and  B  will  get  the  same  answer  is 
ii  X  A.  or  J  J. 

Second  hypothesis.    Chance  that  A  and  B  will  get  the  same  answer  is 

The  odds  that  the  answer  is  correct  is  as  f}  to  ttItv  ^^  ^'  ^^^  ^  ^' 
The  chance  that  the  answer  is  correct  is  ^^^^n* 

8.  From  a  pack  of  62  cards  one  has  been  lost ;  from  the  imperfect 
pack  2  cards  are  drawn  and  found  to  be  both  spades.  Required  the 
chance  that  the  missing  card  is  a  spade. 

If  the  missing  card  is  not  a  spade,  the  chance  that  2  spades  will  be 
drawn  is  }  of  Jf  X  H- 

If  the  missing  card  is  a  spade,  the  chance  that  2  spades  will  be  drawn 
is  J  of  if  X  U- 

Hence  the  odds  against  the  missing  card  being  a  spade  are  as  }  of 
M  X  if  to  i  of  if  X  Hf  or  as  30  to  11.  The  chance  that  the  missing 
card  is  a  spade  is  iJ. 

9.  A  speaks  truth  0  times  out  of  ten,  and  B  11  times  out  of  12. 
There  is  a  certain  event  which  must  either  happen  or  fail,  and  is  of 
itself  twice  as  likely  to  happen  as  to  fail.  A  says  that  the  event  hap- 
pened, and  B  that  it  failed.    Find  the  odds  for  the  event  happening. 

If  the  event  happened,  A  tells  the  truth,  and  B  lies ;  if  it  did  not  hap- 
pen, A  lies,  and  B  tells  the  truth.  The  chance  of  the  first  is  J  X  A  X  iJ. 
The  chance  of  the  second  is  J  X  ^  X  H-  The  odds  in  favor  of  hap- 
pening are  as  2  X  9  X  1  to  1  X  1  X  H,  or  18  to  11.  The  chance  that 
the  event  did  happen  is  if. 
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Exercise  52. 


1.  Find  the  values  of : 


111.      111.      11111. 
i  +  3  +  2'      2  +  3  +  7'      1  +  2  +  1  +  4  +  5' 

111^  111. 

i  +  3  +  2'  2  +  3  +  7' 

Quotients      =  4,  3,  2.  Quotients      =  2,  3,  7. 

ConTergents  =  f  J,  A»  A-  Convergents  =  J,  J,  f  }f . 

11111 

1+2+1+4+6 
Quotients      =  1,  2,  1,  4,  5. 
Conrergents  =  ^,  {,  |,  },  H,  J}. 


3.  Find  continued  fractions  for  ^Jf ;  ^7®;  W»*  AVJ  "^J  "^' 
4Vd;  and  find  the  fourth  convergent  to  each. 

123^1     11111111. 
167      1  +  3  +  1  +  1  +  1  +  1  +  1  +  1+2* 
Quotients      =  1,  3, 1,  1,  1. 
Convergents  =  f ,  {,  },  f ,  J. 

155  =  34.1     11111. 
47  2  +  1  +  1  +  1  +  1  +  3' 

Quotients      =  2,  1, 1, 1. 

Convergents  =  ^,  J,  J,  |,  }. 

.•.  Fourth  convergent  =  3|  =  -y, 

15§=1  +  1     1111. 
71         "^2  +  4  +  1  +  1  +  3' 

Quotients      =  2,  4,  1,  1. 

Convergents  =  },  J,  J,  ^j,  ^. 

.'.  Fourth  convergent  =  1^^^  =  fj. 

^  =  1     111111. 
177     2  +  1  +  1  +  1+3  +  1+4 

Quotients      =  2,  1,  1,  1. 

Convergents  =  f  |,  J,  |,  }. 
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Let 


V6  =  2  +  - 


x=. 


V5-2 
=  V6  +  2 

=  4  +  1 

'   X 

m 

.'.  V6  =  2  +  i 
4 

Quotients      =  4,  4,  4,  4. 
Convergents  =  },  J,  ^,  |},  ^. 
/.  Fourth  convergent = 2^ = f  Jf . 


Let 


vTl  =  3  +  l 

X 

1 


vTI-3 
^vTT  +  3 

2 


Let    ^-^-^  =  3+1 

2 


y  = 


\/lT-3 
=  Vll  +  3 

=  6+1 

'   X 

/.  vn=3+i  1 

3  +  6 
Quotients      =  3,  6,  3,  6. 
Convergents  =  J,  i  ■^^,  iJ,  Jf f. 
/.  Fourth  convergent=3  Jf  J= Y^y . 

3.   Find  continued  fractions  for 
third  convergent  to  each. 

il  =  l     ^     1     1. 

267      6  +  2  +  7+3* 

Quotients      =  5,  2,  7. 
Convergents  =  ^,  i,  ^,  Jf . 

2066^1      1      1      1     JL. 
4626     2  +  4  +  6  +  8  +  10' 
Quotients      =  2,  4,  6,  8. 
Convergents  =  J,  J,  },  }J. 


Let 


4>/6  = 


9+1 


•  •    ST  ^-ii— i 


4>/6-9 

4\/6  +  9 


Let   l^l±i  = 
15 

.-.  y  = 


15 

1  +  1 

15 

4a/6-6 

2\/6  +  3 


Let   2v^±i 
2 


.-.  z  = 


3  +  i 

Z 

2 


2V6-3 
^4\/tf  +  6 

Let    1:^=1+1 

u 


15 


4V6-0 

=4V6+9 

=  18  +  1 

X 

...  4V6=9+i  1  1  i 

1+3  +  1  +  18 
Quotients      =  1,  3,  1,  18. 
Convergents  =  f,  |,  j,  .*,  js. 
.-.  Fourth  convergent  =  9 JJ  =  ^^Y". 

2V7;  t5J;  }XI!;  %V;  and  find  the 

467=2  +  1     ^     1 
204        "^4  +  6  +  8* 

Quotients      =  4,  6,  8. 

Convergents  =  ?,  J,  /^,  ^j. 

.*.  Third  convergent  =  25^^  =  if  J. 
2991^^      1      1111 
568         ■*"3  +  l+3  +  5  +  f 
QuotienU      =  3,  1,  3,  5. 
Convergents  =  f,  J,  },  ^V 

••.  Third  convergent  =  6^  =  }|. 
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4.  Find  continued  fractions  for  V^ ;  \^;  V33;  V65. 

Let          V21  =  4  +  l 

X 

Let          V22  =  4  +  i 

X 

■  X-      1 

V21-4 
_  V21  +  4 

Let    >^  +  *  =  l  +  l 

6            y 
•  If-      ^ 

a    •     X  —                                      ^ 

v^-4 
_  V22  +  4 
6 

Let    >^  +  *  =  l  +  l 

V21-1 
_  V21  +  1 
4 

Let    >^  +  ^  =  l  +  l 

4                   z 

•    r-         ^ 

V22-2 

V22  +  2 

8 

Let    >^  +  2_2  +  l 

3                             2 

•    X-        3 

V21-3 
_  \/21  +  3 
3 

Let    >^  +  -^-2  +  l 
3                  u 

• »-    3 

V22-4 
_  V22  +  4 

Let    >^  +  *  =  4  +  i 
2                  « 

Let    >^  +  3_i  +  l 

4                   V 

4 

V22-4 

v^  +  4 

3 

Let    ^  +  ^-2  +  1 
3                  V 

.        •   r-        ^ 

..»—     —   ■  ■• 
V21  - 1 

_  V21  + 1 

5 

Let    ^21  +  1^1^1 

5                   w 

5 

V22-2 

_  v^2  +  2 
6 

Let    V22  +  2^        1 

6                  w 

-   .r-        <5 

, .  w  —      — 

V21-4 

=  V21  +  4 

v^-4 
=  V22  +'4 

1+1+2+1+1+8 

=  8  +  1 

.,^  =  4  +  1     1     Tl     1    1 
^1+2+4+2+1+8 
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liet 


V33  =  6  +  l 
.r 

1 


m  »     X  — 


\/33-5 

V53-J-5 


8 
Let    -^MAl^l  +  l 

8 


V33-3 
\/33-|-3 


Let 


Let 


V66=r 


7  +  i 

X 


/.  x  = 


'\/66  4-7 


6 


/.  y  = 


V66-7 

V65  +  7 
6 

2  +  1 

y 

6 

Vss  +  s 


Let 


Let 


V33-f  3^o  ^  1 
3  2 

3 


/.  z  = 


V33-3 

^\/33-K3 
8 


...  V33=6  +  l     ill 
1-1-2-1-1  +  10 


Let 


V664-6^g  ^1 


z  = 


2 
6 


Vo5-5 

V65  +  6 
6 


V38  +  3_j  1  1 
8                   u 

Let    ^  +  5=2+1 

O                          tt 

•   «-        ^ 

•  tl-    ^ 

V33-5 

V66-7 

=  V33-J-5 

=  V66-J-7 

=  10-1-^ 

X 

=  14-,! 

X 

.-.  V66=7  +  l     1     1     i- 

2-f2  +  2  +  14 


6.  Obtain  conyergents,  with  only  two  figures  in  the  denominator, 
that  approach  nearest  to  the  ralues  of :  V7;  VlO;  Vl6;  Vl7;  VlS; 
V20;  3- V6;  2+  vTl. 


V7  =  2  +  l     1      1     1. 
^1  +  14-1+4 

Quotients      =  1, 1, 1, 4, 1, 1, 1, 4. 

Convergents  =  f ,  },  J,  },  ^^,  J|, 

.*.  2||  is  the  required  convergent. 


9 

>/l3  =  3-|--. 
6 

Quotients      =  6,  6,  6. 

Convergents  =  ?,  J,  ^j^- 

'.  3/y  is  the  required  convergent. 
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-                         —                                                                                                       ■ 

4.  Find  continued  fractions  for  V^;  y/22',  V33;  V66. 

Let          V21  =  4  +  l 

<•• 

Let          y/2i  =  i+- 

X 

-  X-       1 

•    X-        1 

V21-4 

v^-4 

_  V21  +  4 

_  v^  +  4 

6 

6 

Let    ^  +  4  =  1  +  1 

6            y 

Let    >^  +  ^  =  l  +  l 

'    w             ^ 

-  V-     ^ 

•  •  F    .     , —  ■  — 

V21  - 1 

•  •  y  —  -  . —  ■■— 
V22-2 

_  V2T  +  I 

V22  +  2 

4 

3 

Let    >^  +  ^  =  l  +  l 

4         2 

Let    >^  +  2  =  2  +  l 
3                   z 

.  -_    4 

.    ._        3 

.  •    •£  —  —               .      — 
V2I-3 

V22-4 

_  V5l  +  3 

v^  +  4 

3 

2 

Let    >^  +  -^-2  +  l 
3                  u 

Let    ^  +  *-4  +  l 
2                  » 

•    «-        ^ 

-  t,-        2     , 

v^-3 

V22-4 

V2I  +  3 

V^  +  4 

4 

3 

Let    >^  +  «=l  +  l 

4                   V 

Let    ^  +  ^  =  2  +  1 
3                  v 

4 

•   r-        3 

. .  t;  ^  ■■  — 

V2I-I 

V22-2 

_  V21  +  1 

_  v^2  +  2 

5 

6 

Let    >^+l  =  l  +  l 
5                   w 

Let    V22  +  2_,_^l 
6                  w 

5 

•     T-           « 

,  ,     117  —                     ■     '  - 

V2I-4 

•  *     H/  — 

v^-4 

=  v21  +  4 

=  >/22+'4 

=  8  +  1 

X 

=  8  +  1 

X 

.  >^-4  +  l     11111 

,.^  =  4  +  1     11111 
^1  +  2  +  4  +  2  +  1+8 
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liet 

V33=54-i 
.r 

Let 

V66  =  74-- 

X 

•    X-         ^ 

'   X-        1 

V33-5 

V66-7 

_  V33  4-6 

_  V65  4-7 

8 

6 

Let 

V334-5_j      1 

8             ;/ 

Let 

V554-7_2  ,  1 

6             y 

V33-3 

'       v'SS-S 

_\/33  +  3 

_  V66  4-  6 

3 

6 

Let 

V334-3_o  .  1 
3        -^-^z 

Let 

• 

V65+6_2  ,1 
6                  z 

•   T-        ^ 

•    .-        ^ 

\/33-3 

V66-5 

_\/33  4-3 

_  V66  4-6 

8 

6 

Let 

V384-3_^  J  1 
8                   u 

Let 

V564-6_2      1 
6                   II 

•   «-        » 

•    «-        ^ 

V33-5 

V56-7 

=  V33  +  6 

=  V66  +  7 

=  10  4-- 

X 

=  14  +  1 

X 

...  V33=54-^     -     -     h. 
14-24-14-10 


...  V66=7  +  l      i     i      ^ 
24-24-24- 14 


6.  Obtain  conyergents,  with  only  two  figures  in  the  denominator, 
that  approach  nearest  to  the  yalues  of :  V?;  VlO;  VI6;  VH;  Vl8; 
V2O;  3- V6;  24-  Vn. 


V7  =  24-l     i      i     i. 
^14-14-14-4 

Quotients      =  1, 1, 1, 4, 1, 1, 1, 4. 

Convergents  =  f ,  },  J,  },  ^^,  \\, 

.'.  2\\  is  the  required  conrergent. 


>/lS  =  3  +  -. 
6 

Quotients      =  6,  6,  6. 

Convergents  =  ^,  \,  j\. 

.*.  3/y  is  the  required  conrergent. 
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1+6 
Quotients      =  1,  6, 1,  6, 1,  6. 
Convergenta  =  f ,  h  h  h  ii*  ih 
.*.  3||  is  the  required  conyergent. 

Quotients      =  8,  8,  8. 
Convergenta  =  J,  J,  -fg, 
.*.  4^  is  the  required  conyergent. 

S-V5  =  3-(2  +  i^ 

Quotients      =  4,  4,  4,  4. 
Convergents  =  ?,  J,  ^,  |J. 
.*.  ^f  is  the  required  convergent. 


Vl8  =  4  +  i    i. 

4  +  8 
Quotients      =  4,  8,  4. 
Convergents  =  f ,  i,  A- 
/.  4j^  is  the  required  convergent. 

V20  =  4  +  l     I' 
2  +  8 

Quotients      =  2,  8,  2,  8. 

Convergents  =  f ,  J,  ^,  J^J. 

.*.  4^{  is  the  required  convergent. 

2+vn=2+(3+|^i) 
=6+i  t 

3  +  6 
Quotients      =  3,  6,  3,  6. 
Convergents  =  ?,  J,  t«^,  J^. 
.'.  6^  is  the  required  convergent. 


6.  Find  the  proper  fraction  which,  if  converted  into  a  continued 
fraction,  will  have  quotients  1,  7,  5,  2. 

Quotients      =  1,  7,  6,  2. 
Convergents  =  f  {,  },  }f ,  JJ. 

7.  Find  the  next  convergent  when  the  two  preceding  convergents  are 
■fj  and  if,  and  the  next  quotient  is  5. 

tij  _  nigUj  +  Ui 


Wj     »ns»2  +  ^'i 


Put 
Then 


iiij  =  5,  tij  =  3,  »i  =  17,  u,  =  19,  Vj  ==  89 
«a  _  5  X  19  +  3  _  98  _  7 
V.     5x89+17      462     33 


8.  If  the  pound  troy  is  the  weight  of  22.8167  cubic  inches  of  water, 
and  the  pound  avoirdupois  of  27.7274  cubic  inches  of  water,  find  a 
fraction  with  denominator  less  than  100  which  shall  differ  from  their 
ratio  by  less  than  0.0001. 

228167  ^  1      1111111J[^111^ 
277274     14-4  +  1  +  1  +  1  +  4  +  1  +  1  +  82  +  1  +  5  +  3 
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Quotients      =  1, 4, 1, 1, 1,  4, 1, 1,  82. 

Convergents  =  ^,  {,  J,  J,  A,  H.  fi  il.  tH- 
If  we  stop  with  J|,  the  error  is  <  J  J  —  ^f| 

.*.  if  is  the  required  fraction. 

9.  The  ratio  of  the  diagonal  to  a  side  of  a  square  being  V2,  find  a 
fraction  with  denominator  less  than  100  which  shall  differ  from  their 

ratio  by  less  than  0.0001. 

• 

2 
Quotients      =  2,  2,  2»  2,  2,  2,  2. 

Convergents  =  f ,  J,  |.  V^y,  Jf,  f#,  ^. 

If  we  stop  with  JJ,  the  error  is  <  fj  —  ^^ 

.*.  Iff  is  the  fraction  required. 

10.  The  ratio  of  the  circumference  of  a  circle  to  its  diameter  being 
approximately  the  ratio  of  3.14159266 :  1,  find  the  first  three  conver- 
gents to  this  ratio,  and  determine  to  how  many  decimal  places  each 
may  be  depended  upon  as  agreeing  with  the  true  value. 

314159266  ^3.1      _L     1 

100000000  7  +  15  +  1  + 

First  convergent     =   V  =  3.142+ 
Second  convergent  =  JJi=  3.14160+ 
Third  convergent    =  ttJ  =  3.1416920+ 

11.  In  two  scales  of  which  the  zero-points  coincide  the  distances  be- 
tween consecutive  divisions  of  the  one  are  to  the  corresponding  distances 
of  the  other  as  1 : 1.06577.  Find  what  division  points  most  nearly  coin- 
cide. 

Let  n  divisions  of  the  first  scale  equal  as  nearly  as  possible  m  divis- 

m  1 

ions  of  the  other.     Then  —  is  a  convergent  of 


n  "  1.06677 

100000^1    .LlllJLllli 

106677      1  +  15  +  4  +  1+8  +  11  +  2  +  1  +  1+2 
Quotients      =  1,  15,  4,  1,  8, 11. 
Convergents  =  f ,  ^,  f |,  Ji  Jf,  ff f . 
If  we  stop  with  }},  the  error  is  <  f  f  f  —  }f 
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That  is,  division  76  of  the  second  scale  nearly  coincides  in  the  divia- 
ion  81  of  the  first  scale,  the  distance  between  them  being  less  than 
yy^yy  of  onc  division  of  the  first  scale. 


18.  Find  the  surd  ralues  of : 

14.1       1.      o.    1        1.      1       1       1.      1  +  1       1       1. 

■^i  +  2'    ^1  +  6'    3  +  1+6'       ^2  +  3  +  4 


1 

T   ♦                         111 
^*                '=3+1+6 

1 

/.   X- 

2  +  x 
9  +  x 
.-.  4xa+8x-2=0 
2x2  +  4x-l=0 

-4±  VU 
"-         4 

/.  x  =  — 1  ±  Vf 

-    7  +  x 
27  +  4x 
.•.4xa  +  26x-7  =  0 

-26±2Vl97 
8 

_     -13+  \/l97 

/.  The  required  value 

=  1-1+ Vf 

4 
,•.  The  required  value 

- 13  +  Vl97 
4 

1    i 
1 

T  *                      ill 

^*               '=2+3+4 

1 

/.  X- 

6  +  x 

7  +  x 
/.  x2  +  6x-6  =  0 

-6±  VSo 
""      "2 

o    ,           1 

-^  1         1 

4  +  x 
13  +  3x 

30+ 7x 

.•.7xa+27x-13=0 

V1093  —  27 

.-.  a:  =  -  3  +  \/l6 
/.  The  required  value 

=  3-3+  Vl6 
=  Vl6 

""-          14 
.'.  The  required  value  is 
Via)3  -  27 
14 
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18.  FroTethat 


(a+i  i](i  iu« 


Let 


• 

x  = 
.  x  = 

x  = 

-a  = 
ar  = 

.  x  = 

_1      1 

I 

• 

a  +  X 
a  +  X 

bx^-^ahx' 

6x  +  a6+l 
=  0 

_-a6±  Va262  +  4ai 

9 

26 

m 
•                   m 

26 
a6  +  Va262-|-4a6^- 

26             ^ 
4a6      a 
462      6 

i262+4a6 


14.  Show  that  the  ratio  of  the  diagonal  of  a  cube  to  its  edge  may 
be  nearly  expressed  by  97 :  56.  Find  the  greatest  possible  value  of  the 
error  made  in  taking  this  ratio  for  the  true  ratip. 

The  ratio  is  VS :  1. 

V3=i  +  i^i. 

1  +  2 
Quotients      =  1,  2,  1,  2, 1,  2, 1,  2, 1. 
Convergents  =  ?,  {,  |,  f,  ^,  H»  f*.  li.  Hf 
If  we  stop  with  f  J,  the  error  is  <  j^j. 
Hence  | J  differs  from  y/Z  by  an  amount  <  ^At* 

15.  Find  a  series  of  fractions  conyerging  to  the  ratio  of  6  hours 
48  minutes  51  seconds  to  24  hours. 

5  hours  48  minutes  51  seconds  =  20031  seconds. 

24  hours  =  86400  seconds. 
20931  ^  1      llllllllllL 
86400     4  +  7  +  1+4  +  1+T  +  1  +  1-I-3-I-2  +  1  +  2 
Quotients      =  4,  7, 1,  4,  1, 1,  1, 1,  3,  2,  1,  2. 
Conyergents  =  ?,  i,  A,  A,  ^W.  tVt.  ^%»  ifi  Uh  A'A*  Hih  tVAV 
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18.  Find  a  series  of  fractions  converging  to  the  ratio  of  a  cubic 
yard  to  a  cubic  meter,  if  a  cubic  yard  is  iVo^A  ^^  *  cubic  meter. 

76453  ^  1      llJLlllllll. 

100000     1  +  3  +  4  +  19  +  2  +  3  +  1  +  1  +  5  +  1  +  2* 

Quotients      =  1,  3,  4,  19,  2,  3, 1,  1,  5,  1,  2. 

Convergent8  =  J,  J,  |,  if,  i|^,  -|H,  HH,  !*«»  *?§}»  1111*.  HH** 

Exercise  53. 


1.  Add  together  435,  624,  737 
(scale  of  eight). 

435 
624 
737 

2220 

2.  From  32,413  subtract  15,542 
(scale  of  six). 

32413 
15542 

6.  Divide  102,432  by  36  (scale 
of  seven). 

36)102432(1625 
36 

334 

321 

133 
105 

252 
252 

12431 

3.  Multiply  6431  by  35  (scale 

of  seven). 

6431 

35 

6.  Find  H.C.F.  of   2541   and 
3102  (scale  of  seven). 

2541)3102(1 
2541 

45115 
25623 

334345 


231)2541(11 
231 


H.  C.  F.  =  231. 


231 
231 


4.  Multiply  4685  by  3483  (scale 

of  nine). 

4685 

3483 


16276 
42154 
21072 
15276 

17832126 


7.  Extract  the  square  root  of 
33,224  (scale  of  six). 

33224 [162 
1 
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8.  Extract  the  square  root  of 
300,114  (scale  of  five). 


12.  Change  4535  from  the  scale 
of  seyen  to  the  scale  of  nine. 


360il4[342 
14 


114 


1232 


1101 
1021 


9 

9 

4535 
350 

9 

26 

3014 
3014 


2  . 
2225. 


6 
2 
2 


9.  Change  624  from  the  scale 
of  ten  to  the  scale  of  five. 


5 
5 
5 

624 

124 

24 

•      •      • 


4  .  . 
4444. 


4 

4 
4 


10.  Change  3516  from  the  scale 
of  seven  to  the  scale  of  ten. 


10 

3516 

10 

242  ...  7 

10 

15  ...  8 

1  .  . ;  2 
1287. 

18.  Change  32.15  from  the  scale 
of  six  to  the  scale  of  nine. 

9)32 

2  ...  2 
22. 

.15  =  J  +  A  =  H 
11 

9 

36)99(2 
72 

27 
9 

36)243(6 
216 

27 
/.  }^  =  .266  +  in  the  scale  of  9. 
32.15  =  22.266  + 


11.  Change  3721  from  the  scale 
of  eight  to  the  scale  of  six. 


6 

3721 

6 

615 

6 

67 

6 

11 

•      •      • 


1  . 

13133. 


3 
3 
1 
3 


14.  Express  ^^g  (scale  of  ten) 
by  a  radix-fraction  in  the  scale  of 


four. 


^^ 


iX4=f 
JX4  =  2 

.0302. 


362 


COLLEGE  ALGEBBA* 


15.  Express  ^\  (scale  of  ten) 
by  a  radix-fraction  in  the  scale  of 


SIX. 


=  ?  4. 1  +  1=522 
6     62     6« 


17.  In  what  scale  is  this  true  ? 
21  X  36  =  746. 

Let  X  =  the  radix. 
Then 
(2a:  +  1)(3  z  +  6)  =  7i;a  +  4x  +  6 
a:a_llar  =  0 
.-.  a:  =11 


16.  Multiply  31.24  by  0.31  (scale 
of  five). 

31.24 
0.31 


3124 
14432 

20.2444 


18.  In  what  scale  is  the  square 
of  23  expressed  by  540  ? 

Let  X  =  the  radix. 
Then 

(2a:  +  3)2=5a:8+4a: 
a:2_8x  — 9  =  0 
(.r-9)(x+l)=0 

.*.  X  ^^  \f 


19.  In  what  scale  are  212,  1101,  1220  in  arithmetical  progression  ? 

Let  X  =  the  radix. 

Tnen 2ar»  +  x+2  +  x8  +  2x2  +  2a:  =  2(aJ»  +  x^  +  1) 

x8  — 2x2  — 3x  =  0 
a;2_2x  — 3  =  0 

20.  Show  that   1,234,321  is  a  perfect  square  in  any  scale   (radix 

greater  than  four).      /».  ,,    /^-rr^C,   \^   If  ,      f^^^t^    /f  -  o/C^  h 

Let  X  be  any  radix 4fi|*^  ^ 

Tlien  in  that  scale 

1234321  =  x8  +  2x6  +  3x*  +  4x«  +  3x3  +  2x +1\ 
"  =  (x8  +  x2  +  X  +  1)2  =  11112.  Ck/ 

21:   Which  of  the  weights  1,  2,  4,  8, pounds  must  be  selected  to 

weigh  345  pounds,  only  one  weight  of  each  kind  being  used  ? 

Beduce  345  to  the  scale  of  2. 

345  =  266  +  64  +  16  +  8+1 
=  28  +  2«  +  2*  +  2»+l 
=  101011001  in  the  scale  of  2. 
.*.  256  lbs.,  64  lbs.,  16  lbs.,  8  lbs.,  1  lb.  must  be  selected. 


1         '  ' 


r1\ 


;,    ;•,-'/   ii^    ^*^ 


-*  c 


aA   •/ 


ItP 


1       > 


?/•:.' 


.   A*  h  ^^^^ 


Ac- 


«^ 


^  : 
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22.  If  two  numbers  are  formed  hy  the  same  digits  in  different  orders, 
prove  that  the  difference  of  the  numbers  is  divisible  by  r  —  1. 

Let  the  digits  be  a,  b,  c,  d, ,  and  let  r  be  the  radix. 

Then  let  the  one  number  be  ar^  +  6r»-i  +  cr^*^^  + 

and  let  the  other  be  /r*  + +  at* +  6H  + 

The  difference  is  ar^  ^ar^-{-  6r*-^  —  6r*  + 

But  r*  —  r*,  r*»-i  —  r* are  all  divisible  by  r  —  1.   Hence  the  differ- 
ence of  the  numbers  is  also  divisible  by  r  —  1. 

Bxercise  54. 

Eind  the  least  number  by  which  each  of  the  following  numbers  must 
be  multiplied  in  order  that  the  product  may  be  a  square  number : 

1.  2626=126X21  =  5«x7X3. 

Hence  the  required  multiplier  is  6  X  7  X  3,  or  105. 

• 

2.  3675  =  26X147  =  52x3x72. 
Hence  the  required  multiplier  is  3. 

3.  4374  =  2x9x243  =  2  xS'. 

Hence  the  required  multiplier  is  2  X  3,  or  6. 

4.  74088  =  8  X  27  X  343  =  2»  X  38  X  7». 

Hence  the  required  multiplier  is  2  X  3  X  7,  or  42. 

5.  If  m  and  n  are  positive  integers,  both  odd  or  both  even,  show  that 
m^  —  n^  is  divisible  by  4. 

wi^  — n2=  (m  +  n)(^m  —  h). 
If  m  and  n  are  both  odd  or  both  even, 
m-^  n  and  m  —  n  are  both  even. 
.*.  (to  +  n)  (w  —  n)  is  divisible  by  4, 


6.  Show  that  n^  —  n  is  always  even.  .'>i 

If  n  is  even,  n^  and  m  are  both  even. 
If  n  is  odd,jn^  and/i  are  both  odd. 
In  both^ases  theii  difference  is  even. 

7.  Show  that  n^  —  n  is  divisible  by  6,  if  ti  is  eyagj  and  by  24  if  n 

is  odd. 

n*-^n  =  n(^n  +  1)(«  -!)  =  (»+  l)n(n  -  1). 

One  of  the  three  factors  must  be  divisible  by  3c*\ 
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^      ^  \       If  n  is  even,  it  is  the  only  eyen  factor. 

VV        )      But  if  n  is  odd,  n  +  1  and  »  —  1  are  both  ev^n ;  and  since  thej  are 
sQccessiTe  even  numbers,  one  of  them  is  divisible  by  4,  so  that  their 

Y'     Y     P'"®^^*^*  ^8  divisible  by  8. 

^       J         Ilencc,  if  n  is  even,  2  X  3,  or  6,  is  a  factor ;  and  if  n  is  odd,  8  X  3,  or 

24,  is  a  factor. 
^     V 

^  8.  Show  that  n*  —  n  is  divisible  by  240  if  n  is  odd. 

::>     ^^  n6-»  =  fi(n*-l)=(n+ l)n(n -!)(««+ 1). 

/     ^  One  of  the  factors  n  +  1,  n,  n  —  1  is  divisible  by  3. 

"   •  7  And,  since  n  is  odd,  (n  +  l)(n  —  1)  is  divisible  by  8,  and  n*+ 1  is 

Cs  divisible  by  2. 

Also  the  last  digit  of  n  is  either  1,  3,  6,  7,  or  9. 

If  it  is  5,  n  is  divisible  by  5. 

If  it  is  1,  n  —  1  has  0  for  its  last  digit. 

If  it  is  3,  n^  -f  1  has  0  for  its  last  digit. 

If  it  is  7,  n^  +  1  has  0  for  its  last  digit. 
''^  If  it  is  9,  n  -f  1  has  0  for  its  last  digit. 

Hence  in  every  case  one  of  the  factors  is  divisible  by  6. 
^  Hence  3  x  8  X  2  x  5,  or  240,  is  a  factor. 


^Oi 


X 


\ 


\^ 


9.  Show  that  n'  —  n  is  divisible  by  42  if  n  is  even;  and  by  168  if  n 
is  odd. 

n^  —  n  =  «  (n*  —  1) 

=  »(»«+ l)(ii»-l) 

=  «  (n  +  l)(n2 - n  +  l)(n  -  l)(n«  +  n  +  1) 

=  (»  +  1)  n  (n  —  1)  (n«  -  fi  +  1)  (n^  +  »  +  1) 

=  (n+l)n(n-l)(na-n-6  +  7)(n2+n-6  +  7) 

=  (ii+l)n(n-l)[(n-3)(n  +  2)  +  7][(n  +  3)(n-2)  +  7] 

(n  4- 1)  n  (n  ^  1)  is  always  divisible  by  3. 

If  n  is  even,  n  is  the  only  factor  divisible  by  2. 

Of  the  7  consecutive  numbers  »  —  3,  n  —  2,  n  —  1,  n,  n  + 1,  n  +  2, 
fi  +  3,  one  must  be  divisible  by  7.    The  product  is  divisible  by  7. 
•     Hence  3  x  2  x  7,  or  42,  is  a  factor. 

If  n  is  odd,  (n  +  l)(n  —  1)  is  divisible  by  8. 

In  this  case,  8  X  3  X  7,  or  168,  is  a  factor. 

10.  Show  that  n  (n  +  1)  (n  +  5)  is  divisible  by  6. 

If  n  is  even,  it  is  the  only  even  factor. 
If  n  is  odd,  n  +  1  and  n  +  5  are  both  even. 


h 


♦       *         '  'J 
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Hence  the  product  is  always  divisible  by  2. 


n  -J-I-atliTn  +  6  are  of  tlir  JpiniS]^      - 
Hence  2  X  3,  or  6,  is  always  a  factor  of  the  product. 


< 


11.  Show  that  every  cube  number  is  of  one  of  the  forms,  9ii,  9fi  <—  1, 

9n+l. 

Every  number  is  of  one  of  the  forms : 

Sm  — 1,  8m,  3m+l 
(3m-l)«  =  27m»-27fi|9  +  9m^l 

=  9(3m»-3ma+m)  — 1 

=  9n-l 
(3m)«        =27i»» 

=  9(3iii«) 

=  9fi 
(3iii  +  1)«  =  27m»  +  27m«+ 9in  +  1 

=  9(3m8  +  3m«+iii)  +  l 

=  9n  +  l 

18.  Show  that  every  cube  number  is  of  one  of  the  forms,  7  n,  7  n  *  1, 
7n+l. 

Every  number  is  of  one  of  the  forms : 

7  in  —  3,  7  in  —  2,  7  in  —  1 ,  7  m ,  7  m  +  1 ,  7  m  +  2 ,  7  m  H»  3. 
(7in  ±  3)»=  7»m8  ±  3^  x  l^m'^  +  3«  X  7  m  ±  27 
=  7(72  m8  ±32x7m  +  3»ni±4)Tl 
=  7nTl 
(7  m  ±  2)  =  7«  »|8  db  6  X  72  m«  +  12  X  7  m  ±  8 
=  7  (72  m8  ±  6  X  7  ma  +  12  in  ±  1)  ±  1 
=  7n±l 
(7  m  ±  1)»  =  7»  m8  ±  3  X  7a  ma  +  3  X  7  m  ±  1 
=  7  (72m»  ±  3  X  7  m9  +  3  m)  ±  1 
=  7ndbl 
(7m)»=343m8=7n 
Hence  every  cube  number  is  of  one  of  the  forms :  7  n,  7  n  —  1, 7n  + 1. 


13.   Show  that  every  number  which  is  both  a  square  and  a  cube  is  of 
the  form  7  n  or  7  n  +  1. 


866 
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Every  number  is  of  one  of  the  forms  : 

7iii  —  3,7m  —  2,  7m  —  1,  7to,  7m  +  l,  7m  +  2,  7m  +  3. 
(7m±3)2  =  49m2±42m±9 

=  7(7m2±em  +  l)  +  2 

=  7n  +  2 
(7m±2)2  =  49m2±28m  +  4 

=  7(7m2±4m)  +  4 

=  7n  +  4 
(7m  ±  1)9  =  49 m2±  14m +  1 

=  7(7m2±2m)  +  l 
=  7n+l 
(7m)9  =  49m2=7n 
.*.  Every  square  number  is  of  one  of  the  forms : 

7n,  7n+  1,  7n  +  2,  or  7n +  4. 
But  a  cube  number  is  of  one  of  the  forms : 

7n,  7n  — 1,  7n+  1. 
Hence  if  a  number  is  both  a  square  and  a  cube,  it  must  be  of  one  of 
the  forms : 

7n,7n  +  l. 

14.  Show  that  in  the  scale  of  ten  every  perfect  fourth  power  ends  in 
one  of  the  figures  0,  1,  5,  6. 

Every  square  number  is  of  one  of  the  forms : 

6n,  6n  — .1,  5n  +  1. 
Hence  every  fourth  power  is  of  one  of  the  forms : 

(5n)2,  (5n-l)2,  (5n+I)*^. 

(6n)2  =  26  n(n) 
(5n±l)2  =  25n2±10n  +  l 
=  5(5n2±2n)  +  l 
Hence  every  fourth  power  is  of  one  of  the  forms : 

6n,  6n  +  1, 
and  consequently  must  end  in  0,  1,  5,  or  6. 


Exercise  55. 
Find  the  limiting  values  of : 

1.    ^   ^  T    ^.    ^  .^^  when  X  becomes  infinitesimal. 
7x3  — 6a:  +  4  ■ —^r- 


Put  a:  =  0 ;  the  fraction  becomes  —  f . 


•_  — J  J— 


1 
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3.    ^^ ^  ^  »^       ^  when  x  becomes  infinite. 


(ar8^6)(xa+7) 


{-^)(-i) 


a:*  +  36  1  +  ?5 

Put  X  =  OD ;  the  fraction  becomes  1. 


(x  +  2')* 
8.    ^    "^    ^    when  x  becomes  infinitesimaL 
X24.4 

Put  X  =  0 ;  the  fraction  becomes  },  or  2. 

4.   -r — - — — —  when  x  approaches  3. 
x3  — 7x+12  ^^ 

ra_8x+16^  (x~3)(x-6)^x-6 
x3-7x+12      (x-3)(x-4)      x-4 

—  2 

As  X  approaches  3,  the  fraction  approaches  — ,  or  2, 

—  1 


X*  — 9 

when  X  approaches  ^  3. 


x3  +  9x+18 

x«  — 9       ^  (3r4.3)(x  — 3)^x-8 
x2  +  9x+18      (x  +  3)(x  +  6)      x  +  6 

As  X  approaches  —  3,  the  fraction  approaches  -— ,  or  —  2. 

g      x(xa  +  4x+3)     ^jj^jj  ^  approaches  -  1. 
a«  +  3x3+6x+3 

x(x8  +  4x+3)    __     x(x+l)(x  +  3)      _   x(x+8) 

x»  +  3xa+6x+3      (x+l)(xa  +  2x+3)      x2+2x  +  3 

2 

As  X  approaches  —  1,  the  fraction  approaches  — ,  or  —  1. 

X*  4-  x^  '■  2 

7.  ^^^ when  x  approaches  1. 

x»  +  2x2-.2x-l  ^^ 

jS 4.3^2^2       _(x->l)(x8  +  2x+ 2)^x8  +  2x4- 2 
x»+2xa-2x-l      (x-l)(xa  +  3x+lj      x^+Sx+l 

As  X  approaches  1  the  fraction  approaches  |,  or  1. 
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g    4ar-h  vx  —  ^^hen  x  approaches  1. 

Put  x=  1 ;  the  fraction  becomes -,  or  2(2  +  V2), 

2-v^ 


- 1 

9.   — ^^ T=  wh«i  X  approaches  1. 

Vaja-l  +  Vx-l 


Vx+1+1 

Put  X  =  1 ;  the  fraction  becomes  — ,  or  0. 

V2  +  1 


-3^4 
10.   — — =: when  x  approaches  2. 

Vi^r2-.V3x-2 


y/F+2'^y/dJ^^  x  +  2-(3x-2) 

^      (x  +  2)(vT+2  +  V3x-2) 

2 

Put  X  =  2 :  the  fraction  becomes  '~    ^         K  or  —  8, 

2 


11.   .^ilf^ — ^"^        — ^  when  X  approaches  o. 
Vx2  -  a2 

Vx  —  g  4-  Vx  —  Va  _       1         .   Vx  —  Vo 
Vx2  — a^  Vx  +  o      y/x^  —  a^ 

1         ^  (v^-V5)(Vx+VS) 
Vx  +  a         Vx^  — o2(\/x+ Vo) 

1         ,  Vx  — a 


Put  X  =  a ;  the  fraction  becomes 


Vx  +  a      Vx  +  a(  Vx  +  Va) 
1 


V2a 
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12.  If  X  approaches  a  as  a  limit,  and  n  is  a  positire  integer,  show 
that  the  limit  of  2**  is  a*. 

Since  the  limit  of  x  is  a,  x  =  a  +  a/,  where  a;'  is  a  yariahle  which  can 
be  made  less  than  anj  assigned  number. 

And    a*  =  (o  +  2-')»  =  «•  +  «a»- V  +  "("  "  ^^  a»-*x**  + +  jr'». 

But  as  x'  approaches  0,  each  term  on  the  right  except  a*  also  ap- 
proaches 0 ;  hence  the  sum  approaches  0,  as  nearly  as  we  please,  since 
the  limit  of  the  sum  is  the  sum  of  the  limits.  Hence,  as  x  approaches 
a,  x^  approaches  a*  as  nearly  as  we  please.    Henoe  a*  is  the  limit  of  1*. 

13.  If  X  approaches  a  as  a  limit,  and  a  is  not  0,  show  that  the  limit 
of  2*  is  a**,  where  n  is  a  negative  integer. 

Jjet  n  =  —  m,  when  m  is  a  positive  integer. 

Since  the  limit  of  x  is  a,  x  =  a  +  x'  where  x'  is  a  rariable  which  can 
be  made  less  than  any  assigned  number. 

And  X— =i= ?—- 

x»      (a  +  x')" 


But  as  x'  approaches  0,  all  the  terms  of  the  denominator  except  o" 
also  approach  0,  as  nearly  as  we  please ;  hence  their  sum  approaches  0, 
as  nearly  as  we  please.     Hence,  as  x  approaches  a,  x*  approaches 


— ^  or  €1*. 
a* 


Bzercise  56. 


Determine  whether  the  following  infinite  series  are  convergent  or 
divergent:  ^  j  ^  f         **' 


sum  of  all  tetTnMrftFtH)ie-8i?^70nd  is 


7-  TV  r 


^  •       .      V* 


r 


^   i 


/^.^"-  ^ 


T»  a  cdiif vi^^eul  seiies  (Art.  373). 
Hence  the  given  series  is  cdiurergent^ 
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H'U/^i 


ii  il  S 


(n  —  1  factors) 


indefinitely  increased 
he  limit  of  n^y  as 


,.i+,?+,?+i*+.....  ^/:^  0- 


proacMB  1  as  a  limit 

nitgl^ncreased,  is  not  0,  but  is 
eries  is  divergent 

.3 


n-  =  — 


I?      11^  11 


Bat  n^>\n 

.'.  n„  18  always  greater  than  1. 
Hence  tlie  series  is  diyergent. 

4     2^3      4      6^ 
1«     2*     32     4!" 

;— ~ <^h    "^^    "^^   ^^  T"   •  •••  • 

12  ^  22     3*     42. 


+  1+1+1+1  + 

12      22      32     4« 


But         1+2^3       4 

1-2  ^  22        32  ^42 


2     3     4 


And  this  is  a  divergent  series. 

Hence  the  given  series  is  also  divergent. 


The  sum  of  n  terms  after  the  nth. 


y{>)  i^ 


n' 


+ 


(«-^iy 


is  greater  than  n  X 


(»  +  1)2      (n  +  2)2 

As  n  increases,  this  sum  increases.   The  series  Is  therefore  divergent. 


c-')-"^ 
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1  1»       2*       Qm 

1»  ^  2*     3»     4'» 

"-("-^r=(-r- 

.-.  The  limit  of  n,»  is  1.    Hence  the  series  is  divergent 


Exercise  57. 

1.  Find  the  fiftieth  term  of  1,  3,  8,  20,  43,  ..*. 

• 

The  series  is 

1           3           8 

20           43 

First  differences, 

2           5          12 

23 

Second  differences, 

3           7 

11 

Third  differences. 

4           4 

Fourth  differences. 

0 

■  •  •  • 

a    =1,  6=r2,  c  =  3,  rf=4,  «  =  0. 

ajjj  =  a  +  496  +  49  X  24c  +  49  X  47  X  8rf 

=  1  +  98  +  49  X  72  +  49  X  47  X  32 

=  77323 

8.  Find  the  sura  of  the  series  4,  12,  29,  55. to  20  terms. 

The  series  is  4  12  ,29  55 

First  differences,  8  17  26 

Second  differences,  9  9         

Third  differences,  0         

a  =  4,  6=8,  c  =  9,  d  =  0. 
«>,=  20a  +  1906  +  20  X  19  X  3c 
=  80+1520+10260 
=  11860 


3.  Find  the  twelfth  term  of  4, 11,  28,  55,  92, 

The  series  is  4  11  28  55  92 

First  differences,  7  17  27  37 

Second  differences,  10  10  10 

Third  differences,  0  0 

a  =  4,  6=7,  c=10,  d  =  0. 
fl„=o+116  +  55c 
=  4  +  77  +  550 
s631 
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4.  Find  the  sum  of  the  Beriea  43,  27,  14,  4,-3, to  12  terms. 

The  series  18  43  27  14  4  -3 

First  differences,  —16        —13        —10       —7 

Second  differences,  3  3  3  

Third  differences,  0  0 

a  =  43,  6  =  -16,  c  =  3,  d  =  0 
»u=12o  +  666  +  22Dc 
=  616  -  1066  +  660 
=  120 


I 


5.  Find  the  serenth  term  of  1, 1.235,  1.471, 1.708, 

The  series  is  1  1.235  1.471  1.708 

First  differences.         .235  .236  .237 

Second  differences,  .001  .001  

Third  differences,  0  

o  =  l,  6=.235,  c  =  .001,  d  =  0. 
a,  =  a  +  66+l6c 
=  1  +  1.41  +  .016 
=  2.425 


6.  Find  the  sum  of  the  series  70,  66,  62.3,  68.0, to  15  terms. 

The  series  iB  70  66  62.3  58.9 

First  differences,  —4        —3.7         —3.4  

Second  differences,  .3  .3  

Third  differences,  0  

0  =  70,  6  =  —  4,  c  =  .8,  rf  =  0. 
s„=  15a  +  1066  4-  455c 
=  1050  -  420  +  136.5 
=  766.5 


7.  Find  the  eleventh  term  of  343,  337,  326,  310, 

The  series  is  343          337          326          310 

First  differences,  —6         —11        —16 

Second  differences,  —5  —5  

Ttiird  differences,  0  

a  =  343,  6  =  -6,  c  =  -6^  d  =  0. 
Ou  =  a+10fr  +  46e 
=  343-60-*  226 

=  68 
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8.  Find  the  sum  of  the  series  7  X  13, 6  X  11»  6  X  9, to  9  terms. 

The  series  is  91  06  46  28 

First  differences,  —25        —21        —17 

Second  dififerences,  4  4  

Third  differences,  0  

a  =  91,  6  =  —  26,  c  =  4,  rf  =  0. 
«0=:9a  +  366  +  84c 

=  819-900  +  836 

=  255. 

9.  Find  th^  sum  of  n  terms  of  the  series 

8X8,6X11,9X14,  Wxn,  

The  series  is  24  66  126  204 

First  differences,  42  60  78 

Second  differences,  18  18  

Third  differences,  0  

a  =  24,  6  =  42,  c=18,  d  =  0. 

2  6 

=  24n  +  21  n  (n  -  1)  +  3n  (n  -  l)(ii  -  2) 
=  3n»+12n2  +  9n 
=r3ii(ii  +  l)(n  +  3). 


10.  Find  the  sum  of  n  terms  of  the  series  1, 6, 16, 28, 46, 

The  series  is  1  6  16  28  46 

First  differences,  6  9  13  17 

Second  differences,  4  4  4         

Third  differences,  0  0 

o  =  l,  6  =  6,  c  =  4,  rf  =  0. 

.,  =  na.|."(»-^>64-"<^^^)("-^)c 
^2  6 

^^      6it(n-l)      2itC>i-1)(n-2) 

2  3 

^4n»-t-3n«-n 

6 

=  ILi!!L±iKl»ZLli. 
6 
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11.  Show  that  the  sum  of  the  cubes  of  the  first  n  natural  nnmbers  is 
the  square  of  the  sum  of  the  numbers. 

The  series  of  cubes  is  1  8  27  64  125 

First  differences,  7  19  37  61 

Second  differences,  12  18  24 

Third  differences,  6  6 

Fourth  difference,  0 

o  =  l,  6=7,  c=12,  rf  =  6,  e  =  0. 

2  6  24 

=  „4.7n(n-l)^2n(n^l)(n^2)  +  '*("-^)^^-^)(»-^) 

_  n*jf2n84jrif 

4 
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18.  Determine  the  number  of  shot  in  the  side  of  the  base  of  a  trian- 
gular pile  which  contains  286  shot. 

n(n  4- l)Cn  + 2)  ^ggg 

6 
n(n+l)(n  +  2)  =  1716 

=  11  X  12  X  13 
.*.  n  =  11  is  one  solution. 
The  other  solutions  are  imaginary. 
Hence  there  are  11  shot  in  the  side  of  the  base. 

18.  The  number  of  shot  in  the  upper  course  of  a  square  pile  is  169, 
and  in  the  lower  course  1089.    How  many  shot  are  there  in  the  pile  f 


The  lower  course  has  V1089,  or  33  shot  on  a  side. 
If  the  pile  were  full  it  would  contain 

n(n+l)(2n  4- 1)^33X34X67  ^  j2629 
6  6 

The  upper  course  has  Vl69  or  13  shot  on  a  side. 
The  next  course  above  would  have  12  shot  on  a  side. 
The  number  of  shot  lacking  from  the  whole  pile  is 

n(n-H)(2n  +  l)^12xl3x26^ggQ^^^^^ 
6  6 

Hence  there  are  12520  —  650,  or  11870  shot  in  the  pile. 
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14.  Find  the  number  of  shot  in  a  rectangular  pile  having  17  shot  in 
one  side  of  the  base  and  42  in  the  other. 

»  =  S(«+l)(3n'-.n+l) 
o 

n  =  17,  n'  =  42 

.-.  »  =  J^X  18X110  =  6610 

15.  Find  the  number  of  shot  in  the  fire  lower  courses  of  a  triangular 
pile  which  has  15  in  one  side  of  the  base. 

If  the  pile  were  complete  the  number  of  shot  would  be : 

n(n+l)(n  +  2)  ^  15  X  16  X  17  ^  ^g^. 
6  6 

The  number  of  shot  in  one  side  of  the  sixth  course  from  the  bottom 
would  be  10.    Hence  the  number  in  the  ten  upper  courses  is 

10X11202^220 
6 

Hence  there  are  680  —  220,  or  460  shot  in  the  fire  lower  courses. 

16.  The  number  of  shot  in  a  triangular  pile  is  to  the  number  in  a 
square  pile,  of  the  same  number  of  courses,  as  22  :  41.  Find  the  num- 
ber of  shot  in  each  pile. 

n(n-^  l)(n  H-  2)  .n  (n  +  l)(2n  +  1)  ^  gg  .  ^^ 

.-.  11  + 2:2n+  1  =  22:41 
.-.  n  =  20 

«I?JllK!L±2}  =  1540 
6 

n(n-H)(2n+l)^2870 

6 

There  are  1540  shot  in  the  triangular  pile,  and  2870  in  the  square 

pile. 

17.  Find  the  number  of  shot  required  to  complete  a  rectangular  pile 
having  15  and  6  shot,  respectively,  in  the  sides  of  its  upper  course. 

The  next  course  above  would  have  14  and  6  shot  in  its  sides. 
Hence  the  number  of  shot  required  to  complete  the  pile  is : 

5  =  ^(n  +  l)(3n'-n  +  l) 
o 

=  1X6X38=190 
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18.  How  many  shot  must  there  be  in  the  lowest  course  of  a  triangular 
pile  that  10  courses  of  the  pile,  beginning  at  the  base,  maj  contain 
37,020  shot? 

Let  n  =  the  number  of  shot  in  one  side  of  the  lowest  course. 

Then  n  — 10  =  the  number  of  shot  in  one  side  of  the  eleventh  course. 
The  number  of  shot  in  the  complete  pile  is : 

n(»+l)(w  +  2) 
6 

The  number  in  the  courses  above  the  tenth  is : 

(n-10)(n-9)(n-8) 
6 
.    n(n  +  l)(n42)       (n  ^  10)  (n  ^  9)  (n  ^  S)  ^  ^^^^ 
6  6 

30n«~240n-|-720  _  g^^g^ 
6 
„2_8n  +  24  =  7404 
n2-8n  =  7380 
.-.  n=90 

Hence  there  are  90  shot  on  a  side  in  the  lowest  course,  and  ^^^-(90  +  1), 
or  4096,  shot  in  the  lowest  course. 

19.  ^ind  the  number  of  shot  in  a  complete  rectangular  pile  of  15 
courses  which  has  20  shot  in  the  longest  side  of  its  base. 

s  =  ^(n  +  l)(3n'-n+l) 
o 

n=16  n'  =  20 

.-.  5  =  ^x1^X46=1840 

There  are  1840  shot  in  the  pile. 

80.  Find  the  number  of  shot  in  the  bottom  of  a  square  pile  which 
contains  2600  more  shot  than  a  triangular  pile  of  the  same  number 
of  courses. 

Let  n  =  number  of  courses  in  each  pile. 

Then      ^^^ L        —  ~  number  of  shot  in  triangular  pile. 

"  A   "       '^=  number  of  shot  in  square  pile. 

6  6 
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/.  («-l)n(ii  +  l)=  15600 

(n-l)n(ii  +  l)  =  24x26x2« 
.*.  n  =  25  is  one  solution. 
The  other  two  solutions  are  imaginary. 
.'.  The  number  of  shot  in  the  bottom  row  of  the  square  pile  is  25. 

21.  Find  the  number  of  shot  in  a  complete  square  pile  in  which  the 
number  of  shot  in  the  base  and  the  number  in  the  fifth  course  aboye 
differ  by  225. 

Let  fi  =  number  of  shot  in  the  side  of  the  bottom  course. 

Then  n  —  5  =  number  of  shot  in  the  side  of  the  fifth  course  abore. 
n^  =  number  of  shot  in  bottom  course, 
(n  —  5)^  =  number  of  shot  in  fifth  course  above. 

...  ii2  -  (n  -  5)«  =  225 
10fi-25  =  225 

fl=:25 

Also  ^^n(n+l)(gn-H) 

6 
_  25  X  26  X  51 

6  • 

=  5525 
There  are  5525  shot  in  the  pile. 

22.  Find  the  number  of  shot  in  a  rectangular  pile  which  has  600  in 
the  lowest  course  and  11  in  the  top  row. 

nn'  =  600 

n'  — ii4-l=p=ll 
.-.  n  =  20 
n'  =  30 

Also  «  =  ^  (w  +  l)(3n'-ii  +  1) 

6 

=  V  X  21  X  71  =  4970 

There  are  4070  shot  in  the  pile. 


Exercise  58. 

Giyen  the  declination  of  the  Moon  at  the  following  times.    Find  the 
declination  at  each  hour  in  the  afternoon  of  Dec.  1. 
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o       / 

II 

1890.    Dec.  1.    Noon, 

N.22    46 

53 

Midnight, 

21     28 

49 

Dec.  2.    Noon, 

19    57 

25 

Midnight, 

18     13 

57 

Dec.  3.    Noon, 

16    10 

44mi;.!        . 

Midnight, 

14    15 

^  •';■.,. 

22°  4G'  63''  =  82013" 

18°  13' 57"  = 

65637".'^ 

21°  28' 49"  =  77329" 

16°  19'  44"  = 

58784"    1. 

19°  57' 25"  =71845" 

14°  15'  59"  = 

bVa^','  , , 

The  series  is     82013       77329       71845       65637 

58784       61.S59 

First  differences,      -4684     -5484     -6208     -6863     -7426 
Second  differences,  -  800       —  724       —  645       —  572 

Third  differences,  76  79  73 

Fourth  differences,  3  —6 

Fifth  difference,  —  9 

a  =  82013,  6  =  -4684,  c  =  -800,  rf=76,  e  =  3,/=-9 

Then  Sj  =  a  +  ^j  6  -  0.0382  c  +  0.0244  rf.  All  terms  after  the 

fourth  may  he  neglected. 
•  =  82013  —  390.8  +  30.56  +  1.86 

=  81665  =  22°  40'  65" 
«3  =a  +  ift-0.0694c  +  0.0424rf  ,    . 

=  82013-780.6  +  56.52  +  3.22     , 

=  81291  =  22°  34' 51" 
»j  =  a  +  }  6  -  0.0937  c  +  0.0547  d 

=  82013  -  1171  +  74.96  +  4.16 

=  80921  =  22°  28' 41" 
«4  =a  + J6-0.1111c  +  0.0617rf 

=  82013  -  1561.1  +  88.88  +  4.69 

=  80646  =  22°  22' 26" 
«5  =0  +  ^5^6-0.12150  + 0.0641  rf 

=  82013  -  1951.6  +  97.2  +  4.87 

=  80163  =  22°  16' 3" 
«g  =a  + j6  — 0.1250c  +  0.0626rf 

=  82013  -  2342  +  100  +  4.76 

=  79776  =  22°  9'  36" 
8^  =a  +  T7j6-0.1215c  + 0.0674  rf 

=  82013  -  2732.3  -  97.2  +  4.36 

=  79383  =  22°  3'  3" 
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»g  =a  + §6 -0.1111  c  +  0.0494rf 

=  82013  -  8122.6  +  88.88  +  3.75 

=  78983  =  210  66'  23'' 
s,  =  a  +  f  6  —  0.0937  c  +  0.0391  d 

=  82013  -  3613  +  74.96  +  2.97 

=  78678  =  21^49' 38" 
«io  =  «  +  4*-9.0694c  +  0.0270rf 

=  82013  -  3903.3  +  66.62  +  2.06 

=  78168  =  21^42' 48" 
«ii=  «  +  H*  -  0.0382c  +  0.0138rf 

=  82013  -  4293.7  +  30.66  +  1.06 

=  77760  =  210  36'  60" 
«j2  =  a  +  6 

=  82013  -  4684 

=  77329 

Exercise  59. 

Write  down  the  general  tenn,  and  Bum  to  n  terms,  and  to  an  infinite 
number  of  terms,  the  following  Beries : 

1   «L.  +  _L.  +  _I_+ 

' 1X4^2X6^3X6^ 


The  nth  term  is 


n  (n  +  3) 
The  series  equals : 


1/lj.lj.lx  .1111 

-1—1 1 L-  + \ 

fi      n  +  1      fi  +  2     n  +  3  / 

:==l^+l4.1 1 1 L.  + \ 

3V        2     3     n+1      n+2     a+3  ; 


8.  -J— +  -i_  +  -J— + 

1X3^2X4^3X6^ 

The  nth  term  is — -• 

n  (n  +  2) 
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The  series  equals : 
2^       3/     2\2     i)      2\3     f>l  2\n     n  +  2/ 


4-  4.1       1       1-1- 

+  •••••  j-_  —  —  —  —.—  —  — 

^  «     3     4     6 


^  + 


n      n+ 1      n+2 

=  lfl+l--^ 1-  + \ 

2V        2      n  +  1      n  +  2  / 

=  i 


8        1      I      1      I       1       I 
'    1x6     5x9     9X13 

The  nth  term  is 


(4n-3)(4n  +  l) 
The  series  equals : 


i\        6J"^4V6      9/"^4U      isj"*" ■^4V4n-3      4n  +  lj'*"" 

4V       6      9 


.  .       1  11 

>f-      •   ••  •  •     ^m 


4n-3      5      9 

I L_  + \ 

4n-3     4n  +  l  / 

=  lfl L^+ \ 

4V        4n+l  / 


4        ^     +      ^      +       ^       + 
2x7      7X12      12x17 

/» 

The  nth  term  is 


(5n-3)(5n  +  2) 
The  series  equals 


6\2      7y      6\7      12/  5V5n-3      6n  +  2/ 


5V2     7 


1  11 


5n-3      7      12 
1  1 


5n  — 3      5n  +  2 
5V2      5n  +  2  } 


) 
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5.  -J_  +  -JL-+-^L«+ 

5X11      8X14      11X17 
The  nth  term  is 


(3n  +  2)(3n  +  8) 
The  series  eqaals : 


6\5     liy     6V8     14^  6^3n  +  2     8n  +  8J 

=  1(1  +  1  +  1  + +  _J i._±_ 

eU     8     11  3n  +  2     11      U 

1 1 1_ \ 

3ii  +  2      dn  +  5      3n  +  8         J 

=  1(1  +  1 1 ^  + Uii 

6V5      8      3n  +  6     3n  +  8  ^      240 


6. 


3x8     6x12      9x16 

1 


The  nth  term  is 


3n(4n  +  4)      12n(n  +  l) 
The  series  equals  : 

1/1  .  _1_  .  ^J_  .  \ 

I2V2      2x3      3x4  ) 

=  TV[(l-i)  +  a-i)  +  (i-J)+ ] 

=  AXl  =  T^ 

NoTB.    For  7  and  8  see  1  and  6  respectiyely. 

Exercise  60. 

Resolye  into  partial  fractions : 
,  7ar-|-l 


(ar  +  4)(ar. 

-6) 

AflBIIITIA 

7x+l        ^    A           B 

^^BoUIUtS 

(r  +  4)(x-.5)"~x  +  4      x-6 

then 

7x+l  =  (^+iB)x-6^  +  4-B 

.-.  ^+J5=7 

4-5-5.4=1 

^  =  3 

J5  =  4 

7ar+l        _     3      ,      4 

(x  +  4)  (x  —  6)      X  +  4      X  —  5 
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2  « 


(x+3)(2:  +  4) 


Assume ---: rr  = ::  + 


(a:  +  3)(x  +  4)      x  +  3      x  +  4 
then  6  =  (u4  +  ^>  +  4^  +  3jB 

.'.A  +5  =  0 

4J:+35=6 

.'.  ^  =  6 

6  _     6  6 


3. 


"  (x  +  3)(ar  +  4)      j:  +  3     ar  +  4 
6ar-l 


(2x-l)(a:-5) 


Assume  ^^"^ =  -A_  +  -^ 

(2x-l)(2r-6)      2x-l      ar-6 

then  6T-l  =  (^  +  2B)ar-6J-jB 

.-.  A-\-2B=5 

6A+B^1 

...  ^  =  -.J,B  =  t 

"  (2a:-l)(i:-6)""2ar-l      X-.5 

_       8 1 

"■3(x-6)      3(2ar-l) 

-  ar  — 2        _  ar  — 2 


•   aa-3ar-10~(ar-6)(ar  +  2) 
Assume ?;:;^ r=^+    ^^ 


(x  — 6)(r+2)      ar  — 6     ar  +  2 
then  z-2  =  (ii  +  J5)ar  +  2-A  — 6jB 

.-.  ^+5=1 
2ii-65=-2 

••  jfi^Zx^lO     7(ar-6)      7(x  +  2) 

g         3 8 

'    x»-l~(x-l)(ar2  +  x+l)' 

Assume       , ^4 rr=-^+    ^'+ ^ 


(x-l)(a:2  +  x+l)      ar  — 1      ar^  +  ar+l 
then  3  =  (^+J5>9+(^-B+C):p+ii-C 


TEACHEBS'   EDITION.  388 


/.  A-\-  B  =  0 

^-(7  =  3 
/.  -4  =  1,  5= -1,  C=-2 
.       3     _     1  g+2 

"  2*-~l     X— 1     a«+x+l 

a:3  — ar  — 3 
o.    • 

x(ia  -  4) 


i(x^~i)       X      x  +  2      z  — 2 
then  xa-ar-.3=(-4  +  B+0)xa+(-2B  +  2C)x-4-4 

.'.  -4+5+  C=l 
-.2JB  +  2C=-1 
-4^=-3 
.-.  ^=},  B  =  |,  C=-i 


a;a  — X  — 3___3^  ,         3  1 


x(ara-4)       ix     8(x  +  2)      8(ar-2) 


^      3a«--4 
x^{x-\-oy 

Assume  4^^^4  +  :?+     C' 


x3(x+6)      x2      ar      x+6 
then  3«a-4=(5+  C)a«+ (-4  +  5^ar+6-4 

/.  B+  a=3 

6^  =  -.4 
.      3a:9-4  ^__4_     _4_^        71 


8. 


x2(x  +6)  6  j«     26ar     26(a:  +  5) 

7xa-ar 


(ar  -  l)2(ar  +  2) 

Assume      — = +         '  +         ■ 

(x  -  l)2(x  +  2)      (x  -  1)2     X  - 1      X  +  2 

then  7xa-x=(5+  C)x«+ (-4+ 5-2  C)x  + 2-4-2B+ C 

/.  5+C=7  ^ 

^+5-2C=-l 

2^-25+  C=0 

.-..4=2,  5=V,  0=^ 

•     .  7xg-x        _        2  11        .        10 

"  (x-l)2(x  +  2)~Cx-l)2"^3(x-l)      3(x+2;^* 
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g     2arg-7j:+l 

Assume  ^^^zJj^±l  =  .A.  +    5^+^^ 


x^  —  l  x  —  l      a:2  +  x+l 

then  2a^-7ar+l  =  (^+5>2+  (^-B+  CO'  +  ^-O 

^--B+  a=-7 

.-.  ^  =  -f,  5  =  -V^,  C=-} 

.    2ar2-7ar+l^       lOr-7 4 

ar8-l  3(a:2  +  x+l)      3(x-l)' 


10.         7x-l 


6x2  —  63:+  1 


Assume  _l£ni_  = Ij^Zll =_A_+     ^ 


6x2-.6x+l      (3x-l)(2i:-l)      3x-l      2x-l 
then  7x-l=(2ii  +  35)x  -A-B 

/.  2^  +  3iB=7 

.-.  ^  =  -4,  5  =  6 

.         7x-l       _      6 4 

6x2  — 6ar+l~2ar  — l""  3ar  — 1* 


-•  13x  +  46        _         13x  +  46         ^     A       ,       B 


12x2-llx~16      (4x  +  3)(3x-6)      4x  +  3     3x-6 
13x  +  46  =  (3^  +  45)x-6^  +  3-B 
.-.  3^  +  4B  =  13 
6^-3-B=-46 

^  =  -6,  B=1 

13xH-46       _      7 6_ 

12x2-llx-16~3x-6     4x  +  3 

2x2-llx  +  6     _        2x2— llx  +  6 


13 

jj_x2-llx+15      (x-3)(x2  +  2x-6) 

Assume 

2x2-llx  +  6       _    A  BxJfC 


(x-3)(x2  +  2x-6)      x-3      x2  +  2x-6 
then  2x3-llx  +  6  =  (^  +  5)a:2  +  (2^«3^+  C)x-6^-3C 

.-.  A-{-B  =  2 


•  • 
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2^--3B+C7=-ll 
-5u!l-8C=6 

/.  -4  =  — 1,  B=S,  C=0 

23?a-llar  +  6     _         3x 1_ 

3fi^a^^llx-\-lb     ara  +  2ar-6     ar-3 


61. 
Expand  to  four  terms  in  ascending  powers  of  x, 

1.  ^~. 
l-2ar 

Divide  1  by  l-2ar. 

Then  — - —  =  1  +  2x  +  4x«  +  8jc»+ 

1  — 2x 

2.  ^_ 
2-3a: 

Diyidelby2  — 3ar. 

Then  ^^=  J  +  |x+ fx«+H*»+ 

2  — 8x 

^    2T3^' 

Divide  1  +  xby  2  +  3ar. 

2  +  3ar 

A         1  —  ar 

*•    ::* 

l  +  ar  +  a:« 

Let  ^""*     =  A-\-  Bx  -{-  Cjfl  •}-  Da*  +  Ex*  + 

1  +  x  +  x^ 

+  (!)+  C+B)j^  +  (JS:  + J5+  C)x*  + 
.-.-4=1  -4=1 

^+B  =  -1  ^  =  -.2 

C+5+^=0  C=l 

2>+C+B  =  0  D=l 

JE+D-{-C=:0  ^  =  -2 

/.  — InfE— =  1— 2x  +  *«+**  — 2x*  +  a*+ 

1  +  a:  +  x2 
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5        5  — 2x 
1  +  x  — Jt» 

Let  _i=l£-=^  +  5x+  Cra  +  2>x«  +  -Er*  + 

1  +  a:  — a^ 

+  (— C+2>  +  ^)a:*+ 

.-.^  =  6  A=& 

A  +  B=^2  -B  =  -7 

-^+-B+C=0  0=12 

-5+C7+2)  =  0  2)  =  -19 

_(7+2)+^=0  ^=31 

6-2t    =5_7a:  +  i2xa-.19a:»  +  31a^  + 


6. 


1-2x  +  3j-2* 


Let  ^f"^^     =^+ Jjr+Cra+2>a:»  +  jrg*+ 

.'.  4x-6j:2=,^^.(_2^+B)x+ (3^-25+  C)xa 

+  (35-.2(7+2>)a:»+(3C-22>  +  ^a:*+ 


7. 


.-.  ^  = 

=  0 

^  =  0 

■2^  +  iJ  = 

=  4 

5  =  4 

SA- 

'2B+C-. 

=  -6 

C=2 

3J5- 

2C-\'D. 

=  0 

2)  =  - 

8 

8C- 

'2D+E^ 

=  0 

j:=- 

22 

.       4:r 

-6x2 

:4x  +  2x2 

-8x»- 

-22x*. 

f 

1-2 

Ix  +  3x2 

T(X^I) 

_    A 

,  5x+  (7 

(Z+1)(X2+1)         1  +  a 

:       1  +  x^ 

• 

'.    X^  — T  = 

:(^+5):r»+(J9+a)a 

+  ^+c 

• 
• 

.    A-\-Br= 

B-\-C  = 

A+C  = 

1 

-1 

0 

.'.  A  = 

+  1,  fi  =  < 

0,  C= 

-1 

t(x- 

-1)        _ 

1 

1 

(x+l)(x-«+l)       1  +  x      l  +  x^ 
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^      =1  — x+af»  — jc»  +  x*  — a*  + 


1  +  x 
1 


=  1  — a:»  +  x*  —  a^+a:«  — xW^. 


(x+l)(xa+l) 


8.   ^-^  +  ^  =  4  +  g  +  ,g_4.    ^ 


.-.  B+  C7+2>  =  0 

u4  =  -l 
/.  ^  =  -1,  JB=1,  C=-.l  2)=J 
ja-y-H^      11  8         .         1  . 

"xa(xa-l)         x*     it     2(x+l)      2(x-l) 

=?-J--  =  j(l-x  +  x3-x»  +  x*- ) 

2(x+l)      21  +  ar      »^  ^  ^  ^ 

? =-l_l_^-}(l+x  +  x3  +  x»  +  x*+ ) 

2(x-l)  21-x  3V    T     T      -r      T      T        y 

•••  ^7^^  =  — l  +  --2  +  *-2xa  +  :»:»-2x*- ) 

X2(x2  —  1)  X*        X 


o      2xa-l   _^  .     B      ,     Cx  +  D 


x(x«+l)        X       X+1       X«  — X+1 

.  2xa-l  =  (^  +  5+C7)x»+(-jB  +  I>+C)x«+(5+2>)x  +  ^ 
.\  A-{-B+C=0 
-B+C+2>  =  2 
B  +  2>=0 
^  =  -1 
.-.  ^=-1,  S=-J,  C=f  2>  =  J 
.     2Ta-l    _      1  ^        1  ,         4x  +  l 


x(x8  +  l)          X     8(x+l)      3(x2-x+l) 
^         =J(l-x  +  ««-*»  +  x*-«*+ ) 


8  (x  +  1)      3  (1  +  x) 

4x+l       ^1       lH-4x 
8(x2-x+l)      S'l-x  +  x* 
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Let 


l  +  4a: 


=  A-{-  Bx  +  Cjfi  +  Di* -{-  En^ -^ 


1  -  ar  +  a:2 

/.  l-\-ix=A-\-(B--A)x+(C-B+A)3^ 

+  (Z>-C+-B)a:»  +  (^--D+C)x*  + 
.•.^4=1  A=l 

C-5  +  u4  =  0  C=4 

2>-a+B  =  0  I>  =  -1 

J5;-2)+C=0  ^=-6 


.      l  +  4£_^j       g^      4^_^_g^ 


10. 


2  +  %r      ar  +  2 


^4_  8^      16_32 
X     a^      x^      a:*"*" 


11. 


2-3: 
3  +  ar 


=  -1  + 


ar  +  3 


1  .  6_16     46_136 
X      x3      a:»       X*  "*■ 


13. 


Let 


6-2x    _     2x-6 


l  +  3x-x3     xa-3x-l 


2x-6 


X2-3X-1         X        X^^  3*       it^^ 


.'.  2x  — 6  =  j4x+5 
-3^ 


/.  ul  =  2,        B-3^=-5, 
C-35-^  =  0, 
2>-.3C-5  =  0, 

.       5~2x      _2      1      j^     ^ 
*'l  +  3x-x2     X     x^'^xs'^x* 


-35 

i+i> 

X 

+  c 

-3a 

-.4 

-5 

5  = 

a= 

2)  = 

r3^-6   = 
:35  +  ^  = 

=  3a+5  = 

=  1 
=  6 
=  16 

16  . 
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18.    ^-^-<-^--a:a-x+l--,^  I      ar+1 


x(x-2)  a«-2x  x(x-2) 


X      X--2 

.'.A+B=l        -2A  =  1 
^  =  -},  JB=f 

"   x(x-2)  "        2x"*"2(x-2) 


X  — 2     X     x^     x»     X* 
.   x«-x+l^i       1        8        6        12       24 
"    x(x-2)  2x     2x     2x8     2x»     2x* 


=  1  +  1+8  +  6+12^ 

X        X*        X*         X* 


14.   -3£ll2    =^  +  ^  + 


x(x-l)«      X      x-1      (x-l)« 

/.  8x-2=(^+jB)x«  +  (-2^-J5+C)ar  +  -4 
/.  -4  + -5  =  0 
-2^-25+C=8 

^  =  -2 
.-.  ^  =  -2,  J5  =  2,  C=8 
.     3x~2    _     2 .      2      .        8 
"  x(x-l)2""     X     x-1      (x-l)« 


1  =i+i+i.+±+ 


X—  1        X        X^        X*        X* 


(x-l)a      \^x-iy      x^     x»     X*     X* 
3x-2    _     2,2,2,2,2,2. 


x(x  — 1)*  X      X      X*      X**      X*       X* 


+  8  +  6  +  9+12  + 

X^        X*        X*         X* 

xa     x»^x*      x«^ 


16         Jg-x+l       _     Cj?"-x+1)(j?+1)     -Jg*  +  1^ 
•    Cx-l)(x3+l)      Cx-l)(x+l)(x2+l)      x*-l 

^       =1  +  1+1   +  1+ 


x*-l      X*     x8     xia     x" 
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af«  +  l      af«+l  ,  ar8-f  1  ,  a^  +  l  , 
=  ■  -\- -f- ~r  *** 

X*  —  1         x*  ar*  x^ 

=  l+JL+l  +  i  +  i  +  i+ 

X     x!^     afi     x^     ^     x^ 
Beyert : 

16.  y  =  af  — 2a:a+8x«  — 4a:*+ 

Here                     a  =  l,   6  =  — 2,   c  =  8,    </  =  — 4 
/.  ^  =  1,5  = -2,  C=6,  2)=  14 
/.   x  =  y  +  2ya  +  6y«+14y*  + 

•vS  4W  <ll*7 

17.  y  =  x-?^  +  ---  + 

^  3       6       7 


Here  a  =  l,    6  =  0,    c  =  — J,    rf  =  0,    e  =  i 

.-.  ^  =  1,  B=0,  C=J,       2)  =  0,  J5:  =  33t 

-  '='  +  f +  T?  + 

«a  ,     ar*     ,     a*     ,     a?*     - 

18.   y  =  arH H f. f. 

^  1.2      2.3     3.4 

Here  a=l,    6=J,        c  =  J,    rf  =  TV 

.-.  ^=1,  JB=-J,  C=J,  2)=- A 

^      2       3       24 


•  • 


I 
I 

Exercise  62. 


Find  the  identical  relation  and  generating  function  of: 

1.   l  +  2a:+7a^»  +  23af«+76a:*+ 

Notice  tliat  7  =  3X2+1 

23  =  3x7  +  2 

76  =  3  X  23  +  7 
.*.  The  identical  relation  is  u^  =  8aK«.i  +  x^.f. 

But  ,     »=l  +  2x+7a:a  +  23ar8  +  76j*  + 

-3a-s=     -  3x  -  6a^»- 21x«- 69  J*  - 
-ar2g=  -    jg-   2g«~    7a*- 

.-.  (l-8af-a:2)«=l  — X 

1—x 
...  s=z 1 — ± — 
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2.   3  +  2a:  +  3af2+7a:8+18a:*+ 

Notice  that  3  =  3x2  —  3 

7=3x3-2 
18  =  3x7-3 
.*.  The  identical  relation  is  ti»  =  3xti»-i  —  2%i«-» 

Bnt  »  =  3  +  2x  +  8xa+73^+18a:*+ 

—  3af»=     —  Oar  — 6a:a  — Oar*  — 21a:*  — 

3^a=  8a:»  +  2ar»+    3a:*+ 

.•.  (l-8x  +  **)»  =  3-7ar 

3-7ar 
1  — 8x  +  a!« 

Find  the  generating  function  and  the  general  term  of : 
8.   2  +  8x  +  6a:2^.93j+i7^4.33a*+ 

Suppose  Um  =  pxun—\  +  9^u»-s> 

Then  6  =  3jD  +  2g 

0  =  6p  +  8v 
.-.  jD  =  3,  g  =  -  2 
.'.  The  identical  relation  is  ti«  =  Zxun~\  —  2x%».s. 

»  =  2  +  3ar  +  6j:*+    9aH»+ 17  a:*  +  83a*  + 

-3ar«=     -6ar-9a:»-15aJ»-27r*-61a*- 

2ar2«=  4a:a+    0  a:*  +  10  j:*  +  18  a:*  + 

/.  (1  — 3a:  +  2a^»)s  =  2  — 3ar 

.   j^       2-3a: 

l-3ar  +  2a:a 

l-2ar      1-x 

— ?^ —  =  1  +  2a:  +  ^x^  + +  2*a:«  + 

1  — 2ar 

-i—  =  1  +  a:  +  xa  + +  a:*  + 

1  —a: 

.-.  »  =  1  +  (2  +  l)x  +  (2«  +  1)*^  + +  (2*'  +  l)ar»  + 

.'.  The  general  term  is  (2*»  +  l)a:». 

4.   7-6:p  +  9afa  +  27a«  +  64a:*+189a:«+ 

Suppose  M«  =  pxun^i  +  7a:%n-a  +  raHHi,fc_, 

Then  27=   9p-  6g+7r 

54  =  27/?+    99-6r 

189  =  64p  + 27^  +  97 

/.  p  =  2,  9  =  2,  r  =  3 
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.*.  The  identical  relation  is 

Un  =  2  aru»_i  +  2  ar^Un^a  +  3  x«Un-8 

8=7-   6x+    9ar2  4.27aJ»  + 54a:*  +  189a:*  + 

-2ar«  =     -14ar  +  12a^2-18aJ»-64r*-108ar«- 

-2a:2,=  -14a^2  4. 12x8 -18a:*-    54ar«- 

-3a:8<= -21a:8  +  18ar*-    27a^- 

(l-2x-2a:»-3ar8)»  =  7-20ar+    7a^» 

_      7  — 20ar+7a:a 
1  — 2ar  — 2a:3_3a;8 

7-20a:+7x2      _        7-20ar+7a:2 


l-2ar-2x2-3x«      (1  _3ar)(l  +  x  + ar2) 

_  10  27(3-g) 

~  13  (1  -  3  x)      13  (1  +  X  +  x2) 


But         — - — =l  +  3x  +  32xa  +  38a:«+ +  3»ar«  + 

1  —  3x 

3-x     ^       (l-x)(3-.a-)       ^3-4x  +  a:' 
l  +  x+xa       (i4.ar+x2)(l-x)  l-x^ 


and  — i—  =l  +  ar*  +  a:*  +  a:'+ +  af«*  + 

1  —a:* 


^      ^  =3-4af  +  a:a+3ar8  — 4a:*  +  a:«+8a:«  — 4x7  +  a*  + 


l-aJ» 
7-20x+7ara 


=  JJ  (1  +  3x  +  32x2  +  3«x«  + ) 


l-2x-2a^»-3ar8 

4.^(3-4x+a^»  +  3aH»-4ar*  +  a:*+ ) 

.-.  «ai»     =  H  38»-i  +  H  =  n  (10  X  38H-4  +  1) 

W8n+i=iS3*'     +HX3         =tK10x38»-*+l) 
«8*+2  =  i  J  38H+1  +  IJ  X  (-  4)  =  f  J  (10  X  38-2  _  4) 

6.   l  +  5ar+9a^»  +  13a:84. 17^4  +  210:6+ 

Suppose  tin  =  pxnn-i  +  g'ar2n«^2 

Then  9=bp-{-q 

13  =  9p  +  6p 
.-.  p  =  2,  g  =  - 1 
.*.  The  identical  relation  is  tin  =  2  Un-i  —  tfn-s. 

«=l  +  6x+    9a:»+133r»  +  17a:*  + 

—  2x«=     —  2x  — 10a^»— 18a:8_26a:*+ 

ar2»=  x2+    6x8+    9^4  + 

(l-2x  +  x2>=l  +  3x 
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_       l  +  3jr      _    1-f  8g 

Also  l  +  5.T  +  9x8+13a:»+ 

=  l+(4+l)x  +  (2x4+l)a:«  +  (3x4  +  l)x«+ +(4ii  +  l)«*  + 

.'.  The  general  term  is  (4n  +  l)x«. 

6.   l  +  :c-7aH»  +  33r*-130j:«  +  499a!«+ 

Suppose  tt„  =  ;)M«»i  +  qun-i  +  ni«-a. 

Then  —  7  =  ^  +  r 

33  =  -7p  +  r 
-130  =  33/j-7g 
.'.  p  =  —  6,  g  =  —  5,  r  =  —  2 
The  identical  relation  is   u»  =  —  5  xti»_i  —  6  xhtn-i  —  2  xV»-s- 

«=1+    X  -7x»  +  33j:*-130x»  +  499a!«  + 

6j:«=         6x+6x2  —  36r*+ 166J^*  —  660x«  — 

6x2s=  6ar2+6x«  -  36a*+166a!«  + 

2A=  2aJ»+   2a:*  -    14a!« 


(1  +  6x+ 5x2+ 2af«>  =  1  +  6a:  +  10*" 

.    ^_      l  +  6x+10jra 
l  +  6ar+6xa  +  2x« 


7.  3  +  6x+14x2  +  36x»  +  98ar4  +  276a*+ 

Suppose  ttn  =  pUn-l  +  q'Un-J  +  rUn-S 

Then  36=14p+    6g+   3r 

98  =  36p+145'+  6r 
276  =  98p  +  367+14r 
.-.  p  =  6,  r  =  — 11,  9  =  6 

.*.  The  identical  relation  is 

«  =  3+    6x+14x2  +  36x»+    98x*  +  276x»  + 

-  6xs  =    -  18x- 30x2- 84x«- 216x4 -688x»- 
+  11  x2«  =  33x2  ^  66 x»  +  154x*  +  396x6  + 

-  6x8«=  -18x«-   36x*-   84x6 

(l-6x+ 11  x2-6x8)  s  =  3  -  12x  +  11  ^2 

_      8-12t  +  11x2      _  3-12x-fllx2 

"*      l-6x+lla^»-6x8      (l-.a:)(l-2x)(l-3x) 

1-x      l-2x      l-3x 
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But  .^— =  l  +  r  +  x2  +  a?»+ +  a:"  + 

1  — X 

— - —  =  l  +  2x  +  22xa  +  2»x»+ +  2»ar*+' 

1  — 2ar 

—1 — =l  +  3ar  +  32a^»  +  3«aH»+ +  3»ar»+- 

l-3x 

/.  «  =  3+(l  +  2  +  3)ar+(l  +  22  +  3-0a:a+- 

+  (1  +  2«  +  3'»)  a:*  + 

/.  The  general  term  is  (1  +  2*  +  3»)  «•. 

Find  the  sum  of  n  terms  of : 

8.  2  +  6+10  +  17  +  26  +  37  +  60+ 

First  differences  3  6  7  0  11 

Second  differences,  2  2  2  2 

Third  differences,  0  0  0 

.-.  fl  =  2,  6  =  3,  c  =  2,  rf  =  0 

.  fi  (n  --  1)  ,    .  nCn-l)(n-2) 
/.  «,»  =  na  +  — ^-^ — ^^  +  -^ ^^^ ^ 

g„.  3Cn^-n)      n(n-l)(n-2) 
~       ^         2  3 

_2n«  +  3ng+7n 
6 


9.  l«  +  2«  +  3«  +  4«  +  5»+ 

=  1  +  8  +  27  +  64+125+ 

First  differences,  7  19  37  61  91 

Second  differences,  12  18  29  30 

Third  differences,  6  6  6 

Fourth  differences,  0  0 

.-.  a  =  l,  6  =  7,  c  =  12,  d  =  Q,  e=0 
JO  .  7nCn-l)   .  12n(n-l)(n~2) 

2  0 


6yiCn-l)Cn-2)Cn-8) 
"*■  24 


_  6n*+ 12 n8+6n« 

24 
_ng(tt+l)^ 
4 
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Ezezcise  63. 


1.  Show  that  the  infinite  aeries 


1X2     2X2«     8X2»     4X2* 
is  conTergent,  and  find  its  sum. 
The  series  may  he  obtained  from  the  series 

by  putting  jr  =  } 

.   i^„9         1  1    .      1  1_, 

The  series  is  conrergent.  For  the  terms  are  alternately  positire  and 
negative  and  are  continually  decreasing,  and  the  limit  of  the  ath  term 
isO. 


S.  Find  the  limit  which  Vl  +  «x  approaches  as  a  approaches  0  as  a 
limit. 

Let  «  =  - 

a 


Then  Vl  +  ax  =  (1  +  nx)* 

As  n  approaches  0,  m  increases  indefinitely. 


'''nto^^^^^^=^ 


3.  Prove  thati  =  2fi  +  —  +  —  + ] 


Consider  the  series 


'"='+*+§+|+"- 


pat  »=  — 1 

14- 

11     18 


«-i=l_l  +  l-i  + 
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«     12     [S-^l*     [6     [6     ^"^ 

^S_l      6_].      7_1  . 

13.    13-^15     15-^17     11  "^ 

^^+*+±+ 

13     [6     II 

=  2(1  +  2  +  3+ \ 


4.  Calculate  to  four  places,  log*  4,  log*  5,  log*  6,  log«  7. 
log«4  =  2  log«2=  1.3863 

lofl:i5  5  =  loe«4  +  -H 1 + 

=  1.6094 

loge6  =  logeS  +  —  + + + 

g«  K«    ^113x11'     5X11* 

=  1.7918=  loge2  + log,  3 

loge7  =  loge6  4-:;^  +  ^      ,^,+ 


13     3  X  13»     6  X  18* 
=  1.9459 


5.  Find  to  four  places  the  moduli  of  the  systems  of  which  the  bases 
are :  2,  3,  4,  5,  6,  7. 

log-e  =  _J--  = 1: =1.4427 

**        log»2     0.693147 

log  e  =  _1_  = 1 =  0.9102 

*'       loge3      1.098612 

log.e=-i-  =  ^J^ —    =0.7213 
**       log.  4     21og.2 

log.  e  =  -i-  = =  0.6213 

^^       log.  5     1.609432 

loa.e  =  -i-  = ? =  0.5581 

*•       log.  6     1.791769 

Wc  =  _J--  =  — i-.     =0.5130 
^'       log.  7     1.9459 
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6.  Show  that 


1       /8\  6  7         .         9         ■ 

^'\e)      1X2X3"^  8x4x6"*" 6X6X7"^ 


9 


1X2x8  3x4x5  6x6x7 


^     3+2  6+2  7+2 

1X2X3'^3X4X6'^6X6X7"^ 

1     +JL,+  ^+ 


1X2     8X4     6xtt 

ig/         1  I  1  .  1  I A 

VlX2x3^8x4x6^6x6x7^        / 

■*'^Ux2x3"^8x4x6"'"6x6x7"*' j 

=  log2  +  2f    «-^     +     ^'^     +     7-^     + \ 

^    ^    UX2X3^3X4X5^5X6X7^        / 

=  log2  +  2f— i— +  -i— +  -i—  + ^ 

*    ^    Ux2^3x4^6x6^         ; 

.2f-L.  +  ^L_  +  -l.  + \ 

Vlx3^8x5^5x7^        ) 

=  81og2-/-?— +-^  +  -^  + ] 

^        VlX8^3x6^6x7^        J 

=  log8-[(l-J)  +  a-t)  +  a-|)+ ] 

=  log8-l 

slogS  — loge 


7.  Show  that 


log.  a -log.  6  =  -_+-(-—)  +3(-^)  + 

log.a  — log.6=  log|  =  —  log-  =  -logfl  -  (l  —  -j] 

...io«.a-io..=--^.l(--^)%l(i-:5)V 
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8.  Show  that,  if  x  is  positive, 


=  log  (*+!)  +  log 


Butlog(l  +  i)  =  ar-|  +  ^-J  + 


«.d     logfl  +  lUl--L  +  J__J_+ 

The  series  is,  however,  convergent  only  when  x  =  1. 


98     33     48 
9.  Show  that   1  +  ^  +  ^  +  2^ =  6«. 

[2     |3     [4 

la'^L?    li    L^    16 


L^    !i    Li    li 

_,      .      o     8+1  ,  15+1  I  24  +  1     36+1  , 


=  ,  +  3+8      16     24     36      

=  «  +  3  +  4  +  — +-  +  1+ 

^     ^     ^[2     [3     [4^ 

004. 
=  e  +  3e+l  +  — +-+— + 

=  4e  +  l  +  l  +  i+i+ 

(2     [3^ 

=  6e 
10.   Show  that  e-^^  =  X+  Y  V-^l  where 

js:=i-^+£^-£?+ ,  r=x-^+5^-^V.. 

L?     li     16^        *  [3^l_6     U[^ 
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12  13        ^        [4 

=  l_^+??_??+ 

2      Li     l« 


11.  Expand ^^-^ in  ascending  powers  of  x, 

[2+Li  i«  V    li  L6      y 

12  +  Li     Ifi  V  18     L6  / 

2         ~      I2"^li    le"^ 

19.  Expand — —  in  Mccnding  power*  of  x, 

2V-1 

'=1-1  _*?+??_«!_ +  v'n^_jr  +  £!_£?+ A 


2V: 


=.-??+??- - 

l«  Li 
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Exercise  64. 


FroTe  the  following  relations  by  expanding : 

6,     6, 


i. 


ft. 


^  fll^f  ■"■  flfj^i 


6,     6, 


1 
a, 


6,     6j 


=  «A-«A 


=  €46, 


Oj    a,    a, 

^     6,     i>i 

C|       C,       Cj 


6j    6,     6, 


61     Ci 
6,    c. 


^ 

^ 

Cl 

c> 

cs 

«» 

«t 

«l 

^ 

^ 

61 

b 

Cl 

^ 

J» 

cs 

«s 

*i 

Cj 

«s 

"iVs  +  «A^i  +  ^A^i  ■"  <'iV»  ~  "  A^  ■"  "A<^i 


8. 


12    3 

2  4    4 

3  4    6 


In  the  expansion  of 


ai    a,    Oj 
61     6,     6j 

Cj      C,      Cj 

12    3 

2  4    4 

3  4    6 


put  ttj  =  1,  o,  =  2,  a,  =  3,  61  =  2,  etc. 


=1x4x6+2x4x3+3x2x4-1x4x4 

-2x2x6-3x4x3 
=  -4 


3 

2 

4 

7 

6 

1 

6 

3 

8 

=3x6x8+2x1x6+4x7x3-3x3x1 

-2x7x8-4x6x6 
=  -3 


6. 


4  6  2 
1  2-3 
6-4  6 


=4x2x6-6x3x6+2x1x4-4x4x8 

+6X1X6-2X2X6 
=  -80 
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6.  Conot  the  inTenioiis  in  the  eeriet : 

6418  2.       7514S6  2.      d  a  e  e  h. 
4162  8.       664218  7.       e  e  b  d  a. 

6  4  1  8  2  has    8  invenions,  64,  61,  63,  62,  41,  43,  42,  82. 

4  1  6  2  8  has    6  inyersions,  41,  42,  43,  62,  68. 

7614362  has  18  inyersioos,  76, 7 1, 74, 78, 76, 72, 61, 64, 68, 62, 48, 42, 62. 
6642187  has  13  ioTersions,  66,64,62,61,68,64,62,61,68,42,41,43,21. 

d  a  c  e  b  has    6  inTersions,  da,  de,  <26,  cb,  eb. 

c  e  b  d  a  has    7  inTersions,  c6,  co,  s6,  e<f ,  ea,  6a,  do. 


7.  In  the  determinant  \^i^^\  And  the  signs  of  the  following 
terms. 

aJbfP^dj/B^  ^5^i^t^4^r  e^e^M^^^ 

^J>^t^i^v  b^c^a^e^^  c^ajt^^d^ 

^ A^ft^s^s  has  6  subscript  inversions,  48,  42,  63,  62,  32. 

.-.  Its  sign  is  — . 

aj>^e^dje^  has  6  subscript  inTersions,  21,  63,  61,  64, 31. 
.*.  Its  sign  is  — . 

^b^c^fy  has  6  subscript  iuTersions,  61,  68,  64,  62, 82,  42. 
/.  Its  sign  is  +. 

ttfi^dfy  has  4  subscript  inversions,  42, 48,  62,  68. 
.\  Its  sign  is  +. 

V4«**5<'j  =  « A<^4<^1 

^^4^8^i  ^^^  7  subscript  inversions,  21,  64,  63,  61,  48,  41,  31. 
.*.  Its  sign  i«  — . 

iijb/^id^^  has  6  subscript  inversions,  63,  61,  62,  64,  31,  32. 
.*.  Its  sign  is  4- 

8.  Write,  with  their  proper  signs,  all  the  terms  of  the  determinant 

—  ajk^c/l^  +  aJ>iC^z  +  ojf/^id^  —  ajt^^d^  —  ajt^f^d^  +  ^A^^\ 

r-  a A<y^  +  fl A<^A  +  «//^ A  -  ««*ic//i  -  « 4 V  A  +  ^J»^i 
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9.  Write,  with  their  proper  rigns,  all  the  terms  of  the  detenniiuuit 
(oiftiiy/^egl  which  contain  both  a,  and  b^;  all  the  terms  which  contain 
both  b^  and  e^. 


10. 


a  6  0  0 

6  a  0  0 

0  a  a  b 

0  b  b  a 


Since  a,,  a^  b^  b^,  c^,  and  d^  are  here  all  0,  the  formula  of  Example 
8  reduces  to 

=  (a2_68)(a2-62) 
=  (a2  -  68)2. 


11. 


0  0  0a 

0  0  6    0 

a  a  6^    6 

b  b  a    a 


The  formula  of  Example  8  reduces  to 


12. 


a  6  c  0 

c  a  6  0 

6  c  a  0 

a  b  c  \ 


The  formula  of  Example  8  reduces  to 

=za^'^abr  —  6ca -f  6^4*  <^'-'-ca^ 
=ra»  +  65  +  c3  — 3a6c 


Shdw  that : 


1. 


0  a  6 
a  0  c 
b    c    0 


Exercise  65. 


=  2a6e. 


0 

a 

b 

a 

0 

c 

b 

c 

0 

6+e  a  a 
b  cJ^a  b 
e         c     a  +  6 

b  +  e  a  a 
b      e  +  a     b 

e         e      a  +  6 


=  abe  +  abe  =  2a&e. 


=  4a&e. 


(ft+c)(c+a)(a  +  6)  +  a6c+a5c-(6+c)te 

— ffft  (a + 6)  — ac(r  +  a) 
4a6e 
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1     a* 

«» 

a« 

1     b* 

6« 

M 

1     c* 

c» 

<;* 

— 

1     (P 

rf» 

rf* 

1 

a« 

a» 

a* 

1 

1 

63 

6» 

—  abed 

1 

rfa 

rf» 

d* 

bed  a  a*  e/* 

cda  b  V^  Ifl 

dab  c  €^  r* 

abc  d  d^  d^ 


-    a    a^    tp* 
a 

i     6     6^     6« 

6 

-~    e     e^     c^ 
e 

\    d    d^    d» 
d 


bed  a  a^  a* 

aed  b  l^  }^ 

abd  c  c^  €^ 

abc  d  d^  d^ 


DiTide  the  first  row  by  a,  the  second  by  6,  the  third  by  c,  and  the 
fourth  by  d.    Then  ninltiplj  the  first  column  by  abed. 


0  1 

1  0 
1     c3 

1    6* 

1 

C3 

0 

1 
0 

= 

0 
a 
b 
e 

a 
0 
c 
b 

b     c 
c     b 
0     a 
a     0 

• 

0  1 

1  0 
1     c3 
1    l^ 

1 

0 
a^ 

1 

6=2 
a2 
0 

1 
abc 

0 

I 
1 
1 

a       b 
0     6r* 
ac3     0 
062    6a3 

c 
c6a 

0 

=  abc 

=: 

0 
a 
b 
c 

a 
0 
c 
6 

6     c 
r    6 
0    a 
a    0 

c 

b 


0     a    b 

i     0    c 
be 

—    c     0    a 
ac 

1    b    a    0 
ab 


Mnltiplj  the  second  column  by  a,  the  third  by  c,  and  the  fourth  by  d. 
Then  divide  the  second  row  by  be,  the  third  by  ae,  and  the  fourth  by  ab. 
Then  multiply  the  first  column  by  abc. 


/ 


/ 


/ 


r 


10    lfl-^5X  Jt>  -16      10 
1    ao   'Mtj     I  1    20    «^4 


-S6 

411-   2^t=r 

2    20    la 
.-=li>Xl0-12xl0  =  30 

Multiply  the  first  column  by  2,  and  subtract  from  it  the  sum  of  the 
second  and  third  columns. 

Take  out  the  factp»  %  and  subtract  the  second  column^^^™  ^^ 
third.  '  "i 

Pa  3   r         „ 


t 


/7  ^J-i-^ 


fr' 


N. 


1 


.'•^  L.^* 
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6. 


a  23  13 
7  63  SO 
0    70    39 


3  23  13 
1  27  4 
0      10 


=  «8x4+13=l 


Subtract  twice  the  first  row  from  the  second,  and  three  times  the 
first  row  from  the  third. 


7. 


22 

20 

27 

26 

23 

30 

=  2X3 

28 

26 

24 

22  29  9 
26  23  10 
14    13      4 


=  2x3 


4 

2 

9 

6- 

■7 

10 

6 

1 

4 

-8 

2 

1 

47- 

-7 

38 

0 

1 

0 

=  2x3 


=  2x3(8x38  +  47)  =2106 

Take  out  the  factor  3  from  the  third  column  and  the  factor  2  from 
the  third  row. 

Then  subtract  twice  the  third  column  from  the  first,  and  then  twice 
the  third  column  from  the  second. 

Then  subtract  six  times  the  second  column  from  the  first  and  four 
times  the  second  column  from  the  third. 


8. 


1  a  a« 
16  6* 
1     c     c» 


(a  —  6)  (6  —  c)  (C'^a)  is  evidently  a  factor. 

There  is  also  another  factor  of  the  first  degree,  which  is  therefore  of 

the  form 

/a  -f  m6  4-  fic 

In  the  product  (a  -.  6)  (6  —  c)  (c  —  a)  (Ja  +  m6  +  nc)  the  coefficients 
of  a',  fr",  and  c*  are 

— /(6  — c),  —  «i(c  — a),  —  H(a  — i) 

But  in  the  expansion  of  the  determinant  the  coefficients  of  a\  6*,  and 

c*are 

c  —  6,  a  —  c,  6  —  a 

.*.  /  =  1,  M  =  1,  n  =  1 

1    a    a' 

1     6     68   =(a-6)(6-c)(c-a)(a  +  6  +  c) 
Ice* 

a    a^     be 

9.     6     fr>    ca 

c     c*    ab 

(a  —  6)  (6  —  c)  (c  —  a)  is  a  factor. 

There  is  also  another  factor  of  the  second  degree. 
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a     a*     6c 
6     6'^     ca 
c     €^    ab 

— 

a^c    a^'-c^ 

6-c    62-c2 

c            ca 

(a-c)(6-c) 

6c  — o6 
ca  — a6 

a6 
1    a  +  c 
1     6  +  c 
c       c« 

-6 
—  a 
«6 

=  (a_c)(6-c) 

0  a-6 

1  6  +  c 
c       c« 

a-6 
—  a 
a6 

.=  (a-6)(6-e)(a-c) 

0 

1 
c 

1         1 

6  +  c    —a 

c^        a6 

= 

(a-6)(6-c)( 

>-0 

0 

1 
c 

0 

a+6+c    - 
c2  — a6 

1 

-a 
a6 

=  (a  —  6)  (6  —  c)  (a  —  c)  [c^  —  a6  —  (a  +  6  +  c)  c] 
=  (a  —  6)  (6  —  c)(a  —  c)  (—  a6  —  ac  —  6c) 
=  (a  —  6)  (6  —  €)(€  —  a)(a6  +  6c  +  oc) 

Subtract  the  third  row  from  the  first  and  second. 

RemoTe  the  factors  a^c  and  6  —  c  from  the  first  and  second  rows. 

Subtract  the  second  row  from  the  first. 

Remove  the  factor  a  —  6  from  the  first  row. 

Subtract  the  third  column  from  the  second. 


a»     6c    1 

10.      6>    ca     1 

c«    a6    1 

There  is  also  another  factor  of  the  second  degree. 


(a  —  6)  (6  —  c)  (c  —  a)  is  a  factor. 


6» 
c« 


6c 
ac 
ab 


1 
1 
1 


a^  —  c^    6c  —  a6    0 
6*  —  c*    ac  —  a6    0 


a6 


=  (a-c)(6-c) 


=  (a-c)(6-c) 


a^-^ac-^c*    —  6  0 

t^  +  bc-^c^     -o  0 

c«  a6  1 

a*  —  6'+ac  —  6c  a  —  6 

6a+6c  +  c>  —a 
c*  a6 


0 
0 
1 


=  (a-6)(6-c)(a-c) 


a+6+c         1 
6^  +  6c  +  c>    —  a 

.8 


0 

0 

c»  a6      1 

=  (a  -  6)  (6  -  c)  (a  -  c)  [- (a  +  6  +  c)a  -  (62  +  6c  +  c2)  ] 

—  (a  —  6)(6  —  c){c  —  aXo^  +  6^  +  c«  +  a6  +  ac  +  6c) 

Subtract  the  third  row  from  the  first  and  second. 

Bemove  the  factors  a-^c  and  6  —  c  from  the  first  and  second  rows. 

Subtract  the  second  row  from  the  first 

KemoTe  the  factor  a  —  6  from  the  first  row. 


406  COLLEGE   ALGEBRA.. 


%%«!. 


+++  % 

2  ^■x.T,     %i%        «2|^  ^2^    +++ 


08 


O-o  *»  '     I  *t«{,c?  S«  "^  -4- 

S«f*«0  .AJ  OsJ«  T^ 


•^ 


©©i-i'« 


OOi-«tS   ©Oi-itS  io 


»^  1-1  1-H  O  11  O  »0    O  »0  >0  lO 


^ 

N 


'^        ^   I  i    "S%%%  I  I  I  I 

_J_o  ^       5    111%  >2.  >S.  e  >«. 

«««  S  §'«'«'«  s.  e^  S'  e^ 

ill  "H  I  I  >  I "«  <?  <?  <?  <? 

+  -I-I.   5  t  I  I  I  I 

nr|  ^^^^  I    li  II  II  II  « 


O*©  w    5 


2     Q.O    O-O 


teachers'  edition. 


407 


The  formula  of  Example  8,  Ekercise  64,  redaces  in  thU  case  to 


1 

a 

o« 

a* 

1 

b 

62 

M 

1 

c 

ca 

c* 

1 

d 

<P 

rf* 

=  (a  -  cO(6 -  <0(c -  <0(«  "-c)(*  —  0(«  -  *)(«  +  6  +  c  +  <0 
=  (a-6)(o-c)(a-rf)(6-c)(6-rf)(c-rf)(a  +  6  +  c  +  rf) 

Subtract  the  fourth  row  from  the  first,  second,  and  third. 
Remove  the  factors  a-^dfb^d,  and  c^d  from  the  first,  second,  and 
third  rows. 

Subtract  the  third  row  from  the  first  and  second. 

RemoTO  the  factors  a  —  c  and  6  —  c  from  the  first  and  second  rows. 

Subtract  the  second  row  from  the  first. 

Remove  the  factor  a  —  6  from  the  first  row. 


18. 


abed 
bade 
c  d  a  b 
d    c    b    a 

a^b-{-c-\'d    a  +  6  +  c  +  cr    a  +  64-c  +  <^    a  •{■  b  •{■  c  •{■  d 
bade 
e  d  a  b 

d  c  b  a 


=  (o  +  6  +  c  +  rf) 


=  (a  +  6+c  +  rf) 


1111 
bade 
e  d  a  b 
d    c    b    a 

0 
a  +  h'~e'^d 
c-^-  d^a  —  6 
c  +  rf  — a  — 6 


1  1 

1 

a     d 

c 

d    a 

b 

c    b 

a 

0 

1     1 

1 

1 

a    d 

c 

-1 

d    a 

6 

-1 

c 

b 

a 

=  (a  +  6  +  c  +  cf)(a  +  6  —  c-rf) 


This  result  was  obtained  by  the  following  operations  : 

Add  the  second,  third,  and  fourth  rows  to  the  first. 
Remove  tlie  factor  a  +  6  -|-  c  +  cf  from  the  first  row. 
.  Add  the  second  column  to  the  first,  and  subtract  the  third  and  fourth 
columns  from  the  result. 
Remove  the  factor  a  +  6  —  c  ^  <f  from  the  first  column. 
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It  appears  that  a  +  6  +  c  +  <f  and  a-^b^c^d  are  factors  of  the 
determinant.     Similarly  we  have : 


abed 

a  +  c  — 6  — rf 

bed 

bade 

6  +  </  — a  ^e    a    d    c 

e    d    a    b 

^""" 

o  +  c  — 6  —  cf    d    a    b 

d    c    b    a 

b+ d^a^c    c    b    a 

■ 

1    b    c    d 

=  (a  +  c-6-cO 

—  1    a    d    c 
1    d    a    b 

-1     c 

6    a 

Add  the  third  column  to  the  first,  and  subtract  the  second  and  f  onrth 
columns  from  the  resalt. 
Remove  the  factor  a  +  c  —  6  —  </  from  the  first  column. 
.*.  a  4-  c  —  6  —  </  is  a  factor  of  the  determinant 
Also 


abed 

a  +  rf  — 6  — c 

bed 

bade 

6  +  c  — o  — cf    a    d    c 

e    d    a    b 

^"" 

6  +  e-^a-^d    dab 

d    e    b    a 

a  +  d-^b-^c     c     b    a 

1     b    c    d 

=:(a  +  rf  — 6-c) 

—  1    o    rf     c 
-1     rf    o     6 

1     c 

6     a 

Add  the  fourth  column  to  the  first  and  subtract  tlie  second  and  third 
from  the  result. 
RemoTe  the  factor  a-\'d^b^e  from  the  first  column. 
.*.  a  +  </  —  6  —  c  is  a  factor  of  the  determinant. 

.-.  (a  +  6  +  c+cf)(a  +  6  — c  — rf)(a  — 6  — c  +  rf)(a  — 6  +  c  — cO  is  a 
factor  of  the  determinant. 

But  the  determinant  is  of  the  fourth  degpree  in  a,  b,  c,  and  d. 
Hence  the  determinant  is  equal  to  the  product  multiplied  by  some 
number. 
In  the  expansion  of  the  product  the  coefficient  of  a*  is  1. 
In  the  expansion  of  the  determinant  the  coefficient  of  a^  is  1. 


abed 
bade 
e  d  a  b 
d    e    b    a 


=  (a  +  6  +  c+rf)(a  +  6  —  c  —  cf)(a— 6  —  c  +  cQ 

(a  —  6  +  c  —  rf) 


14.  If  all  the  elements  on  one  side  of  a  diagonal  term  are  serosa 
show  that  the  expansion  reduces  to  this  term. 


teachers'  EDinOK. 


409 


Suppose  the  determinaiit  written  in  the  form 


0 
0 
0 


O' 
0 


0     d^ 

In  expanding  the  determinant  we  must  take  one  element  from  each 
row  and  one  from  each  column. 

From  the  first  column  we  can  onlj  take  o^.  From  the  second  column 
we  must  take  either  a,  or  6,.  But  we  cannot  take  a,,  since  we  alreadj 
haye  Oj,  from  the  first  row.  Hence  we  must  take  6,.  Similarly  in  the 
third  column  we  cannot  take  a,  or  6^,  and  there  remains  onlj  c^  etc. 

Hence  the  only  term  is  afifC^d^ 


15. 


aa- 
62- 
c2- 


6c    a    1 

a^    a     1 

ca     6    1 

=s 

62     6     1 

.. 

a6     c    1 

c2     c    1 

6c  a  1 
ca  6  1 
a6     c    1 


In  the  second  determinant  multiply  the  first  row  by  a,  the  second 
by  b,  and  the  third  by  c ;  remoye  the  factor  a6c  from  the  first  column, 
and  transpose  the  columns. 


Then 


6c    a 
ca     6 
ab     c 

1 
1 
1 

_  1 
"~a6c 

a6c 
a6c 
a6c 

a^ 
68 
cs 

»    a 
i     6 

'     c 

^ 

a*    a 
62    6 

c2      C 

= 

a2    a    1 
62     6     1 
c2     c    1 

a^^br 
62 -c« 
c2-a6 

= 

n2    a 
62     h 

1 

>     1 

1 

— 

a« 

62 

C2 

a 
6 
c 

=  0 

a  +  26    a  +  46    cr  +  66 

16.      a +  36    a +  66    a +  76 

a  +  46    a  +  b6    a  +  86 

since  two  rows  are  identical. 


a  +  26    a  +  46    a  +  66 
6  6  6 

6  6  6 


=  0 


Subtract  the  first  row  from  the  second,  and  the  second  from  the 


third. 


17. 


62+c2        6a  ca 

ah        c2  +  a2        c6 
ac  be         a*  +  62 


_  1 


^ 


'ySc 


^=-2c 


—  26c2    c2+a2        c6 
-262c        6c        a2  +  62 

0      6  c 

0    a26      —  a^c 
6      6c     a2  +  62 


/ 
_     26c 


=  -2a262c 


0  6^           ca 

c  c2  +  a*        c6 

^ff      6  6c         a2  +  62 

0    1  c 

0  1  -c      =4a262ca 

1  c  a2+62 


(>i/^ 


cl^^ 
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Multiply  the  first  colamn  by  a,  and  subtract  from  it  b  times  the  sec- 
ond column  and  c  times  the  third. 

Remove  the  factors  —  2  &c  and  a  from  the  first  column  and  the  first 
row. 

Multiply  the  second  row  by  b,  and  subtract  from  it  c  times  the  third 
row. 


18. 


(a  +  6)2         c«  cS 

a2  (b  4-  c)«  a2 

6^  b^  (c  +  a)« 

(a  +  6)2-ca  0  c* 

0  (6  +  c)2  -  a«  a* 

a-\-b  —  c  0 


=  (a  +  6  +  c)2 


=  (a  +  6  +  c)2 


0  ft  +  c  — a  a2 

6  —  c  —  a    6  —  c  —  a     (c-|-  a)^ 

a  +  6  —  c  0  c^ 


6  +  c  — a 


a^ 


0 
—  2a  —2c        2ac 

=  (a+6  +  c)2{(a+6-c)[(6  +  c— a)2ac  +  2a%]  +  2ac«(6+c-a)] 

=  2a6c(a  +  6  +  c)» 
Subtract  the  third  column  from  the  first  and  second. 
Remove  tlie  factor  a'^b-{-c  from  the  first  and  second  columns. 
Subtract  the  sum  of  the  first  and  second  rows  from  the  third  row. 


19. 


1  + 

1 
1 
1 

X        2           3 

2-f  X        3 
2        3  +  x 
2           3 

4 

4 
4 

4  +  x 

= 

X    0    0      — X 
0x0      -X 
0    0    X      —X 
12    8    4  +  x 

=  X8 

10    0-1 
0    10-1 
0    0    1-1 
12    3    4  +  x 

=  X8 

1  ( 

0 

0  ( 

1  ! 

[)    0       0 
L    0       0 
[)    1        0 
2    3    10  +  x 

=  x 

Subtract  the  fourth  row  from  each  of  the  others. 
Remove  the  factor  x  from  the  first,  second,  and  third  rows. 
Add  the  sum  of  the  first  three  columns  to  the  fourth. 
Then  all  the  elements  to  the  right  of  the  diagonals^^re  0. 


20. 


a2+l 
ab 
ac 
ad 


d 
0 
0 
0 


ba 
62+1 

6c 
bd 

0    0 


ca 

cb 

C2+1 
Cd 


da 
db 
dc 


d 

0 

0 

—  a 

_  1 

0 

d 

0 

-6 

—f^ 

0 

0 

d 

—  c 

ad 

bd 

cd 

rf2+l 

d 

0 
0 


0 

d 

0 


—  a 
-6 

—  c 

a2  +  62  ^  c2  +  rf2  +  1 


=  02+62  +  c2  +  rf2  +  l 
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Multiply  the  first  row  by  d  and  subtract  from  it  a  times  the  fourth 
row. 

Multiply  the  second  row  by  d  and  subtract  from  it  b  times  the  fourth 
row. 

Multiply  the  third  row  by  d  and  subtract  from  it  c  times  the  fourth 
row. 

Then  multiply  the  first  row  by  a,  the  second  by  6,  and  the  third  by  c, 
and  subtract  their  sum  from  the  fourth  row. 

Then  all  the  elements  to  the  left  of  the  diagonal  are  0. 


Bxercise  66. 

1.  In  the  determinant  |a|  6,  c,  d^\  write  the  co-factors  of  a„  b^  b^,  c^, 
^4>  "2*  "r 


Write  out  the  determinant 


o, 


a. 


^       *a      ^s      *4 


Then    A^  = 


C,= 


6i     6,     64 


a. 


a. 


6j     63     64 
d^     d^     d^ 


rf,     rfj     d^ 
a,     fls     «4 

^1     ^'s     ''i 


B.= 


rf,    rf,    d. 


Q=- 


61     6,     63 
^1     ^'i     ^s 


/>,= 


a. 


61     6,     64 


A  =  - 


Oi 


6,     6^ 


c. 


2.   Express  as  a  single  determinant 


}{i 

-\- 

beg 
c    f    k 

+ 

c    k    h 

+ 

b    f    e 
c    h    f 

9    k     I 

d    g     I 

d     I     k 

d    k    g 

The  sum  may  be  written : 


yil 

9    k    I 

+ 

b     t     a 
c    f    k 
d    g    I 

— 

h    f   9 
c    h     k 

d    k     I 

— 

b  e  f 
c  f  h 
d    g    k 

9    k    I 

— 

Mi 

d    k    I 

+ 

beg 
c    f    k 
d    g     I 

— 

b  e  f 
c  f  h 
d    g    k 

These  four  determinants  are  evidently  the  co-factors  of  the  first  row 
of  the  determinant : 


1 

1 

1 

6 

e 

/ 

c 

f 

h 

d 

9 

k 

I 


which  is  therefore  the  required  sum. 
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8.   Write  all  the  terms  of  the  following  determinant  which  contain  a 

a  0  b  c    b 

a  b  c  b    0 

0  c  6  c    0 

0  0  0  6c 

6  0  0  c    6 

The  only  terms  containing  a  come  from  the  products  of  the  first  and 
second  elements  in  the  first  column,  with  their  respectiye  co-factors. 

.*.  These  terms  are : 


6  c  6    0 

c  b  c    0 

0  0  6c 

0  0  c    6 

=  ab 


—  a 


0  6  c    6 

c  6  c    0 

0  0  6c 

0  0  c    6 


6    c    0 

c    b    0 

b    c    b 

0    6c 

—  ac 

0    6c 

+  ac 

0    6c 

0    c    6 

0    c    6 

0    c    6 

a62  (62  -  c2)  -  ac2  (62  -  ca)  +  a6c  (63  -  cS) 

a(62  +  6c-c2)(62-c2) 

a6*  +  a68c  -  2  a62c2  -  a6c8  +  oc* 


Expand : 


a 
6 
a 
0 


6 
a 
a 
a 


b 
a 
6 
6 


a 
6 
6 
6 


Subtract  the  fourth  row  from  the  third. 

a  6  6  a 

6  a  a  6 

a  0  0  0 

0  a  6  6 

Subtract  the  second  row  from  the  first,  and  the  third  from  the  second. 


The  result  is 


=  o 


6 
a 
a 


b 
a 
b 


The  result  is  a 


=  a(a- 6)2 


b  —  a  b  —  a 
0  a-6 
a  6 

-1     1 

a       6 


a-6 
0 
6 


=  a(o-6)2 
=  — a(a-6)2(o  +  fc) 


-1     -1 

0         1 

a         6 


1 
0 
6 


0 

d 

d 

d 

a 

0 

a 

a 

6 

6 

0 

6 

c 

c 

c 

0 

6. 


Multiply  the  first  column  by  2,  and  subtract  from  it  the  sum  of  the 
other  three  columns. 
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The  result  is    i 


=  —  J  abed 
=  '~Sabcd 


-3rf    d 

d    d 

1 

-3    1    1 

11 

0       0    a    a 
0        6    0     6 

=  ^abcd 

0    0    11 
0    10    1 

0        c     c     0 

0    110 

0  1     1 

1  0    1 
1     1    0 

=  iabcd 

1     1 
1    0 

--iabcd 

1     1 
0    1 

6. 


1  a  a  a 

1  b  a  a 

1  a  b  a 

1  a  a  b 

Subtract  the  second  row  from  the  first 

0  a-6    0    0 

1  baa 
1  a  b  a 
1        a        a     b 


The  result  is 


=  -(a-6) 


1 
1 
1 


a 
b 
a 


a 
a 

b 


Again,  subtract  the  second  row  from  the  first. 


The  result  is    .(a  — 6) 


0 
1 
1 


0-6 
6 
a 


0 
a 
b 


1 
1 


a 
b 


=  (a-6)a 


-fl^« 


ay 


7. 


3 

2 
2 
2 


2 
3 

2 
2 


2 
2 
3 
2 


2 
2 
2 
3 


Subtract  the  fourth  row  from  each  of  the  others. 


The  result  is 


1 
0 
0 
2 


0 
1 
0 
2 


0  -1 

0  -1 

1  -1 

2  3 


Add  the  sum  of  the  first  three  columns  to  the  fourth. 


The  result  is 


1 
0 
0 
2 


0 
1 
0 
2 


0 
0 
1 


0 
0 
0 
9 


=  9 


8. 


8  2  14 

15  29  2     14 

16  19  3    17 
33  39  8    38 


1 


Subtract  twice  the  first  row  from  the  second,  3  times  the  first  row 
from  the  third,  and  8  times  the  first  row  from  the  fourth. 
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3 

2 

I    ^ 

9 

25 

}    ^ 

7 

1&> 

^    6 

^^^ 

9 

23 

0  6 

The  result  is 


Subtract  the  third  row  from  the  first. 


The  result  is 


0 
7 
9 


2 

13 
23 


0 
5 
6 


=  -2 


9 

26 

6 

7 

13 

6 

9 

23 

6 

nrs 

7 
9 

t. 

5 
6 

— 

9. 


2  13  4 
7    4    6  9 

3  3    6  2 
17    7  6 


Subtract  twice  the  second  column  from  the  first,  3  times  the  second 
column  from  the  third,  and  4  times  the  second  column  from  the  fourth. 

0 
-1 
-3 
-13. 


The  result  is 


10  0 

4      -7  -7 

3      -3  -10 

7-14  -23 


1 

3 

13 


7 

3 

14 


7 

10 
23 


Subtract  7  times  the  first  column  from  the  second  and  third. 


The  result  is 


10  0 

3    «18    -111  = 
13    -77    -68 


18  11 

7  11 

77  68 

9  68 

=  377 


3x  — 4y  +  22=      1) 

10..  2ar  +  3y-32  =  -.l  V 

6x  — 6y  +  42=     7) 


The  solutions  are 


1  = 


But 


1 

-4 

2 

3 

1 

2 

3 

-4 

1 

-I 

3 

-3      2 

-1 

-8 

2 

3 

-1 

7 

-5 

4      5 

at   ^ 

7 

4 

z  = 

6 

-6 

7 

3 

-4 

2 

y  — 

8 

-4 

2 

3 

-4 

2 

2 

3 

-3 

2 

3 

-3 

2 

3 

-3 

6 

-5 

4 

6 

-6 

4 

6 

-6 

4 

1 

-4 

2 

1 

0 

0 

-1 

3 

-3 

^^ 

-1 

-1 

-1 

=  33 

7 

-6 

4 

7 

23 

-10 

3 

1 

2 

0 

1 

0 

2 

-1 

-3 

r= 

5 

-1 

-1 

=  66 

6 

7 

4 

-16 

7 

-10 

3 

-4 

I 

0 

0 

1 

2 

3 

-1 

"'  ' 

5 

-1 

-1 

=  99 

6 

-6 

7 

.— 

16 

23 

7 
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3 

2 
6 


-4 

3 

-6 


2 
3 
4 


1 
5 
1 


0 
3 
3 


2 

-3 

4 


1        0  0 

5    -3    -13 
13  2 


=  33 


...  x=H  =  i,      y  =  H  =  2,      *  =  tt=3. 


4x  — 7y+    « 
11.   3ar+    y  — 2z 

6a:  — 6y  —  3« 
The  Bolutions  are : 


=  16) 
=  10  I 
=  10  J 


x  = 


But 


16 
10 
10 


-6 


4 
3 
5 

16 
10 
10 

4 

3 
6 

4 
3 
6 

4 
3 
6 


-6 


1 
-2 
-3 


1 
-2 
-3 


1 
-2 
-6    -3 

16  1 
10  -2 
10    -3 


7 

16 

1 

10 

= 

6 

10 

7 

1 

1 

-2 

=r 

6 

-3 

y  = 


0 
42 

58 

0 
11 
17 

25 

3 

23 

0 
11 
17 


4 

16 

1 

3 

10 

-2 

6 

10 

-3 

4 

-7 

1 

3 

1 

-2 

5 

-6 

-3 

2  = 


4 

-7 

16 

3 

1 

10 

5 

-6 

10 

4 

-7 

1 

3 

1 

-2 

5 

-6 

-3 

0 
13 
27 

0 
42 
58 

0 
1 
0 

0 
13 
27 


1 
-2 
-3 

1 
-2 
-3 

86 
10 
70 

1 
-2 
-3 


-380 
-76 


=  6,      y  = 


-76 
-76 


=  1,      «  = 


=  -380 
=  -  76 
=  -228 

=  -76 

-228 
-76 


=  3. 


4x  +  7y  +  32  — 3t0=   6  1 
-2    2a:—    y  — 42  +  3ii;=l3 
**•   3x  +  2y  — 72-4u;=    2 

6a:  — 3y+    «+5io=13 

The  solutions  are : 


Iix  = 


Rz=: 


6 
13 

2 
13 

4 
2 
3 
6 


7 
1 
2 
3 

7 
1 
2 
3 


3 
-4 

-7 
1 

6 
13 

2 
13 


-3 
3 

-4 
5 

-3 
3 

-4 
6 


i?y  = 


iJw  = 


4 

6 

3 

-3 

2 

13 

-4 

3 

3 

2 

-7 

-4 

5 

13 

1 

5 

4 

7 

3 

6 

2 

-1 

-4 

13 

3 

2 

-7 

2 

5 

-3 

1 

13 
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where 


We  find 

6  7 

13  -1 

2  2 

13  -3 


4  7 

2  -1 

8  2 

6  -3 


Ii  = 


3  -3 

4  3 

7  -4 

1  6 


6 
13 

2 
13 


3 
3 
4 
6 


i?  = 


4 
2 
2 
6 


7 
1 
2 
3 


=  -1330 


3  -3 

-4  3 

-7  -4 

1  5 


4  6 

2  13 

3  2 
6  13 


=  +  1330 


4  7 

2  -1 

3  2 

5  -3 


3    -3 
-4        3 

-7    -4 
1        5 

3  6 

-4  13 

-7  2 

1  13 


4 
2 
2 
5 


7  3 

-1  -4 

2  -7 

-3  1 


- 1330     , 

/.  X  =  -T-r^  =  1 


y  = 


-1330 

-2660 
-1330 


=  2 


3 
3 
4 
6 


=  -1330 


z  = 


tv  = 


1330 
-1330 

-3990 
-1380 


=  -2660 


=  -3990 


=  -1 


=  3 


3ar  +  2y  +  42—  to 
i«  5a:+  y—  «  +  2ti; 
"•   2a:  +  3y-7«  +  3ti; 

4ar  — 4y  +  82- 5ti7 

The  solutions  are 


131 

9 
14 

4 


*= 


13 

2 

4 

-1 

9 

1 

-1 

2 

14 

3 

-7 

3 

4 

-4 

3 

-6 

3 

2 

4 

-1 

6 

1 

-1 

2 

2 

3 

-7 

3 

4 

-4 

3 

-5 

3 

2 

13 

-1 

6 

1 

9 

2 

2 

3 

14 

3 

«»  —  . 

4 

-4 

4 

-5 

3 

2 

4 

-1 

6 

1 

-1 

2 

2 

3 

-7 

3 

4 

-4 

3 

-5 

y= 


m;  = 


3 

13 

4 

-1 

5 

9 

-1 

2 

2 

14 

-7 

3 

4 

4 

3 

-5 

3 

2 

4 

-1 

5 

1 

-1 

2 

2 

3 

-7 

3 

4 

-4 

3 

-6 

3 

2 

4 

13 

6 

1 

-1 

9 

2 

3 

-7 

14 

4 

-4 

3 

4 

3 

2 

4 

-1 

6 

1 

-1 

2 

2 

3 

-7 

3 

4 

-4 

3 

-5 
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But 


13 
9 

14 
4 

3 
5 
2 
4 


2 

1 

3 

-4 

2 

1 

3 

-4 


4 

-1 

-7 

3 

13 
9 

14 
4 


1 
2 
3 
5 

1 
2 
3 
6 


=  - 1276 


=  638 


3 
5 
2 
4 

3 
5 
2 


13 
9 

14 
4 

2 
1 
3 


.'.  ar  = 


y  = 


3 
6 
2 
4 

1276 


•  638 
2552 


-638 


2 

1 

3 

-4 

=  2 


=  4 


4 
-1 
-7 

3 


1 
2 
3 
5 


4  -4 


=  -638 


4 

1 

■7 
3 

4 
1 

.7 
3 


-1 
2 
3 

-5 

13 
9 

14 
4 


=  -2552 


=  1914 


z=. 


W=r 


638 
-638 

1914 
-638 


-1 
-3 


14.  Eliminate  y  from  the  equations 

j:a  +  2a:y  +  3jr  +  4y+l 

4a:  +  3y+l 
Write  the  equations  in  the  form : 

(2a:  +  4)y  +  a^  +  3a:+l 
3y  +  4x+l 

The  result  18  3  4x  + 1 

This  reduces  to 

(2  3:  +  4)(4a:+l)-3(a:a  +  8a:+l) 
or  ^  5za  +  9x+l 

16.  Eliminate  m  from  the  equations 

in^a:  — 2iiir2+l 
m  +  a:^  ^  3  maf 

Multiply  the  second  equation  hj  m. 


=  0| 
=  0  J 


=  0 
=  0 

=  0 


0 
0 


=  0) 
=  0) 


Then  we  haye 


arm^- 2x2m  +  l 
(l-3x)m2  +  x2m 


The  result  is 
This  reduces  to 


X 

l-3x 
0 


-2x2 

x* 
l-3x 


1 
0 

X2 


0 
0 
0 

=  0 


or 


jjs_(l-3x)(-2x*-l  +  3x)=0 
-5x«  +  2x*  +  9x2  -6x  +  l  =  0 
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16.  Eliminate  x  from  the  equations 

x8=ir 

Multiply  the  first  equation  by  x  and  by  sfi,  and  the  second  by  or. 
Then  we  haye 

ax2  +  6ar  +  c  =  0 
ajfi  +  ft^  +  ex       =  0 


a:* 


The  result  of  the  elimination  is 


=  0 

-1=0 

—  a:    =0 


0 
0 
a 
0 
1 


0 

a 
h 
1 
0 


a 
b 
c 
0 
0 


6 
c 
0 
0 
-1 


c 
0 
0 
-1 
0 


=  0 


To  reduce  this  determinant,  multiply  the  fifth  row  by  a  and  subtract 
from  the  third  row. 


The  result  is 


0 
0 
0 
0 
1 


0 
a 
b 
1 
1 


a 
b 
c 
0 
0 


6 
c 
a 
0 
-1 


c 
0 
0 
-1 
0 


0 

a 

6 

c 

a 

b 

c 

0 

b 

c 

a 

0 

1 

0 

0 

-1 

Add  the  first  column  to  the  fourth. 


The  result  is 


0 
a 
b 
1 


a 

b 
c 
0 


6 
c 
a 
0 


c 
a 
b 
0 


a 
b 
c 


b 
c 
a 


c 
a 
b 


the  result  of  the  elimination  is 


a 
b 
c 


b 
c 
a 


c 
a 

b 


=  0 


or 


a8  +  fe8^c8  — 3a6c  =  0 


17.   Eliminate  x  from  the  equations 

ax^  +  6jp  +  c 
a'x^  +  b'x  +  c' 

Multiply  each  equation  by  x. 

Then  we  have 

ax^  +  fcx  +  c 

a3^  +  bx^  +  ex 

n'x^  +  b'x  +  c' 


=  0| 
=  0) 


0 
0 
0 
0 
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The  result  of  the  elimination  is 


or 


0  a  b  c 

a  b  e  0 

0  a'  6'  c' 

o'  6'  c'  0 

(abf  -  a'b)  (6c'  -  b'c)  -  (oc'  -  a'c)2 


=  0 


=  0 


18.   Eliminate  x  from  the  equations 

Multiply  (1)  by  ar,  (2)  by  a,  and  subtract, 

6ar2  +  (c  —  o^)  jf  —  ar  =  0 

Multiply  (3)  by  a,  (1)  by  6, 

060:*  ■\-  (ac-^  o^g)  a:  —  oV  =  0 

a6a:a+  ft^ar+fcc  =0 

Subtract,  (ac  —  ft^  _  a^j^.  —  oV  —  6c  =  0 
Eliminate  2:  from  (1)  and  (4), 

ac  -  62  -  a^g    -  («V  +  6c)  0 

0  -62-a2^      -(a2r  +  6c)    =0 

a  6  c 

a(aar  +  6c)2  +  6(ac-6»  — a2})(aar  +  6c)+c(ac-62  — a^)2  =  0 


(1) 
(2) 

(3) 


(4) 


19.  Are  the  following  equations  consistent  ? 

4r2  +  3a:  +  2  =  0l 
2x2+    jr+l=:0) 

In  the  determinant  of  Example  17  put  a  =  4,  6  =  8,  c=;2,  a' =  2, 
6'  =  1,  c'  =  1. 


The  determinant  becomes 


0  4    3    2 

4  3    2    0 

0  2    11 

2  110 


Subtract  twice  the  fourth  row  from  the  second. 


The  result  is 


0  4    3    2 

0  10    0 

0  2    11 

2  110 


0  3  2 
Oil 
2     10 


=  2 


3 
1 


2 

1 


=  2 


Since  the  determinant  is  not  0,  the  two  equations  are  inconsistent. 
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2.  Express  as  a  single  determinant 


0    c 

b\ 

0    c    6 

c    0    a 

X 

c    0    a 

b    a    0 

b    a    0 

0    c    6 

0    c    b 

c2+62 

c    0    a 

X 

c    0    a 

= 

ab        c2 

b    a    0 

b 

a    0 

ac 

ab 
cb 


ac 

be 

62  +  a3 


8.   Express  as  a  single  determinant 


a 
a 
a 
a 


a 

b 
b 
b 


a 
b 
c 
c 


a 
b 
c 
d 


-1 
0 
0 
1 


1  0 

-1  1 

0  -1 

1  1 


0 
0 

1 
-1 


and  thence  resolve  the  first  determinant  into  its  simplest  factors. 


a 

a 

a 

a 

a 

b 

b 

b 

X 

a 

h 

c 

c 

a 

b 

c 

d 

But 


-1 
0 
0 
1 


1  0 

-1  1 

0  -1 

1  1 


0  — 0+6  — 0+6 

0  0  — 6  +  c 

0  0  0 

2a  a  +  6  a-\-b 


0 

0 

1 

-1 


—  a  +  6 

—  6  +c 

—  c  +  <? 
a-\-b-\-  c^d 


=  (b'^a)(c-^b)(d^c) 


0 

0 

0 

2a 


11  1 

0  1  1 

0  0  1 

o  +  6    a  +  6  a+  6  +  c 


-rf 


=  -  2a  (6-  a)(c  -  6)(rf  -  c) 

=  -2a(6-a)(c-6)(rf-c) 
=  2o  (a  —  6)(6  —  c)(c  —  cO 


1 

1   1 

0 

1   1 

0 

0    1 

1 

0 
0 

1 

1 
-1 

0 

1 

0 

1 

-1 

1 

0 
0 

1 
-1 

^ 

-10        0 
0-1        1 
0        0-1 
12        1- 

-110 
0    -1        1 
2        1     -1 

0 

0 

1 
-1 

=  -2 


/.  The  first  determinant  =  —  a  (a  —  6)  (6  —  c)  (c  —  <f) . 
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4.  Express  as  a  single  determinant 


c+rfi 


--  c  +  rft 


7  +  ^1         a  —  J8t 


where  i=  V— 1;  and  thence  prove  Eider's  theorem,  yIz.:  ike  product 
of  two  sums  of  four  squares  can  itself  be  expressed  as  the  sum  of  four  squares. 


a  +  bi    —  c  +  rfi 
c  +  rfi         o  —  bi 


a  +  6i 
c  +  di 

a  +  $i 
7+«* 

a  +  Pi 
7+«» 


—  c  +  rft 
a  — 6i 

-7+«« 

-7+»» 
«  — /5i 


=  aa  +  6«  +  ca  +  rf" 


^+5t    -C+Di 


where 


!^  =  aa  —  63  +  C7  —  (/d     B  =  a/B  +  6o  —  c5  —  </7 
C=ay  —  b9  —  ca-\'dfi    Z>  =  a5  +  67  +  c/5  +  rfo 


6.   Show  that 

"dl    "^    4» 
A    ^2    -B. 
Ci    C|    c. 

= 

"*l    ^    61 
Ci     c,     c. 

-4i    ^    -4, 

^1       ^      ^8 

Ci     C,    Cg 

X 

fli    a,    a, 
61     63,    63 

Cj       Cj,       Cj 

A^a^  +  -4^,  +  -4,aj,  Afi^  +  ^,  +  ^36,,  A^c^  +  -4,Ct  +  -^8^8 
B^a^  +  B^^+B,flt,  5i6i  +  5«6,  + -5363,  i?,Ci  +  ^^c,  +  J3C, 
C,ai  +  C,a,  +  C,a„     CA  +  (fjb^  +  C36,,     CiCj  +  C^c^  +  C,c, 

But  all  the  terms  in  the  product  except  those  in  the  diagonal  vanish, 
and  each  of  them  is  equal  to  A. 


Hence  the  product  = 


A  0 
0  A 
0     0 

A    A 
B,    B, 

Ci     Ca 


0 
0 
A 

0, 


=  A». 


=  ^=A» 


Exercise  68. 

Find  the  quotient  and  remainder  obtained  by  dividing  each  of  the 
following  quantics  by  the  divisor  opposite  it. 

1.   x*-.8a:«-a:«+2x  — 1  x-2. 

1     -3    -1     +2    -1[J 
2    -2    -6    -8 


1    -1     -3    -4    -9 
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/.  The  quotient    =a:*  —  a:^  —  3ar  —  4. 
The  remainder  =  —  9. 

2.    X*  — 8a:a  +  2ar-7  ar-3. 

1     +0    -8    +    2    -   7L3 

3  +9    +18    +60 

1    +3    +6    +20    +63 

.-.  The  quotient    =a:«  +  3a:«  +  6ar  +  20. 
The  remainder  =  63. 

8.   2x*  +  3j^-8a^»-7x-10  a:-2. 

2+3-8-7    -10(J 

4  +14    +12    +10 

2+7+6+6+0 

.-.  The  quotient    =  2a:«  +  7x3  +  6a:  +  6. 
The  remainder  =  0. 

4.   3x*  +  2xa  — 6x+50  x  +  3. 

3    +0    +   2    -  6    +   601-3 
-9    +27    -87    +279 

3    -9    +29    -93    +329 

.-.  The  quotient    =  3  x«  —  9  x®  +  29  x  —  93. 
The  remainder  =  329. 

6.   ox»  +  36x«  +  3cx+rf  x  +  A. 

a    +36             +3c  +J  [—A 
-oA —  36A  +  gA«           —  3cA  +  36Ag  —  aA» 

a    +36-aA    +3c  — 36A  +  oA2    +  </  — 3cA  + 3feA2  — ax» 

.-.  The  quotient    =  ox^  +  (36  —  oA) x  +  3c  —  36A  +  oA^. 
The  remainder  =  —  oA*  +  3  6Aa  —  3  cA  +  rf. 

Are  the  following  numbers  roots  of  the  equations  opposite  them 
(§  434) ? 

6.    (3)  x*  +  x«  — 6x  +  2  =  0. 

1    +0 


if  . 


1+3 
The  remainder  ^^4t.    .*. 


\     c. 


J 


*> 

fv 


Iv'^A'^ 
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7.  (-7)  :r*+7x«  +  21x+ 147  =  0. 

1     +7    +0    +21     +147H7 

-7        0+0-147 
1    +0    +0    +21    +     0 
The  remainder  =  0.    .*.  —  7  is  a  root. 

8.  (0.3)         :c*-2.3a^  +  3.6:ra  +  4.0ar+ 1.2  =  0. 

1    _2.3    +3.6    +4.9    +1.2    [08 
0.3    -0.6    +0.9    +1.74 

1-2        +3       +6.8    +2.94 
The  remainder  =  2.94.        .*.  0.3  is  not  a  root. 

Find  the  yalue  of  the  following  expressions  when  for  x  we  put  the 
number  in  parenthesis : 

9.  8x»  +  2xa-6j:+l  (-3). 

3+2-6+1  L--3 
_9    +21     -46 

3-7+16    -44 

.'.  The  required  value  is  —  44. 

10.  2a:*  +  6a^-9ar-6  (6). 

2+0+6-9-       6L6 

12    +72     +468    +2754 


2    +12     +78    +469    +2749 
.'.  The  required  value  is  2749. 

11.  x6+7x«-2a^-49  (-4). 

1+0+7-2+     0-     49  L-4 
-4    +16    -92    +376    -1604 

1-4+23    -94     +376    -1663 
.*.  The  required  value  is  —  1563. 

12.  x*  +  6a:»-7x2-3:r+l         (-0.2). 

1+6-7         ^3+1  1-0.2 

-0.2    -1.16    +1.632    +0.2736 

1    +6.8    -8.16    -1.368     +1.2736 
.'.  The  required  value  is  1.2736. 
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Exercise  69. 
Solve  the  equations : 

1.  aJ»-7a:2+16ar-12  =  0. 

Tr7  2,  1-7+16    -12  [2 

2    -10    +12 

1-5+6+0 
.*.  2  is  a  root. 

The  quotient  =  ar^ -  5r  +  6  =  (r - 2)(a: - 8) 
.-.  Tlie  three  roots  are  2,  2,  and  3. 

2.  aHJ  +  9a^»  +  2jr-48  =  0. 

Try  2,  1+9+2    -48  |^ 

2    +22    +48 

1    +11    +24    +0 
.*.  2  is  a  root. 

The  quotient  =  a:2  +  11  j:  +  24  =  (a:  +  3) (a:  +  8). 
.'.  The  three  roots  are  2,  —  3,  and  —  8. 

8.   a^-4a^i-8a:+8  =  0. 

Try -2,  1-4-8+8  |-2 

-2    +12    -8 

1-6+4+0 
.*.  —  2  is  a  root. 
The  quotient  =  a:'^  —  6  ar  +  4 
Solve  a:2-6a:  +  4  =  0 

ar  =  3±>/6 
.-.  The  three  roots  are  —  2,  3  +  VS,  and  3  —  \/6. 

4.   ar8-6a:2-2a:  +  24  =  0. 

Try  3,  1    -6    -2    +24|_3 

3    -,6    -24 

1    -2    -8    +   0 
.*.  3  is  a  root. 

The  quotient  =  a:^  -  2  ar  -  8  =  (a-  -  4)  (a:  +  2) 
.*.  The  three  roots  are  3,  4,  and  —  2. 

6.   i8  +  2ar2  +  4ar  +  3  =  0. 

Tiy-1,  1+2+4    +31  -1 

-1    -1    -3 

1    +1    +3    -0 
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/.  —  1  is  a  root. 

The  quotient  =  x»  +  x  +  8 

Solve  Jt«+ar+8  =  0 

-1±  V=^ 


jr  = 


2 


/.  The  three  roote  are  —  1,  ""  ^  "^  ^""  ^-,  and  —  ~  ^^^^ 


2 


6.  J*  — 6x2  + ex +  09=0. 

Try-3,  1-6+6    +09i->8 

-3    +27    -09 


1    -9    +83    +   0 
.'.  —  3  is  a  root. 

The  quotient  =  x^  — Ox  +  83 

Solre  x*  — 9x  +  88  =  0 

9±  V=lBi 


x  = 


2 


/.  The  three  rootF  are  - 3,  ^+^^^^^   and  ^-^-^l 

2  2 

7.  6x»-29xa+14x  +  24  =  0. 

Try  4,  6    -29    +14    +24U 

24    -20    -24 


6.6-6+0 
.-.  4  is  a  root. 

The  quotient  =  6x3-6x  — 6=  (3x+2)(2x-8) 
•'.  The  three  roots  are  4,  —  },  and  }. 

8.     2x»  + 8x2- 13x- 12  =  0. 

Try -8,  2    +3    -18    -12[-8 

—  6    +9    +12 

2-3-4  0 

.'.  —  3  is  a  root. 

The  quotient  =  2x2  —  3x  —  4. 

SolTe  2x2-3x-4  =  0 

3±  Vii 

.-.  The  three  roots  are  -3,  ^±—51,  and  1=1-5^. 

4  4 
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9.  a^-15xa-10x  +  24  =  0. 

Tryl,  1+0-16-10    +24|_1 

1     +1    -14    -24 

1    +1     -14    -24    +   0 
.*.  1  is  a  root 
The  quotient  =  j*  +  a«  —  14ar-24. 

Try -2,  1     +1    -14    -24|-2 

-2+2+24 

1-1-12+0 
.*.  —  2  is  a  root. 

The  quotient  =  x2  -  ar  -  12  =  (x  -  4)  (ar  +  3). 
/.  The  four  roots  are  1,  —2,  4,  and  —3. 

10.  a:*  +  6x»-5x2-45x-36  =  0. 

Try-1,  1+5-6    -46    -36|-1 

_1    -   4    4.    9    +36 

Try  3,  1+4-9    -36    +   0L3 

3+21+36 

1+7     +12    +0 

.-.  —  1  and  3  are  roots. 

The  quotient  =z  x^-\- 7 x+12=  (x-\-S)(x -\-4t). 

.-.  The  four  roots  are  —  1,  3,  —  3,  and  —  4. 

11.  ar<  +  4x8 -29:r2-156x+ 180=0. 

Tryl,  1+4    -29    -166    +  180L1 

1    +5    -   24    -180 

1-^.5    -24    -180+0 
.*.  1  is  a  root. 
There  are  no  other  commensurable  roots. 

12.  x*-6x8-2x2+12x+8=0. 

Try-l,  1    -6    -2    +12    +8|-1 

_1    +6-4    -8 

Try  2,  1    -6    +4    +    8    +0L2 

2-8-8 

1-4-4+0 
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.*.  '  1  and  2  are  roots. 

The  quotient  =  4>  —  4  x  —  4. 

SolTe  xa-4ar-4=0 

x=2±2VS 
.'.  The  four  roots  are  —  1,  2, 2  +  2  V^,  and  2  —  2  v^. 

18.  aa*-6««-30a^+20x  +  24  =  0. 

Try  2,  6-5    -30    +20    +24  [2 

12    +14    -32    -24 

Try -2,  a    +   7    -16    -12    +   0  | -2 

-12    +10    +12 

6-5-6+0 

.*.  2  and  —  2  are  roots. 

The  quotient  =  6xa-6a:— 6=(2x-3)(3ar  +  2) 

.*.  The  four  roots  are  2,  —  2,  },  and  —  j. 

14.  4a?*  +  8««-23xa-7ar+78  =  0. 

Try -2,  4+8    -23    -   7    +78|-2 

-8    +0    +46    -78 

Try -3,  4+0    -23    +39    +   0  [-3 

-12    +36    -39 

4    -12    +13    +0 

.*.  —  2  and  —  8  are  roots. 

The  quotient  =  4a^  — 12  x  +  18. 

SolTe  4a^»-12ar+13=0 

/.  The  four  roots  are  -  2,  -  3,  i±-^^,  and  ^^1^!lEI. 

2  2 

Form  the  equations  which  hare  the  following  roots : 

15.  2,6,-7. 

(x-2)(x-6)(x+7)  =  0 

or  «•  — x»  — 44a?+84  =  0 

16.  2,4,-3. 

(x-2)(ar-4)(ar  +  3)  =  0 

or  a:»-3x3  — 10x  +  24  =  0 
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17.  2,0,-2. 

(a:-2)ar(ar  +  2)  =  0 

or  x*  — 4ar  =  0 

18.  2,1,-2,-1. 

(x-2)(ar-l)(a:  +  2)(a:  +  l)  =  0 
or  x*-5a:a  +  4  =  0 


19.  5,3+V=1l,3-\/-1. 

(a:-5)(a:-3-V^n:)(a:~3  +  V^)  =  0 
or  x«-llara  +  40a:-50  =  0 

20.  2,  },  2,  -  }. 

(a:-2)(x-J)(x-2)(a:  +  })  =  0 

or  (a:-2)(x-2)(2ar-l)(2a:+l)  =  0 

or  4z*-16x»+15a^»+4a:-4  =  0 

21.  2,3,-2,-3,-6. 

(a:-2)(x-3)(r  +  2)(a:  +  3)(ar+6)  =  0 
or  a*  +  6x*  -  13x8  -  78x2 +  36x  + 216  =  0 

28.  i},-J,-f. 

(^-i)(^-?)(^  +  J)(a:  +  !)  =  0 

or  x*  +  x»-|Jx2-Ji^  +  i  =  0 

or  36x*+ 36x8 -37x2- llx  + 6  =  0 

28.  3  +  V2,  3  -  V^,  2  +  V3,  2  -  Vs. 

(a;-8-V^)(x-3+ V2)(ar-2-\/3)(x-2+\/3)  =  0 
or  X*- 10x«  +  32x2 -34x  + 7=0 

24.  0.2,  0.125,  -0.4. 

(x  -  0.2)  (x  -  0.125)  (x  +  0.4)  =  0 
or  x«  +  0.076  x2  -  0.106  x  +  0.01  =  0 

200x«+15x2-21x+10  =  0 

86.  0.3,  -  0.2,  -  A,  -  f . 

(x-0.3)(x  +  0.2)(x+^)(x  +  f)=0 
or  (10x-l)(6x+l)(20x+l)(5x  +  6)  =  0 
or       5000  X*  +  5760  x«  -  626x2  -  405  x  - 18  =  0 

86. 2+  y^,  2-  >/^,  n-2>/i=n;,  i-2V=t. 

(ar  -  2  -  V-  1) (x  -  2  +  V^) (x  -  1  -  2  V^) (x  -  1  +  2  VI^l)  =  0 
or  x*-6x8+18x2-30x  +  26  =  0 
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Exercise  70. 

1.  Form  the  equations  of  which  the  roots  are : 

2,4,-3;  3,-2,-4. 

2+4-3=3 
3x4  +  2x(-3)  +  4x(-3)=:-10 

2x4x(-3)  =  -24 

/.  The  required  equation  is 

ar«-3j^-10x  +  24  =  0 
The  roots  of  the  second  equation  are  the  negatiyes  of  the  roots  of 
the  first  equations. 
.'.  The  second  equation  is 

:c»+3a^-10x-24  =  0 


In  examples  2-10,  o  +  /i  +  7  =  6 

Jia,0fy  are  the  roots  of  x*  — 6a:^  +  4x  — 8  =  0,  find  the  value  of: 

2.  2a2=a2  +  iB»+7« 

=  (a  +  /5  +  7)«-2aj8-2o7-2i37 
=  (a+i8  +  7)3-2(aj8  +  /i7  +  7a) 
=  26-8 
=  17 

8.         2a2/5=  o2i3  +  o«7+  /3«a+  i8»7+  7*«  +  7*i8 
=  (aj8  +  j37+  7a)(a  +  ;S  +  7)  -8«37 
=4x5-3x3 

=  11 

4.  Sa«  =  a«  +  i8«  +  7« 

=,  (a+ 3  +  ^)»-3(a2i8+ o«7+ iS'-^- iB^+ 7*«  + 7*^) 
-6a0y 

=  (a  +  i8+ 7)'"3  (03+ i87  + 7a)(«+ i8  + 7)  +  3ai37 
=  68-3x4x6  +  3x3 

=  74 

=  (a+/i  +  7)«/5r 
=  6x3 

=  15 
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6.  2o«)32  =  0232  +  jSay*  +  72„2 

=  (ojS  +  i37  +  70)2  -  2  (ai827  +  0237  +  iS-ySo) 
=  (aiB+j37+7a)a-2ai87(a+i8+7) 
=  16-2x3x6 
=  -14 

7.  2a«i8=a8i8+a/B«  +  o«7+a7»  +  i8»7+i87» 

=  (a2+  i82  +  72)(ai3  +  i87+  70)  -o/i7(a  +  i8  +  7)      ' 
=  [(a  +  iS  +  7)2  -  2(aj8  +  i37  +  70)]  (aiS  + /i7  +  70) 

-  afiy(a  +  /i  +  7) 
=  (26-2x4)x4-8x6 
=  63 

8.  2rt*  =  d*  +  iS*  +  7* 

=  (a2  +  )32  +  78)2  -  2(o2i82  + /8V  +  r*«») 

=  [(a  + /5  +  7)2  -  2(oi8  +  i87  +  7a)?  -  2[(c/3  + /i7  +  7a)a 

-20/87(0+3  +  7)] 
=  (26-2x4)2-2(16-2x3x6) 
=  817 

9.  5o«i87  =  a»j87  +  oj3«7  +  ai87» 

=  ai87(a2  +  i82  +  72) 

=  aiB7[(o  +  iS  +  7)2  -  2(ai8  +  i87  +  7a)] 
=  3(26-2x4) 
=  61 


10.   5a2i827=a2i827+a2j37a  +  ai8V 
=  aj87(o/i  +07  +  37) 
=  8x4 
=  12 


In  examples  11-16, 


0+  3  +  7  =  — P 

07  +  37  +  70  =     q 

o37  =  —  r 


If  A,  3,  7  are  the  roots  of  aH»  +  /jz*  +  jar  +  r  =  0,  find  in  terms  of  the 
coefficients  the  values  of : 

11.        5a2  =  o2+3^  +  72 

=  (o+3  +  7)^-2(afl+37  +  7o) 
=  />2-2y 
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12.       5a2i8  =  ««i8+o«7+ai3«+iB«7+«7«+37^ 
=  (ai8+ J87  + 7a)(o  +  /5  +  7) -So^y 

18.         2ii«=o«  +  i8*  +  7« 

-6a37 
=  («+/3  +  7)'-8(afl+/87+7o)(a  +  /5  +  7)  +  8a3y 
=  — p»  +  3p^  — 3r 

14.     2a2i8«=««i83+i8V  +  7*a^ 

=  (aj8  +  J87  +  7«)*  -  2aj87(a  + /i  +  7) 
=  5*  —  2pr 

16.  2a*=rt*+i8*  +  7* 

=  (a»  +  )32  +  72)2  _  2(«2i3»  +  i9V  +  7««*) 

=  [(a  +  iS  +  7)^  -  2(oi8  +  i87  +  7o)]2  -  2[(tti8  +  i^y  +  7a)2 

-  2  a/37(a  +  iS  +  7)] 
=  (;>* -29)2- 2(72 -2/>r) 
.    =/)*-4/i29  +  292-^.4;,r 

=  (o+/i+7-a)(a+3+7-i8)(a+3  +  7-7) 

=  (-/>-«)(-/>- 3)(-/>- 7) 

=  -(P  +  a)(p  +  i3)(p+7) 

=  -[p'  +  (a+3+7)p2  +  (ai5  +  ii7  +  'y«)P  +  ai57] 

17.  fe  +  3!«  +  f!5 

a        ^       7 

^/8V+7^*+<^i3* 
oi97 

_(tt/3  4-gy  +  'ytt)2~2aiB^Ca4-g  +  7) 

afiy 
_g>  — 2pr 

—  r 

r 
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18.   ^  +  7'  +  7^  +  «%«'  +  ^ 
fiy  ya  afi 

0J87 
—  r 

r 

i8  +  7        7+0        a  +  jB 

V/3  +  7      7+a      a  +  )8/ 
/a«i37  +  i827a  +  y*o/i  +  /BV  +  iS^^a  +  7«o/i  +  yt?0  +  7*1 

=  -2p-2( +r'aB+a''0y  +  a0^  +  aH 

\  (a+i8)()8  +  7)(7+fl) 

\(a  +  ;S  +  7-7)(a+i8  +  7-a)(a+i8  +  7-)8)/ 

-_?j.      g/3pr+(aiS  +  iS7+7a)^~2a67(a+iS+7)\ 
V  (-l>-7)(-/>-a)(-/>-i8)  y 

=  -2p  +  2f 3pr+y^-2pr \ 

VP'  +  («+  iB  +  7);>2+  (aiS  +  i37  +  7a)i»  +  ai97/ 

=  -2p  +  2(-^e_±^_) 
=  _2p  +  2^i^ 

In  the  equation  jfl  +  pjfl+gx  +  r-O,  find  the  condition  that: 
30.  One  root  is  the  negatiye  of  one  of  the  other  two  roots. 
Let  a=  — J8 

Then  p  =  —  o  —  ;8  —  7  =  —  7 

9  =  o/i+/i7  +  7a  =  — /B« 
r  =  —  o;87=i827 
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Eliminating  $  and  y  from  these  three  equations,  we  hare 

This  condition  is  sufficient.    For  if  we  put  pq  for  r  in  the  equation, 


we  have 


or 


:.  x=  ±  Vq,  or— p 


21.  One  root  is  double  another. 


Let 
Then 


7  =  aj3+)37+7«  =  2i8a+3i37 
r  =  —  a/)7  =  ^  2  i3>7 
Eliminate  iS  and  y  from  these  three  equations. 
From  (1),  7  =  — p  — 3i8 

Substitute  the  yalue  of  7  in  (2)  and  (3), 

9  =  2i33-_3/8p-9i3« 

=  _7/32-3/9lp 
r  =  2/32p+6iB» 
7/3«  +  3pi8  +  v  =  0 

7jB»+3p3*  +  9i8  =  0 
7i3*  +  3p5«  +  <7i33  =  0 
6i38  +  2pj32  — r  =  0 
r-,.  v-y    -  6iS*  +  2pi8«  — rB=0 

From  these  5  equations  eliminate  jS^,  iS*,  i9^,  and  iS. 
The  result  is : 


0) 

(2) 
(3) 


(5) 


(4)  is 

iS  X  (4)  is 
^  X  (4)  is 

(5)  is 

iS  X  (5)  is 


0  0  7  3p  9 

0  7  3p  9  0 

7  3p  9  0  0 

0  6  2p  0  — r 

6  2p  0  —  r  0 


=  0 


Or, 


Or, 


0      0         7        3p      9 
0      7        3p        q       0 
7    Sp        q         0        0 
0      6        2p        0      — r 
0  —  4p  —  O9  —  7r    0 

0  7  3p     9 

7  3p  g      0 

6g    2p9  +  7r   3pr    0 

—  4p      -6g      — 7r   0 


=  0     Or, 


=  0     Or, 


0         7        3p      7 
7        3p       9        0 

6  2p       0      — r 
-4p  -67  -7r    0 

7  3p  q 
67     2p7+7r    3pr 

—  4p      — Ogr       — 7r 


=  0 


=  0 
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This  reduces  to 

Or,  182p9r-343r2  +  36y«-36/i«r  +  8pV=  0 

Or,  SQjA-  -  8;>V  -  182 /j^r  -  36^  +  343r*  =  0 

which  is  the  required  condition.- 

28.  The  three  roots  are  in  arithmetical  progression. 
Let  fi  be  the  middle  root. 

Then  fi  =  ^ 

...r  =  _._/j_^=i_3i«±2l  (1) 

j  =  a3  +  /97  +  7«  =  ^^^^^^  +  «y  (2) 

r  =  -aPy i^+jUsC  (3) 

Eliminate  a  and  y  from  these  three  equations. 
From(l),  .  +  ^  =  .^ 

Substitute  yalue  of  a  +  7  in  (3), 

3 

3r 
.'.  ay  =  — 

P 
Substitute  yalue  of  a  +  7  and  ay  in  (2), 

V      3  /      8r 

•■•  9=— 2— +y 

2})*     3r 

/.  9/>7  — 2;i«  — 27r  =  0 
which  is  the  required  condition. 

28.  The  three  roots  are  in  harmonical  progression. 

Let  $  be  the  middle  root. 

Then  -=-  +  i 

0     a     y 


a  +  7 
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.-.  p  =  — o  — iB  — 7=  — (0  +  7)  — 
r  =  -o/37=  — 


2  ay 
a+y 


a+y 
Eliminate  a  and  y  from  these  three  equationi 

From  (2), 

Substitute  value  of  07  in  (3), 


^     3 


2<y« 
9(a  +  7) 


/•  a  +  y 


=  -25^ 


9r 


Substitute  yaluei  of  07  and  a  +  7  ^  (^)> 

_29«  ,    3 
•'•^"97+2^ 
9r 

9r       ^r 
...  9p^-2g«-27f^  =  0 
wliich  is  the  required  condition. 


(1) 

(2) 
(8) 


Bzercise  71. 
Construct  the  graphs  of  the  following  f unctioi 
1.  xa  +  3x-10. 
Puty  =  xa+3a:-10. 
x=          y=          a:=             y  = 
0            -10          -J           -111 

1                          01                       1                     _  Ifl!                  ..... 

m: 

r 

i         _8i        -1         -"         — 

1            _6           -1           -12J 

1  _SJ          -2           -12 

2  0            -4           -llj 

1 

,/ 

1?"- 

J             8f           -S           -10           ■*^- 
8             8            -}           -8i 

-4           -6 

-»           -31           — 

_6                0 

-¥            8* 
-6               8 

1 

1 

t 

" 
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The  curye  crosses  the  axis  X'X  at  the  points  for  which 

a;3  +  3ar  — 10  =  0 
or  (ar  +  6)(ar  — 2)  =  0 

/.  X  =  2,  or  —  6 


2.   x»- 

■2:t3  +  l. 

Put  3f  = 

=  :r»-2a;3  +  l 

» 

x  = 

y= 

x  = 

y= 

0 

1 

-i 

* 

i 

* 

-1 

-2 

1 

0 

-i 

-«i 

i 

-i 

-2 

-17 

2 

1 

i 

4* 

3 

10 

-X- 


V 


■X- 


The  cunre  crosses  the  axis  X'X  at  the  points  for  which 

jJJ-.2a;3  +  l  =  0 
or  (ar  — l)(ar2  — ar  — 1)  =  0 

1±V6 


X  =  1,  or 


8.  a:*-20xa  +  64. 
Put  y  =  x*-20x2  +  64. 
x  = 
0 

dbl 

±i 
±2 

±3 

±1 
±4 

±t 

±5 


2 


^ 


-X^ 


-*^h 


t 


.X- 


y  = 

64 

69A 
45 

24A 
0 

-41H 

-36 

0 

69A 
189 

The  cnnre  cuts  the  axis  X'JCin  the  points  for  which 

x^  —  20x^-\-Mz=0  . 

or  (x2-16)(a:2«4)  =  0 

/.  X  =  db  2,  or  ±  4 

The  curye  is  eyidently  symmetrical  with  respect  to  the  axis  Y' F. 

In  the  figure  the  cunre  has  been  shortened  rerticallj.    Each  diyision 

on  the  7' F  axis  represents  10  units, 
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Let 


a^-^x 

+  10. 

b 

y  — ar8- 

-4 

x  +  10 

x  = 

y  = 

x  = 

y  = 

0 

10 

-1 

15 

1 

7 

-2 

22 

2 

6 

3 

7 

4 

10 

5 

15 

•z- 


/ 


— r 


■X- 


The  curve  does  not  cut  the  axis  X^JC. 
For      j:3  — 4x+10=  (ar  — 2)^  +  6, 
and  this  is  never  negative. 

5.   a:*  — 5ara  +  4. 

Let  y  =  a:*  — 5a:«  +  4 

x=  y  = 

0  4 

±1  0 

±2  0 

The  curve  cuts  the  axis  X'Xin  the  points 

for  which 

ar*  — 6ar8  +  4  =  0 

or  (a:2_i)(a:2_4)=,o 

.-.  ar  =  ±  1,  or  ±  4 

The  curve  is  evidently  symmetrical  with  respect  to  the  axis  Y'  Y. 

In  the  figure  the  curve  has  heen  magnified  horizontally  and  shortened 
vertically. 

Thus  4  divisions  of  the  X'X  axis  represent  1  unit,  while  1  division 
of  the  F'  Y  axis  represents  10  units. 


6.    a^  —  Aa^  +  x 
Let 


-1. 


y  =  a:'  — 4a:*  +  a?— 1 


x  = 


0 

i 
1 


y  = 
-1 

-If 

-3 


x=- 
-1 


y  = 

-2f 

-7 


ff 
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t 

y  = 

-6J 

x  = 

2 

-7 

4 

3 

* 

-7i 

9 

13t 

3 

-7 

The  curve  cuts  the  axis  JTXiii  the  pointB 

for  which 

a^-4x2  +  x— 1  =  0 

From  the  figure  it  appears  that  two  of 
these  points  are  imaginary,  while  the  third 
lies  between  }  and  4. 

The  figure  is  magnified  horizontally. 
Two  diyisions  of  the  X'X  axis  represent  1 
unit. 

Bxercise  72. 


-X'- 


/ 


* 

i 


f\ 


V 


iX- 


Find  the  derivatives  with  respect  to  a:  of : 
1.  x^.        2.  3^.        8.  i.        4.  ar-a.        6.  x*. 


X 


2x, 


3x8. 


^L.        -2x- 


4x». 


_3 


7.   X-*. 
-4x-«. 


8.  x2  +  x. 

(x  +  h)^  +  X  +  k-'  x^  —  X _2hx ^  Jfi  -\-  h 
h  h 

=  2x  +  A  +  l 
Put  h  =  0 

Then  the  derivative  =  2  x  +  1. 


/I 


t^ 


y^ 

}S^ 


S.    x8  +  2x2.  \\\/^'^'      mA      '^ 

(ar  +  A)8  ^,  ^  (3,  4.  ^)^  _■  a4t  '-^  2j-2.j^  3^x2  +  3 A^x  +  A^JJ^x  +  h^ 


Put  ^0 

Then  the  derivative  =  3  x^  +  4  x. 

10.    (x  +  a)2. 


-^ut  A 

Then  the  derivative  =  2  (x  +  a). 
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11. 

1 

a^-3 

(           1 

1 

2x 

•3-(a:  +  *)«  +  8 

n  the  deriyatiTe : 

+  A)a-3](x3-3) 

-2Ax  +  A« 
+  A)3-3](xa-3) 
2r-A 

Put 
The 

[0 

i  =  0 

P4.A)a-.3](a:3_3) 

(xa-.3)a 

12.    (x+1)-*. 

/J 1       \   .^^(x+lY^(x  +  h  +  l)* 

V(x  +  A  +  l)a      (x+l)a;   •  A(a:  +  A+l)2(a:+l)a 

_     -2A(ar  +  l)-Aa 
A(x+A+l)2(ar+l)« 

^      -2(3:4- 1)  +  A 
(x  +  A+l)3(ar+l)a 

Put  A  =  0 

Then  the  deriratiTe  =  -  ^S'"'^]}  =  -  t^^' 

(x  +  1)*         (x  +  1)» 

Bxercise  73. 

Write  the  deriratiyes  with  respect  to  x  of : 

1.  x3  +  4.  4.  xfi-3x*  +  x«. 

2x.  5x*  — 12x«  +  3x". 

2.  x»  +  3x2-l.  6.  4x*  +  6x«  +  2. 

3x2 +  6x.  16x«+18x2. 

^      8.  x*  +  x2  +  2.  6.  6x*-7x2  +  7x. 

4x«  +  2x.  30x*-.14x+7» 

7.  3x5  +  4x*  +  x«-xa  — 6x+6. 

16x*+16x«  +  3x3-2x-6. 

8.  4x»  — 2x*-x«  +  6xa  — 7. 

20x*  — 8x»-3xa+12x. 
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9.   (x-2)(ar  +  3). 

(ar-2)  +  (x+3)=2x+l. 

10.  (*-l)(jr-2)(a:-3). 

(ar-l)(ar-2)  +  (ar-l)(x-.3)  +  (x-2)(a:-3)  =  3x2-12x  +  ll. 

11.  (a:-3)«(ar  +  4). 

(ar_3)2  +  2(ar-.3)(x  +  4)  =  (ar-3)(3a:+6). 

12.  (x-4)2(r-2)(x+l). 

(a--4)2(x-2)  +  (ar-4)«(x+l)+2(x-4)(x-2)(x+l) 

=  (x-4)(4x«-.llx). 

13.  (x  -  o)2(x  -  iB)a. 

2(x-o)2(x-/5)  +  2(x-o)(x-iB)«  =  2(x-o)(x-iB)(2x  — 0-/5). 

14.  (x  — o)(x  — /8)(x  — 7). 
(x-a)(x-.iB)  +  (x-a)(x-7)  +  (x-i8)(x-7) 

=  3x3-.2(a+ iB  +  7)x+ ai8  +  07+ /87. 

16.    (x-2)(x-.3)(x+6)(x  +  4). 
(x-2)(x-3)(x  +  6)  +  (x-2)(x-3)(x+4)  +  (x-2)(x+6)(x  +  4) 

+  (x-3)(x  +  6)(x  +  4)=4x«  +  12xa-38x-46. 

16.   (x2  +  2)(x2-4x  +  8). 

(xa  +  2)(2x-4)+2x(xa-4x  +  8)=4x»-12xa  +  20x-8. 

Exercise  74. 

Write  the  successiye  deriyatiyes  with  respect  to  x  of : 

1.  x«-4x2  +  2.  8.  2x«  +  2xa-4x+l. 

fx     =x«-4xa  +  2  fx      =:2x«  +  2x8— 4x  +  l 

f'x    =3x2-8x  fx    =6xa  +  4x-4 

/"x  =6x-8  /"x  =12x  +  4 

/'"x  =  6  /'"x=12 

p^x  =  0  /i^x  ==  0 

2.  x»  +  4x2-5x.  4.  3x*  +  3x«-x2  +  x. 

fx     =x«  +  4x8  — 5x  fx      =3x*  +  3x«-x»+x 

fx   =3xa+8x-5  fx    =12x«  +  9a^-2x+l 

/"x  =6x  +  8  /"x  =36xa+18x-2 

f"x  =  Q  /'"x=72x+18 

/»^x  =  0  /i^x  =  72 

/^x  =0 
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fx      =aa:»  +  36x8  +  3ca:  +  rf 
/'ar    ==3aj:a  +  6te  +  3c 
/"x  =6(ix  +  66 
/'"x  =  6a 
/»^x  =0 

6.  ax*  +  46x»  +  6cxa  +  4rfx  +  e. 

/x      =ox*  +  46x»  +  6cMt«  +  4rfx  +  6 
/'x    =4ax«+ 126x8+ 12cx  +  4d 
/''x  =12axa  +  246x  +  12c 
/'"x  =  24ax  +  246 
/ivx  =24a 
p      =0 

7.  (x-«)«(x-i8). 

/x      =  (x  -  a)«(x  -  iB) 

/'x     =(x-a)a  +  2(x-a)(x-iB) 

=  (x-a;(3x-o-2/5) 
/"x  =8(x-a)  +  3x-o-2i8 

=  6x-4a-2i9 
/'"x  =  6 

/lvx=0 

8.  (ap-a)(x-i8)(x-7). 

/x      =(x-a)(x-iB)(x-7) 

fx    =(x-a)(x-iB)  +  (x-a)(x-7)  +  (x«j9)(x-7) 

//'x  =(x-a)+(x-.i8)+(x-a)+(x-7)+(x-iB)+r--7) 

=  6x-2(o+i8  +  7) 
/'"x  =  8 
/ivx  =0 

9.  (x-a)«(x-i8)3. 

/x      r.(x-.«)2(x-i8)« 

/'x     =2(x-a)«(x-iB)  +  2(jf-«)(*-/8)« 

/"x   =2(x-a)a  +  4(x-a)(x-.i8)  +  4(x-«)(x-/8)  +  2(x-3)* 

=  2(x  -  a)a  +  8(x  -  o)  (X  -  3)  +  2(x  -  3)^ 
/'"x=  4(x-  a)  +  8(x-  a)  +  8(a:-  ^)  +  4(x-  3) 

=  12(2x-a-/8) 
/i^x=24 
/^x    =0 


444 


COLLEGE   ALGEBRA. 


10.  a*-xa+l  2. 

/'(a:)  =  3a:3-2a: 
.-.  /  (2)  =  8 
•*•  /  Ca:)  is  increasing. 

11.  st^-tj^^^x-l        4. 

/'(ar)=4a:»  — 2x  +  6 
.-.  /  (4)  =  254 
.'.  /  (x)  is  increasing. 


12.  2ar*  +  3x2-6r         1. 
f  {x)    =2a:*  +  3a:«-6x 
f{x)    =8ar«  +  6x  — 6 

.-./'(l)    =8 

.'.  /  (ar)  is  increasing. 

18.  4a*-3xa  +  4ar-6  -3. 
/(ar)  =4j*-3ara  +  4ar-6 
/'(ir)    =16aJ»-6x  +  4 

.../(- 3)  =  -410 

.-.  /  (x)  is  decreasing. 


Bzercise  75. 

The  following  equations  have  multiple  roots.    Find  all  the  roots  of 
each  equation : 

1.  z«  — 8a:2^.i3a;_6  =  0. 

/(x)  =  aJ»-8x2+13x-6 
/(2)=3j:2-16r+13 
Put  /'ar  =  0 

3x3-16ar+13  =  0 
(ar-l)(3ar-13)  =  0 

,*.  ar  =  1  or  y 
Substitute  a;  =  1  in /(a:), 

1-8+13    -6 
1    -7+6 

1-7+6+0 

1  is  therefore  a  double  root  of  f(je)  =  0,  and  there  can  be  no  other 
double  root. 

We  find  /x=(x-  iy(x  -  6) 

.*.  The  three  roots  are  1, 1,  and  6. 


2.  aJ»-7a:2+16x-12  =  0. 

Put  /  (a;) 

8a^»  — Ux+16 
(ar-2)(3ar-8) 


3:8  —  7x2  +  163: 

3x2-14x+l6 

0 

0 

0 

2orf 


-12 
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Substitute  x  =  2  m/(x), 

1    _7    +16    -12 
2    -10    +12 

1-6+6+0 

.'.  2  is  a  double  root  of /(x)  =  0 

We  find  /jr  =  (a:  —  2)«(x 

.*.  The  three  roots  are  2,  2,  and  3. 


-8) 


8.  a?*  — 6xa  — 8x-3  =  0. 

/(T)  =  a:*-6x2-8x-3 
/'(x)  =  4x»-12x-8 

Find  the  H.C.F.  of/(x)  and/'(x). 

4)4  4.  0  - 12  ~  8 

1  +  0-  3-2 

1  +  2+    1 

-2-   4-2 
-2-   4-2 


1  +  0- 
1  +  0- 

-6- 
-3- 

-8-3 

-2 

-3)- 

-3- 

-6-3 

1  +  2+1 

1  +  0 


1-2 


/.  x3  +  2x  +  1  is  the  H. C. F. 
/.  X  =  —  1  is  a  triple  root. 

/x=(x+l)8(x-3). 
.'.  The  four  roots  are  —  1,  —  1,  —  1,  and  3. 

4.  x*-7x«+9x3  +  27x-64  =  0. 

/(x)=x*-7x»+9x3  +  27x-64 
fix)  =  4  x«  -  21  x2  +  18  X  +  27 

Find  the  H.C.F.  of/(x)  and/'(x). 

4-21  +  18  +  27      1-    7+     9+    27-   64 
4-24  +  36  4-28+    36+108-216 

3  _  18  +  27 


3-18  +  27 


4_-28+    36+108 
4-21+    18+    27 

-    7+    18+    81-216 
-28+    72  +  324-864 
I     ^  28  +  147  -  126  -  189 

-  75)-    75  +  450-675 

1-     6+      9 


1-7 


4  +  3 


x8  — 6x  +  9  is  the  H.C.F. 
X  =  3  is  a  triple  root. 
/(x)=(x-3)3(x  +  2). 
The  fourth  roots  are  3,  3,  3,  and 


-2. 
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5.  jr*  +  6a:»  +  xa  — 24x+16  =  0. 

/  (x)  =  a:*  +  6ar8  +  x3- 24 a:+ 16 
/'(a:)  =  4x»  +  18  x^  ^  2a:  -  24 

Find  the  H.C.F.  of/(ar)  and /'(a:). 


2)4+18  +  2-24 

2+    9+1-12 
2+   6-8 

3  +  9-12 
3  +  9-12 


1+   6  + 
2+12  + 
2+    9  + 

1- 
2- 

1- 

24  + 
48  + 
12 

16 
32 

3+   1- 
6+    2- 

6  +  27  + 

36  + 

72  + 

3- 

32 
64 
36 

-26)- 

26- 

76  +  100  1 

1  + 

3- 

4 

1  +  3 


2  +  3 


/.  a:a+8a'-4i8theH.C.F. 

x2  +  3x-4=(ar-l)(ar  +  4). 
.*.  1  and  —  4  are  double  roots. 

/a:=(a:-l)2(ar  +  4)a. 
/.  The  four  roots  are  1,  1,-4,  and  —  4. 

6.  a*-lla:*+19a:8+116x2-200a:-600  =  0. 

/(T)  =  a*-llx*  +  19a*+115a:a-200a:-600 
/'  (x)  =  6  a:*  -  44  aJ»  +  67  ar2  +  230  x  -  200 

Find  the  H.C.F.  of/(x)  and/'(x). 


5-44  +  67  +  230-200 
6  -  40  +  26  +  260 

1-11+    19+    115-  200-     500 
5«65+    96+    676-1000-   2600 
6-44+    67+    230-   200 

-.   4  +  32-   20-200 

-   4  +  32-   20-200 

-11+    38+    346-   800-   2600 
-66  +  190+1726-4000-12600 
-66  +  484-   627-2630+    2200 

-  294)  -  294  +  2362  -  1470  -  14700 

• 

1-       8+       5+       60 

1-11 


6-4 


.-.  x«  — 8x2+ 6x  + 60  is  the  H.C.F. 
j^-8x2  +  6x  +  60  =  (x  +  2)(x- 5)2 
/.  —  2  is  a  doable  root. 

—  6  is  a  triple  root. 
fix)  =  (X  +  2)2Cx  -  6)8 
The  five  roots  are  -2,-2,  5,  5,  and  5. 

7.  Hesolve  into  linear  factors 

a:6  —  6  x«  +  6x*  +  9x«  —  14x2  —  4x  +  8. 

/  (x)  =  x«  —  5  X*  +  5  X*  +  9  x«  —  14  x2  —  4  X  +  8 
/'(x)  =  6x«-26x*  +  20x8  +  27x2-28x-4 
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Find  the  H.  C.F.  of/(x)  and/'(ar). 


6—  25+  20+  27-  28-  4 
390—1626+1300+1755—1820-  260 
390—1572+1206+ 1560-1608 


_    63+     94+  195—  212-  260 
—    53+  742-1749-  212+2332 

648)-  648+1944+      0-2692 

_       1+       3+      0-.      4 


1«  6+  5+  9-  14-  4+  8 
6-30+  80+  64-  84-  24+  48 
6—25+  20+  27-  28—    4 


-  5+  10+  27-  56-  20+  48 
-30+  60+162-336-120+288 
-30+ 125-100-135+140+  20 


-  65+^62-201-260+268 

-  63+  94+195-212-260 


12)—  12+168-396—  48+528 
_  1+  14-  33-4+44 
-    1+     3+    0-    4 


11-  83+    0+  44 
11-  33+    0+  44 


1-6 

1 

-6     • 

1-U 
63 


/.  a*  —  3:ta  +  4  is  the  H.  C.F. 
ar»-3a;3  +  4  =  (a:+l)(x-2)a 
.*.  » 1  is  a  double  root. 

2  is  a  triple  root. 
/(ar)  =  (ar+l)2(x-2)8(x-l) 

8.  Show  that  the  equation  of  the  form  x*  =  a*  can  hare  no  multiple 

root. 

y  (t)  =  x*  —  a* 

f  (x)  =  nx*-i 

If  /'W  =  0 

x*»-i  =  0 

.-.  x  =  0 
But  0  is  not  a  root  of     x*  —  a*  =  0, 
.'.  /(^)  has  no  multiple  roots. 

9.  Show  that  the  condition  that  the  equation 

x»  +  39x  +  r=0 
shall  have  a  double  root  is  4  5'«  +  r^  =  0. 

/(x)=x»  +  3g'x  +  r 
/'(x)  =  8x2  +  3g' 
jf  /  (x)  =  0  has  a  double  root, 

/  (:r)  =  0  (1) 

Z'  (X)  =  0  (2) 

simultaneously. 

The  required  condition  is  found  by  eliminating  x  from  these  two 

equations. 
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From  (2),  x  =  V—^ 

Substitute  yalue  of  a:  in  (1), 

—  9  V— J  +  39  V— g  +  r  =  0 

29  V— 9  =  — r 

-478  =  1^ 
r2  + 498  =  0 

10.  Show  that  the  condition  that  the  equation 

afi  +  3;)a:a  +  r  =  0 
shall  have  a  double  root  is  r(4p8  4.  r)  =  0. 

If  /  (j:)  =  0  has  a  double  root, 

/  (X)  =  0  (1) 

/'W  =  0  (2) 

simnltaneouslj. 

The  required  condition  is  found  by  eliminating  x  from  these  two 
equations. 
From  (2),  x  =  0  or  x=  — 2p 

Substitute  these  values  of  x  in  (1), 
r  =  0  or  -8/)8+12/j8  +  r  =  0 

4p«  +  r  =  0 
Hence  a:*  +  3/jj:3  +  r  =  0 

has  a  double  root  if  r  =  0,  or  if  4p8  +  r  =  0 
That  is,  if  r(4p«  +  r)  =  0 

Bxercise  76. 

In  the  following  quantics  put  for  x  the  expression  opposite,  and 
reduce : 
1.  a:8  — 3x2  +  4ar  — 6  x+2.        2.  a:*  — 2x2  +  6a:  — 3  x  +  4. 

1    _3  +4  -6L2  1+0-2+     6-     3U 

^■2  -2  +4  4    4-16    +    66    +  248 

1    -1  +2  -^2 

+  2  +2 

1    +1    +4 
+  2 


1    +3 

2fi  +  S3fi-^^X'^2 


1 

+  4 

+  14 

+  62 

+  246 

4 

+  32 

+  184 

1 

+  8 
4 

+  46 
+  48 

+  246 

1 

+  12 
4 

+  94 

1+16 


■r  1" 

+  16a:»  +  04x«+ 246x  +  245 
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8.  3a:*-2j:«  +  2a:2-x-4  x  +  8.        4.  2x*-3x»+6*a-7x-8         r-2. 
3-2+     2-     1-     4[3      2-3+6-     7-   8|-2 


9    +21     +69    +204 


+    7     +23    +68    +200 
9+48    +213 


+  16    +71    +281 
9+75 


3    +26    +146 
9 


-  4 

+  14 

-  40 

+  M 

2-7 
-  4 

+  20 
+  22 

-  47 

-  84 

+  86 

2-11 

-  4 

2-16 

-  4 

+  42 
+  30 

+  72 

-131 

3+34  2-19 

8a*  +  34a*  +  146xa  +  281x  +  200        2a:*  -  19  x«  +  72*«  - 131  x  +  86 

5.  2a:*  — 2j:»  +  4j:a  — 5x  — 4        x-3. 

2-2+      4-     6-     4|-3 
-   6    +24    -   84    +267 


2 

-  8 

-  6 

+  28 
+  42 

-  89 
-210 

+  263 

2 

-14 
-  6 

+  70 
+  60 

-299 

2 

-20 
-  6 

+  130 

2    -26 

2x*  -  26a;*  +  130x»  -  299x  +  263 

Exercise  77. 

Multiply  the  roots  of  each  of  the  following  equations  by  the  number 
placed  opposite  the  equation. 

1.  x»-3xa  +  2x-4  =  0  -1. 

x»+3x2  +  2x+4  =  0 

2.  x*  +  3x2-2x-l  =  0  -2. 

x*  +  3x22x2  +  2x28x-2*  =  x*+12xa+l6x-.16  =  0 

8.  2x*-3x«  +  x2-6x  — 4=0  —3. 

2x*  +  3x3x»+32x«  +  6x38x-4x3*=2x*  +  9x«  +  9x«+162x-324  =  0 
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4.  22«-.3234.6x-8  =  0  -2. 
2a*-8x2aa3-6x2»x-8x2*  =  2a;*-12*«-48x-128  =  6 

or  a*— 6a«  — 24x  — 64  =  0 

5.  3aJi-4*»-2x+7  =  0  -2. 
3:t»-4x2«a*-2x2*x-.7x26  =  3:t»-16x«-82x-224  =  0 

Tramf orm  to  equations  with  integral  coefficients  in  the  p  f onn  the 
equations : 

6.  12a:»-4aa  +  6x+l  =  0. 

Divide  by  12,  :r»- Jaa+ J*+ ^  =  0 

Multiply  the  roots  bj  6,      :r«-?aa  +  — x+ —  =  0 

V  2  12 

*«-2jca+18x+18  =  0 

7.  6ar«+10jr«-.7x+16=0. 

Divide  by  6,  ar»  +  {*•— |aF+  f  =  0 

Multiply  the  roots  by  6, 

^  .  6x6  ,     7X6«^  .  8x6»_ft 

a»+10aa-42x  +  576  =  0 

8.  10a*  +  6a»-4aa+26»-30  =  0. 

V 

Divide  by  10,  a*  + ia:«-{a«+ S'x-3=0 

Multiply  the  roots  by  10, 

2  o  2 

a* +  6jH»- 40x8+ 2500x- 30000  =  0 

9.  6x*+3x*  +  4x«  — 2z3  +  6x  — 18  =  0. 

Divide  by  6,  x6+ix*  +  |j:«  — Jx«  +  x  — 3  =  0 

Multiply  the  roots  by  6, 

:j6  +  ?!*  +  ?_><i^:r8  -  ^xa  +  e*x-.  3  X  6^=  0 
2  3  3 

x6  +  3x*  +  24x8-72ja+i2D6x-23328  =  0. 
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Write  the  equations  which  haTe  for  their  roots  the  reciprocals  of  the 
roots  of  the  following  equations : 

10.  3a*-2j:«  +  6x»-6x  +  7  =  0. 

7a:*  — Ox* +6x8  — 2* +  3  =  0 

11.  2x»-4x«-6xa-7x-8=0. 

8x*+7x»+5x3  +  4x  — 2  =  0 

12.  x«-x*  +  2xa  +  4x-l  =  a 

x«-4x»-2x*  +  x«-l  =  0 

Diminish  the  roots  of  each  of  the  following  equations  hy  the  numher 
opposite  the  equation : 

18. 


x«. 

1 

-llx«  +  31x 

-11    +31 
1-10 

-10    +21 
1-9 

-12  =  0     1. 

-12  IJ. 
+  21 

+   9 
+  9  =  0. 

15. 

x»+10x«+13x-24=0    -2. 

1    +10    +13    -24    -2 
-   2    -16    +6 

1 

1+8-3-18 
-2-12 

1 

-0+12 
1 

1    +6    -16 
-   2 

1 

x» 

-   8 
-8x8+ 12x 

1    +   4 

:r»  + 4x3- 15x- 18  =  0. 

M.  x*-6x»  +  4xa+18x-5=0  2.      16.  x*  +  x«-16x3-4x  +  48  =  0  4. 

l_6+4+18-6L2  1+1-16-     4+ 48  Li 

2-8-8+20  4+20+16+48 


1     -4 

2 

-4 

-4 

+  10 
-16 

+  16 

1     -2 
2 

1     +0 
2 

-8 
+  0 

-8 

-  6 

1 

+   5 
4 

+   4 
+  36 

+    12 
+  160 

+  96 

1 
1 

+   9 
4 

+  13 
4 

+  40 
+  62 

+  92 

+  172 

1+2  1+17 

3-1  +  2x«  -  8x8 -6x+ 15  =  0.         x*+ 17  x»  + 92x8+ 172x+ 96=0. 
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9.   (x-2)(ar  +  3). 

(ar-2)  +  (x  +  3)  =  2x+l. 

10.  (r-l)(r-2)(r-3). 

(x-.l)(r-2)  +  (x-l)(x-3)  +  (x-2)(x-3)=3j:2-12x+ll. 

11.  (x-3)»(x  +  4). 

(a:-3)2  +  2(r-3)(x  +  4)  =  (ar-3)(3a:+6). 

12.  (x-4)2(x-2)(x+l). 

(x-4)2(r-2)  +  (ar-4)«(x+l)  +  2(x-4)(x-2)(x+l) 

=  (x-4)(4za  — llx). 

13.  (x  -  o)2(x  -  iB)a. 

2(x-o)2(x-iB)  +  2(x-o)(x-iB)«  =  2(x-o)(ar— iB)(2x  — «  — /B). 

14.  (x  — o)(x  — iB)(x  — 7). 
(x-a)(x-iB)  +  (x-a)(r-7)  +  (x-iB)(x-7) 

=  3  x^  -  2  (o  +  3  +  7)  X  +  tt/B  +  07  + /37. 

16.    (x-2)(x-3)(x+6)(x  +  4). 
(x-2)(x-3)(x  +  6)  +  (x-2)(x-3)(x+4)  +  (x-2)(x+6)(x+4) 

+  (x-3)(x  +  6)(x  +  4)=4x»  +  12x3-38x-46. 

16.   (x2  +  2)(x2-4x  +  8). 

(xa+2)(2x-4)+2x(xa-4x+8)=4x«-12x2  +  20x-.8. 

Exercise  74. 

Write  the  successiye  deriyatiyes  with  respect  to  x  of : 

1.  x«-4x2  +  2.  8.  2x»  +  2xa-4x+l. 

fx     =x»-.4xa  +  2  fx      =2x»  +  2xa-4x+l 

fx    =3x2-8x  fx    =6x2  +  4x-4 

/"x  =6x-8  /"x  =12x  +  4 

/'"x  =  6  /'"x=12 

/i^x  =  0  /i^x  =  0 

2.  x«  +  4x2  — 6x.  4.  3x*  +  3x«  — x2  +  x. 

fx     =x«  +  4x2  — 6*  fx      =3x*  +  3x»  — x«  +  x 

fx   =3x2+8x-6  fx    =12x«  +  9xa-2x+l 

f^x  =6x+8  /"x  =36x2+18x-2 

f"x  =  6  /'"x=72x+18 

/i^x=0  f^x  =72 

fx  =0 
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5.  ajfi  +  Sbx^  +  Scx  +  d, 

fx      =aa:«  +  36«a  +  3cx  +  rf 
/'a:    =3aa:a  +  66x  +  3c 
f*x  =6aar  +  66 

P'x  =0 

6.  aar4  +  4&r:«+6cra  +  4rfar  +  e. 

/ar      =aar*  +  46x»  +  6cjB«  +  4rfx  +  « 
/'ar    =4aar«+ 126*2+ 12c*  +  4d 
/"x  =12aj:a+ 246a:  +  12c 
/'"x  =  24ax  +  246 
/iTx=:24a 
/^      =0 

7.  (a:-a)V-i8). 


r^  J  * 

A      =  (*  -  a)2(ar  -  /B) 

/'x    =(x-a)a  +  2(x-a)(x-iB) 

=  (x-a;(3x-«-.2i8) 
/"x  =8(x-a)  +  3x-«-2B 

=  6x-.4a-2i8 
/'"x  =  6 

/i^x=0 


8.    (x-«)(x-iB)(x-7). 

fx      =(x-a)(x-iB)(a:-7) 

/'x     =(^-«)(x-«  +  (x-«)(x-7)  +  (,-^)(:p.^) 

/"x  =  (x-a)+(x-i8)+(x-«)+(x-y)+(x-^)+r--.7) 
=  6x-2(«  +  i3  +  7) 
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But  y  =  2r«  — 3 

2 
Substitute  tlie  value  of  x^  in  the  equation  just  obtained. 


(^)%*  (^7-10=0 


2i+M+2Ll±iI  +  ys  +  6y  +  »  - 16  =  0 

If* -^-ny^  +  loy -20  =  0 
which  IB  the  required  equation. 


Exercise  78. 

All  the  roots  of  the  equations  given  below  are  real ;  determine  their 
signs. 

1.  a*  +  4aHJ - 43x2 -68af  + 240  =  0. 

llie  order  of  sijfns  is        +     +    —    —    + 

There  are  two  vHriations  and  two  permanences. 

.*.  There  are  two  positive  roots  and  two  negative  roots. 

8.   x«-22x2+156ar-360  =  0. 

The  order  of  signs  is        +    —    +     — 

There  are  3  variations.        .*.  There  are  3  positive  roots. 

8.  ar*  +  4a:«-36x2-.78x+360  =  0. 

The  order  of  signs  is        +    +    —    —    + 

There  are  two  variations  and  two  permanences. 

.'.  There  are  two  posidve  roots  and  two  negative  roots. 

4.  x«-12x2~43x-30  =  0. 

The  order  of  signs  is        +     —    —    — 

There  is  one  variation  and  two  permanences. 

.'.  There  is  one  positive  root  and  two  negative  roots. 

6.  x«-3x*-6x«  +  16a:2  +  4x-12  =  0. 

The  order  of  signs  is        +    —    —    +     +    — 

There  are  three  variations  and  two  permanences. 

.'.  There  are  three  positive  roots  and  two  negative  roots. 
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6.  «»-12a:a  +  47ar-60  =  0. 
The  order  of  signs  is        +    .    ^.    — 
There  are  three  yariations.        /.  There  are  three  positive  roots. 

7.  ar*-2aHJ-13a:«  +  38z-24  =  0. 

The  order  of  signs  is        +    —    —    +    — 

There  are  three  yariations  and  one  permanence. 

.*.  There  are  three  positive  roots  and  one  negative  root. 

8.  a*-a*-187a:«-369a:a+186x  +  360  =  0. 

The  order  of  signs  is        +    —    —*—    +    + 

There  are  two  variations  and  three  permanences. 

.'.  There  are  two  positive  roots  and  three  negative  roots. 

9.  a:*  -  10  x«  +  19ar*  +  110x»  -  636x2  +  gOOa:  -  384  =  0. 
The  order  of  signs  is        +    —     4-    +    —    4-    — 
There  are  five  variations  and  one  permanence. 
.*.  There  are  five  positive  roots  and  one  negative  root. 

10.  If  an  equation  involves  only  even  powers  of  x,  and  the  signs  are 
aill  positive,  the  equation  has  no  real  root. 

For,  if  there  were  a  real  root,  its  even  powers  would  all  be  positive, 
and  when  these  are  multiplied  by  the  positive  coefficients  and  the  results 
added,  the  sum  will  be  positive,  and  therefore  cannot  be  equal  to  0, 
unless  the  root  is  itselXiL-  .^ith  this  exception  there  can  therefore  be 
no  real  root.       ,      ^  —      ', 

ll.^.Jfaii  equation  involves  only  odd  powers  of  or,  and  the  signs  are 
e,  the  equation  has  the  root  0,  and  no  other  real  root. 

or  the  equation  is  divisible  by  r,  so  that  z  =  0  gives  one  root.    But 
'  i^  the  quotient  all  the  powers  of  x  are  eveUi  and  since  the  coefficients . 
V       -  /  are  all  positive,  there  is  no  other  real  root. 

18.   Show  that  the  equation  -     *" 

r 

has  at  least  two  imaginary  roots.  \ 

If  we  take  the  0  terms  as  all  positive,  we  have 

+     +    +    +     —    —    +        2  variations, 
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N-'.^ 

*  ^ 


80  that  there  are  not  more  than  two  positive  roots ;  and  if  we  take  the 
first  two  negative  and  the  third  positive,  we  have 

•4-    —    —    +    —    —    +        2  permanences, 

so  that  there  are  not  more  than  two  negative  roots. 

/.  There  are  then  not  more  than  two  positive  roots,  and  not  more 
than  two  negative  roots. 

/.  There  are  at  least  two  imaginary  roots. 


I 


18.  Show  that  the  equation 

a^+15x2+7ar-ll  =  0         y 
has  two  imaginary  roots,  and  determine  thejuf^sof  the  real  roots. 

We  may  write  the  signs 

either  +    +    +    +    —    one  variation, 

or  +    —    +    +    —    one  permanence. 

.*.  There  is  not  more  than  one  positive  root,  and  not  more  than  one 
negative  root. 

.'.  There  are  at  least  two  imaginary  roots. 

There  cannot  be  four  imaginary  roots.  For  if  o  +  i8i,  a  —  jSi",  -y  +  8i, 
and  7  —  81  are  roots,  their  product  is  (a^  +  fP'^{y^  +  5^),  which  is  posi- 
tive, whereas  —  11  is  negative.  ' 

.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 

14.  Show  that  the  equation  x^  +  ^x  +  r  =  0  has  one  negative  and  two 
imaginary  roots  when  q  and  r  are  both  positive;  and  determine  the 
character  of  the  roots  when  q  is  negative  and  r  positive. 

If  p  and  q  are  both  positive  the  equation  has  no  positive  root. 

It  must  therefore  have  either  one  real  negative  root  and  two  imagi- 
nary roots,  or  three  real  negative  roots. 

But  in  the  latter  case  the  sum  of  the  three  negative  roots  would  also 
be  negative^  whereas  in  the  equation  the  coefficient  of  a^^  is  0,  that  is 
the  sum  of  the  roots  is  0. 

There  must  therefore  be  one  negative  and  two  imaginary  roots  in 
this  case. 

If  9  is  negative  and  r  positive,  the  order  of  the  signs  is 

+/  -  + 


,t    -— ^ 
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which  we  may  take 

either  +     +    —    +    one  permanence,  two  variations, 

or  +    —    —    +    one  permanence,  two  variations. 

.'.  There  is  not  more  than  one  negative  root,  and  not  more  than  two 
positive  roots. 
There  may  tlierefore  be  one  negative  and  two  positive  roots, 

or  one  negative  and  two  imaginary  roots, 
or  one  positive  and  two  imaginary  roots. 
The  last  case  cannot  occar.    For,  if  the  two  imaginary  roots  are 
a  +  $i  and  a  —  jSi  their  product  is  o^  +  /S^,  which  is  positive.     So  that 
the  product  of  the  'three  roots  would  be  positive.    But  r  is  positive, 
hence  the  product  of  the  three  roots  must  be  negative. 
.*.  There  are  either 

one  negative  and  two  positive  roots, 
or  one  negative  and  two  imaginary  roots. 

15.  Show  that  the  equation  «**  —  1  =  0  has  but  two  real  roots,  -(- 1 
and  —  1,  when  n  is  even;  and  but  one  real  root,  +  1,  when  n  is  odd. 

The  order  of  signs  is  -*  'iJ---      —    -^z  * 

+   00   -  >     •' 

If  we  take  the  zeros  all  positive  we  have  ,    i       <^    '     . 

+    +    +     +    - 

Tins  gives  only  one  variation  and  consequently  only  one  positive 
root,  namely  +  1. 

If  n  is  even,  the  equation  is  unchanged  when  we  put  —  x  for  x. 

There  will  therefore  be  only  one  negative  root,  namely  —  1. 

But  if  n  is  odd,  the  sign  of  x"  is  changed  when  we  put  —  x  for  or,  and 
the  order  of  signs  becomes 

-000---- 
which  we  may  take  .  /' 

m^  m^  m^  ••■••  m^  m^  ^  ; 

t  •     i  *  • 

Here  there  is  no  variation  and  consequentlj-^^e  Equation,  a:*  —  1  =  0, 
has  no  negative  root  in  this  case. 

16.  Show  that  the  equation  a:*  +  1  =  0  has  no  real  root  when  n  is 
even ;  and  but  one  real  root,  —  1,  when  n  is  odd. 

The  order  of  signs  is        +00    + 

This  may  be  taken  ns      +     +    +     +     + 

There  is  then  no  variation,  and  therefore  no  positive  root. 


X   / 


->    L        ij  4     !'■    ' 


Yf^     I         ^-7         \    -     / 
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Or,  if  ft  U  even,  we  may  take 

+    -    +    -    +    -    -    + 

There  is  then  no  permanence^  and  consequently  no  negative  root. 
But,  if  ft  is  odd,  we  hare 

+    -    +    -    +    -    -    +    + 

There  is  only  one  permanence,  and  therefore  only  the  one  negati?e 
root,  —  1. 

Exercise  79. 

Find  superior  limits  to  the  positiye  roots  of  the  following  equations : 

1.  a:»  — 2a:a  +  4x  +  3  =  0. 

a:S(x-.2)  +  4a:  +  3  =  0 

The  left  member  is  positive  if  ar  >  2. 
.*.  2  is  a  superior  limit. 

8.  2ar*  — a:a_a.+  l  =  0. 

a:2(r2-x)+ar(a:«-l)  +  l  =  0 

The  left  member  is  positive  if  x  >  1. 
.*.  1  is  a  superior  limit. 

8.  3a:*  +  6a:«-12xa+10x-18  =  0. 

3x2(x2-l)  +  5x2(ar-2)+x3+10(x-2)  +  2  =  0  ^\ 

The  left  member  is  positive  ifar>2,  i\j^^^ 

.*.  2  is  a  superior  limit.  ^l  [_-s«^*  J  i^ 

4.  4a:*-3aH»-a^+7x  +  6  =  0.    ^U^  'fl'^'^ 

3x«(r-.l)  +  a:2(x2-l)  +  7a:  +  5  =  0 

The  left  member  is  positive  if  x  >  1. 
.'.  1  is  a  superior  limit. 

5.  x*-x«-2x2-4x-24=0. 

4x*-4x«-8x2-10x-»6  =  0 
x«(x  — 4)  +a:*(a:2  — 8)  +x(x«  — 16) +x*  — 96=0 

The  left  member  is  positive  if  x  >  4. 
.*.  4  is  a  superior  limit. 

6.  4x6-8x*  +  22x«  +  90x2-60x+l=0. 

4x*(x-2)  +  22x«  +  90x(x-l)  +  80«  +  l  =  0 

The  left  member  is  positive  if  x  >  2. 
.*.  2  is  a  superior  limit. 
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Exercise  80. 

Find  the  commensurable  roots,  and  if  possible  all  the  roots,  of  each 
of  the  following  equations : 

1.  a:*-4a»-8x  +  32  =  0. 

Try 2,  32    -  8    +0    -4    +1L2 

16    +4    +2    -1 

8    +4    -2    +0 

Try4,  16    +4    +2    -1L4 

4    +2    +1 

8    +4    +0 
The  depressed  equation  is 

x  =  -.l±  VI^ 
/.  The  four  roots  are  2,  4,  and  —  1  db  V— 3. 

2.  a:«-6ar2+10x-8  =  0. 

Try  4,  -8    +10    -6    +1L4 

-2+2-1 

8-4+0 
The  depressed  equation  is 

x2  — 2x  +  2  =  0 

r  =  l±\/^ 
.-.  The  three  roots  are  4  and  1  ±  V^. 

S.   a:4  +  2a:»-7a:«-8ar+12  =  0. 

Tryl,  12-8-7    +2    +1L1 

12    +4    -3    -1       ' 

4    -3    -1    +0 

Try2,  12    +4    -3    -IL? 

6    +6    +1 

10    +2    +0 
The  depressed  equation  is 

a:a  +  6ar  +  6  =  0 

ar  =  —  2,  or  —  3 

.'.  The  four  roots  are  1,  2,  —2,  and  —  3. 
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T17S,  36    -30    +8    +1L3 

12-6-1 

-18    -3    +0 
The  depretied  equation  is 

284.6X— 12  =  0 

x=-3±  V§1 

.*.  The  three  roots  are  8  and  —  3  ±  V2I. 

5.  «*-12a*  +  32a«  +  27x-18  =  0. 

Try-l,  -18    +27    +32    -12    +1|-1 

18    -45    +13    -1 


45    -13    +1+0 

T176,  18    -45    +13    -1L6 

8-7+1 


-42    +6+0 
The  depressed  equation  is 

x*- 7x  +  3  =  0 

7  +  V37 


x  = 


2 
7±\/S7 


.-.'The  four  roots  are  —  1,  6,  and 

2 

6.  x*-9x»+17x»+27x-60=0. 

Try4,  -60    +27    +17    -9    +1L4 

-15    +3+5-1 

12+20-4+0 

Try6^  -15    +3    +5    -1L5 

-3    +0    +1 


0    +5    +0 
The  depressed  equation  is 

xa-3=0 

ar=±  V3 

.'.  The  four  roots  are  4,  5,  and  ±  \/3. 

7.  a*-5a*  +  3x»+17x2-28x+12  =  0. 

Tryl,  12    -28    +17    +3    -5    +l[Jl 

12    -16    +1    +4    -1 

-16    +1+4-1    +0 
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Tiyl,  12    -16    +1     +4    -1(1 

12    -4    -8    +1 

-4-3+1    +0 
Try2,  12    -4    -3    +1L2 

6    +1    -1 

^    .  2-2+0 

The  depressed  equation  is 

x=8,  OP— a 

/.  The  live  roots  are  1, 1,  2,  8,  and  —  2. 

8.  ar*-10a*+86aa-60:r  +  24  =  0. 

Tryl,  24    -60    +36    -10    +1|_1 

24    -26    +9-1 

-26    +9-1+0 
Try2,  24    -26    +9    -1[2 

12    -7    +1 

-14    +2    +0 
The  depressed  equation  is 

za-7z  +  12  =  0 

X  =  3,  or  4 

.'.  The  four  roots  are  1,  2,  3,  and  4. 

9.  a:*-8a:*  +  lla«  +  29a:a-36:r-46  =  0. 
Try3,     -46    -86    +29    +11    -8    +1[8 

-16    -17    +4+6-1     . 

-61    +12    +16    -3    +0 

Tiy6,  -16    -17    +4    +6    -1L6 

-8-4+0    +1 

-20    +0    +6    +0 

Try-l,  -3    -4    +0    +1|-1 

3    +1    -1 


-1    +1    +0 


The  depressed  equation  is 

1±  Vl3 


x  = 


2 
.-.  The  five  roots  are  3,  6,  —  1,  and  ^  "^  ^^^* 
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10.  a:*  — a*  — 6a:«  +  9a:»  +  x  — 4  =  0. 

Tiyl,  -4    +1    +9    -6    -1    +1[1 

-4    -3    +6    +0    -1 

-3    +6    +0    —1    +0 
.*.  1  IB  a  root. 

There  are  no  other  commensurable  roots. 

11.  2a*-3:r«-20x2  +  27r+18  =  0. 

Try2,  18    +27    -20    -3    +2|^ 

9    .^,18    -1    -2 

86-2-4+0 

Try  3,  9+18-1    -2L3 

3    +7    +2 


21    +6    +0 
The  depressed  equation  is 

2x2  +  7j:  +  3  =  0 

X  =  —  J,  or  —  3 

.-.  The  four  roots  are  2,  3,  —  J,  and  —  3. 

12.  2ar*-9x«-27a:a+134z-120  =  0 

Tr72,  -120    +134    -27    -9    +2[2 

-60+37+6-2 

74+10-4+0 

Try  6,  -60    +37    +   6    -2[5 

-12    +6    +2 

26    +10    +0 
The  depressed  equation  is 

2x2+6z  — 12  =  0 

r=},  or— 4 

.*.  The  four  roots  are  2,  6,  f ,  and  —  4. 

18.  3fi  +  3a^-^2x*-l63fi-'l6x^  +  Sx-\-20  =  0. 

Tryl,        20    +   8    -16    -16    -2    +3    +1L1 

20    +28+13-2-4-1 

28+13-2-4-1+0 

Tr72,  20    +28    +13    -2    -4    -l|-2 

-10    -9    -2    +2    +1 


18+4-4    -2    +0 
.'.  1  and  —  2  are  roots. 

There  are  no  other  commensurable  roots. 
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14.  18a*  +  3x2-7x-2  =  0. 

Multiply  the  roots  by  6, 

18it»+18a»-262x-432  =  0 

Try4,  -24    -14    +1    +l[± 

-6-6-1 

-20    -4    +0 
The  depressed  equation  is 

a:a  +  6x  +  6  =  0 

x  =  — 2,  or— 3 
/.  The  three  roots  of  the  giyen  equation  are  J,  —  f,  and  —  f;  op  |, 
-  J,  and  -  i- 

15.  24x»-34x»-6x  +  3  =  0. 

*  Multiply  the  roots  by  12, 

24a*- 12  X34a:a- 5  Xl44x  + 8x1728  =  0 

x»-17a:a-30:r  +  216  =  0 

Try  3,  216    -30    -17    +1L3 

72    +14    -1 

42-3+0 
The  depressed  equation  is 

a:a-14:r-72  =  0 

ar=18,  OP-4 

/.  The  roots  of  the  giren  equation  are  A»  if»  *°^  —  A*  ®'  i»  f» 
and  —  J. 

16.  27a»-18a:a-3x  +  2  =  0. 
Multiply  the  roots  by  3, 

27:r«-3xl8a:«-3x9a:  + 2X27  =  0 

a»-2a:3_ar  +  2  =  0 

Tryl,  2    -1    -2    +1L1 

2    +1    -2 

1    -1    +0 
The  depressed  equation  is 

a4i.x-2  =  0 

X  =  2,  or  —  1 
/.  The  three  roots  of  the  giren  equation  are  J,  },  or  —  J. 
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17.  18a*+9a:«  +  10x2-8r+l  =  0. 

Multiply  the  roots  by  6, 

18ar*  +  9x0a»+10x36a:a-8x216z+1206  =  0 

a:*  +  3x»  +  20a:2-96x+72  =  0 

Tiyl,  72    -96    +20    +3    +1U 

72    -24    -4    -1 

-24    -4-1 

T172,  72    -24    -4    -1L2 

36    +6    +1 

12+2 
The  depressed  equation  is 

—  3  ±  ^/-— "27 
/.  The  roots  of  the  given  equation  are  J,  j,  and ^ — —,  or  J,  J, 


2 


18.  36a:*  +  48it»-23a:3-17ar  +  6  =  0. 
Multiply  the  roots  by  6, 

36x*  + 48 X6:r«-23x86a:a- 17  X216x  + 6X1296  =  0 

a:*  +  8x»-23a:a-102:p  +  216  =  0 

T172,  216    -102    -23    +   8    +1L2 

108    +3    -10    -1 

6    -20    -2+0 

Try  3,  108+3    -10    -1L3 

36    +13    +1 

39    +3    +0 
The  depressed  equation  is 

a:2+l3x  +  36  =  0 

X  =  —  4,  or  —  9 

.'.  The  four  roots  of  the  given  equations  are  },  |,  —  f ,  and  —  | ;  or  }» 

i,— Land  — 1» 

/ 


/ 
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Exercise  81. 

Determine  the  flnit  pigniflcant  figure  of  esch  real  root  of  the  follow- 
ing equations : 

1.  a*-a:a-2x+l  =  0. 

There  are  not  more  than  two  positiTe  roots  and  not  more  than  one 
negative  root. 

AO)      =1 

JXOA)     =  0.104  .\  one  root  is  +  a4  + 

/C0.6)     =  0.126 

/CI)       =-1 

yX2)       =  +  1  /.  one  root  is  +  1.  + 

^-2)    =-7  A  oner6otis  — 1.+ 

8.  «»  — 6*  — 3  =  0. 

There  are  not  more  than  two  negatiye  roots  and  not  more  than  one 

positive  root. 

/CO)       =-3 

A^)       =-7 

/C2)        =-6 

/[S)       =0  .-.one  root  is  +  2.  + 

/[- 0.6)  =  -0.216 

/(-  0.7)  =  0.167  /.  one  root  is  -  0.6  + 

X-l)    =1 

/(— 2)    =  —  1  .*.  one  root  is  —  1. 4- 

8.  a*-6jf«  +  7  =  0. 

There  are  not  more  than  two  positiFe  roots  and  not  more  than  one 
negatiye  root. 


/:o) 
/(I) 

=  7 
=  3 
=  -6 

.*.  one  root  is  + 1.  + 

/(3) 

A^) 
A^) 

=  -U 
=  -» 
=  7 

•*.  one  root  is  +  4.  + 

=  1 
=  -21 

A  one  root  is  —  1.  -|- 
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4.  a»  +  2a:a-80x  +  39  =  0. 

There  are  not  more  than  two  poBitiye  roots  and  not  more  than  one 
negative  root 


AO) 

=  39 

yii) 

=  12 

yi2) 

=  -6 

.*.  one  root  is  +  1.  + 

/C3) 

=  -6 

• 

yi4) 

=  16 

.*.  one  root  is  +  3.  + 

/C-l) 

=  70 

" 

yi-2) 

=  99 

/:-3) 

=  120 

/:-4) 

=  127 

/:-6) 

=  114 

yr-fi) 

=  76 

/:-7) 

=  4 

/C-8) 

=  -105 

/.  one  root  is  —  7.  + 

5.  a:*  — 6a:«  +  3x+6  =  0. 

Tliere  are  not  more  than  two  positive  roots  and  not  more  than  one 
negative  root. 

/(O)  =  6 
/(l)  =3 
/(2)        =  —  6.  .-.  one  root  is  + 1-  + 

/(3)  =  _  13 

/(4)  =  - 16 

/(5)  =-5 

/(6)  =28  .-.  one  root  ii  +  6-  ■(• 

/(-I)    =-6 

/(-0.7)  = -0.883 

/(-  0.6)  =  +  0.824  A  one  root  is  -  0.6  4- 

6.  a»  +  9«*  +  24»+17  =  0. 

There  is  no  positive  root. 

/(O)       =  17 

/(-I)    =1 

/(-2)    =-8  .-.  one  root  is  —  1. -f 
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/(-3)     =_1 

/(—  4)    =1  /.  one  root  it  —  8.  + 

/(—  5)    =  —  3  /.  one  root  i»  —  4.  + 


7.  x«-15xa+63x-50  =  0. 
There  is  no  negctire  root. 

/(O)        =-60 


/(I) 1 

/(2)        =  24  .'.  one  root  U  + 1.  + 


/(3) 

=  31 

/(4) 

=  26 

/(5) 

=  16 

/(«) 

=  4 

/(7) 

=  -1 

.*.  one  root  is  +  6.  + 

/(8) 

=  6 

.*.  one  root  is  +  7.  + 

8.  a*-8*»+14x2  +  4ar-8  =  0. 

There  are  not  more  than  three  positiye  roots  and  not  more  than  one 
negatiye  root. 

/(O)        =-8 

/(0.7)     =  -  0.8439 

/(0.8)     =  +  0.4736         .-.  one  root  is  +  0.7  + 


/(I) 

/(2) 
/(3) 

=  3 
=  8 
=  -5 

/(4) 
/(6) 

=  -24 
=  -13 
=  88 

one  root  is  +  2.  + 


.*.  one  root  is  +  6.  + 

/(-  0.7)  =  -  .9569 

/(-  0.8)  =  +  25656         .'.  one  root  is  —  0.7  + 
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Exercise  82. 


Compute  for  each  of  the  following  equations  the  root  of  which  the 
first  figure  is  the  number  in  parenthesis  opposite  the  equation.  Carry 
out  the  work  to  three  places  of  decimals : 


1.  4:»  +  8ap  — 6  =  0 


(1). 


+   0                       +3 
+    1                       +1 

-5  11.164  + 

+  4' 

+    1 
+   1 

+  4 
+  2 

-1000 
+   631 

+   2 
+    1 

+  600 
+   31 

-369000 
+  339875 

+  30 
+    1 

+  631 
+   32 

-29125000 
+  27925264 

+  31 
+    1 
+  32 
+    1 

+  66300 
+    1675 

+  67975 
+    1700 

-   1199736 

+  330 
+     5 
+  335 
+     5 

+  6967500 
+      13816 

+  6981316 
+      13832 

+  340 
+     5 

6995148 

+  3450 
+       4 
+  3454 
+       4 
+  3458 
+       4 

+  3462 
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«.  4:»-6:c-12  =  0 
1        +0 

+  8 
+  8 


(3). 


+  9390 

+ 4 

+  9394 

± 4 

+  9398 

+ 4 

+  9402 


-  6 
+   9 

+   8 

+  18 


- 12  I  3.184  + 
+   9' 


-3000 
+  2191 


+  6 
+  3 

+  2100 
+  91 

-800000 
+  693297 

+  90 
+  1 

+  2191 
+  92 

-115703000 
+  93713104 

+  91 
+  1 
+  92 
+  1 

+  228300 
+  2799 

+  231099 
+  2808 

-  21989696 

+  930 
+  8 
+  933 
+  3 

+  23390700 
+   37676 

+  23428276 
+   87692 

+  936 
+  8 

+  23466868 
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8.   a«  +  *«  +  x-100  =  0 


+  1 

±i 
+  6 

±i 
+  9 

+  4 


+  iao 

+  2 
+  132 
+  2 
+  134 
+     2 


+  1360 

+ 6 

+  1366 

+ 6 

+  1372 
+       6 


+  13780 

± 4 

+  13784 

+ 4 

+  13788 

+ i 

+  18702 


+    1 
+  20 

+  21 
+  36 


+  5700 
+   264 

+  5964 
+   268 


(4). 


+  623200 
+     8196 

+  631396 
+     8232 


+  63962800 
+       66136 

+  64017936 
+       66152 


4-64073088 


- 100  I    4.264  + 

+   84 


-16000 
+  11928 


-  4072000 
+  3788376 


-  283624000 
+  266071744 


' 27552266 
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4.  x»+10j:«  +  6x-120  =  0 


(2). 


+  10 
+  2 
+  12 
+    2 


+  18490 

+ 3 

+  18493 

± 3 

+  18496 

± i 

+  18499 


+   6 

+  24 

+  30 
+  28 


- 120  I  2.a33+ 
+   60 


-   60000 
+    67162 


+  14 
+  2 

+  6800 
+  1344 

'  2848000 
+   2582187 

+  160 

+  8 

+  7144 
+  1408 

-  205813000 
+  260046537 

+  168 
+   8 
+  176 
+  8 

+  866200 
+   6629 

+  860729 
+   6638 

-   6766463 

+  1840 
+   3 
+  1843 
+   3 

+  86626700 
+   66479 

+  86682179 
+   66488 

+  1846 
+   3 

+  86737667 
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5.   a:«  +  9ar2  +  24T+17  =  0  (-4). 

Change  the  sign  of  the  roots. 

The  resultiDg  equation  is  o:^  —  0a:3+24jp  — 17  =  0. 


-9           +24 
+  4           -20 

■ 

- 17  1  4.532+ 
+  16 

-6 

+  4 

+  4 
-  4 

-  1000 
+  875 

-1 
+  4 

000 
+  175 

-125000 
+  116577 

+  30 
+  5 

+  175 
+  200 

-  8423000 
+   8063768 

+  36 
+  5 
+  40 
+  5 

+  37500 
+  1369 

+  38869 
+  1368 

-   359232 

+  460 
+   3 
+  463 
+  3 

+  4022700 
+   9184 

+  4031884 
+   9188 

+  466 
+  3 

+  4041072 

+  4690 
+   2 
+  4592 
+   2 
+  4594 
+   2 

Boot  is  -  4.532+ 

+  4596 
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6.  a*-12a:«  +  12:c-8  =  0 

Change  the  sign  of  the  roots. 
The  resulting  equation  is  x^  + 


+  12 
+  1 

+  13 
+  1 


+  1600 

± 6 

+  1606 

± 6 

+  1612 

+ 6 

+  1618 
+   6 


+  16240 

+ 4 

+  16244 

+ 4 

+  16248 

+ 4 

+  16252 

± 1 

+  16256 


+  0 
+  18 

+  13 
+  14 

+  27 
+  16 


(-1). 


12a«-12x-3  =  0. 

-12 
+  18 


+  420000 
+  9636 

+  429686 
+  9672 

+  439308 
+  9708 


+  44801600 
+   64976 

+  44866576 
+   64992 

+  44931568 
+   65008 


+  44996576 


-  8  I  1.064+ 
+  1 


+  1 
+  27 


+  28000000 
+  2577816 

+  30677816 
+  2635848 


+  83213664000 
+   179467304 

+  33393131304 
+   179726272 


+  88672857576 


-200000000 
+  iaS466896 


-  165331040000 
+  133572525216 


Root  is -1.064  f 


-  81768614784 
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7. 


Change  the  sign  of  the  roots. 
The  resulting  equation  is 

a:*  +  8a*+14.t« 


(-0). 


+ 
+ 


80 

7 


+ 
+ 


87 

7 


+ 
+ 


04 

7 


+  101 
+  7 


+  1080 

+ 3 

+  1083 

± 3 

+  1086 

± 3 

+  1089 
+   3 


+  10920 

± 2 

+  10922 

+ 2 

+  10924 

+ 2 

+  10926 

± 2^ 

+  10928 


+  1400 
+  609 

+  2009 
+  668 

+  2667 
+  707 


-4x-8  =  0. 

-  4000 
+  14063 

+  10063 
+  18669 


+  337400 
+  3249 

+  340649 
+  3268 

+  343907 
+   3267 


+  34717400 
+   21844 

+  34739244 
+   21848 

+  34761092 
+   21862 


+  34782944 


+  28732000 
+    1021947 

+  2976.3947 
+    1031721 


+  30786668000 
+       69478488 

+  30866146488 
+       69622184 


+  30924668672 


- 80000  |0.7:)2  + 
+  70441 


Boot  is '0.732  + 


-96690000 
+  802(n841 


-63281690000 
+  61710292976 


-    1671297024 
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Exercise  83. 

Calculate  to  six  places  of  decimals  the  positiye  roots  of  the  following 
equations : 

1.  *«  — 3x  — 1  =  0. 

There  is  not 
The  pontire 

1   +0 

±1 

+  1 
±i 
+  2 
+  1 


more  than  one  positiye  root 
root  lies  between  1  and  2. 


+  30 
+  8 
+  38 
+  8 

+  46 
+  8 


+  640 

±— 1 
+  547 
+  7 
+  654 
+   7 


+  6610 

+ ? 

+  6619 

+ ? 

+  5628 
+   0 


+  6637 
+  66 
+  1 


-3 
+  1 
-2 
+  2 


000 
+  304 

+  304 
+  368 


+  67200 
+  3829 

+  71029 
+  3878 


+  7490700 
+  60671 

+  7641271 
+  60662 


+  7691923 
+  769192 
+ 168 

+  769360 
+   168 


+  769628 
+  76953 
+    8 


+  76961 

+ 8 

+  75969 
+  7697 


-1  I  1.879386  + 


-3000 
+  2432 


-668000 
+  497208 


-  70797000 
+  67871439 


-  2925661 
+  2278080 

-647481 
+  607688 

-  39793 
+  37986 

*  1808 
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8.  a«  +  2:ta-4x-43=0. 

There  it  onlj  one  positiye  root.    It  lies  between  3  and  4. 


+  2 
+  8 


+  1100 
+  6 
+  11(10 

± 6 

+  1172 
+       6 


+  1178 
+  12 


-  4 

+  15 


+  409228 
+  40923 
+       30 


+  40969 
+ 30 

+  40995 
+  4099 
+  410 
+  41 


-43  [  3.203389  + 
+  33  


+  6 
+  3 

+  11 
+  24 

-10000 
+  7448 

+  8 
+  3 

+  3600 
+  224 

■ 

-  2662000 
+  2413176 

+  110 
+  2 
+  112 
+  2 
+  114 
+  2 

+  3724 
+  228 

- 138824 
+  122877 

+  396200 
+  6990 

+  402190 
+   7032 

- 16947 
+  12297 

-3660 
+  3280 

-370 
+  309 

-1 
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+  150 
■f   16 


+  1660 
+ 24 

+  1674 
+ 24 

+  1698 
+     24 


+  386892 
+    13684 


+  1722 
+   17 


+  399476 
+  39948 
+  3995 
+  399 
+  40 


-313 
+  280 

*33 


4.  2*«-26x3  +  131x-202  =  0. 

There  is  only  one  positiye  root.    It  lies  between  2  and  3. 
2  -26  +131  -202    L_2 


26 

+  4 
-22 
+  4 
-18 
+   4 


+  131 

-  44 

+   87 

-  36 


-202    I    2.666116  + 

+  174    ' 


-140 
+    12 

-128 
+  12 
-116 
+    12 


-1040 
+ 10 

-1030 
+ 10 

-1020 
+      10 


+  6100 

-  768 

+  4332 

-  696 


-28000 
+  25992 


+  363G00 

-  6160 

+  368460 

-  5100 


-1010 
-10 


+  363360 
+  36335 
- 60 

+  36275 
- 60 

+  36215 
+  3621 
+  362 
+  36 


-2008000 
+  1792260 


-  216760 
+  211660 

-4100 
+  3621 

-679 
+  362 

-227 
+  210 

-17 
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5.  a:*-12x  +  7=0. 

There  are  two  positire  roots,  one  between  0  and  1,  and  one  between 
2  and  8. 


+  00 
+  6 


+  236 


+  000 
+  26 


-12000 
+   126 


- 111636 


+  70000  {  0.693685+ 
-  69376 


+  5 
+  6 

+  26 
+  60 

- 11876 
+   376 

+  106250000 
-102132639 

+  10 
+  6 

+  76 
+  76 

-11600000 
+   161929 

+  4117361 
-8351663 

+  15 
+  6 

+  16000 
+  1881 

- 11348071 
+   169687 

.+  766698 
-  669882 

+  200 
+  9 

+  16881 
+  1962 

- 11178484 
627 

-96816 
+  89304 

+  209 
+  9 

+  18843 
+  2043 

-1117221 
627 

-6612 

+  6680 

+  218 
+  9 
+  227 
+  9 

+  20886 
+  209 
+  2 

-1116694         -932 
12 

- 111647 
12 

+  0 

+? 

+  2 

±1 
+  4 

+  ? 
+  6 
+  2 


+  800 
+  4 
+  804 
+  4 


+  0 
+  4 

+  4 
+  8 

+  12 
+  12 


+  240000 
+  3216 

+  243216 
+  3232 

+  246448 
+   3248 


+  808 
+  4 

+  249096 
+  2497 

+  812 

+  1 

+   7 
+  2504 
+   7 
+  2611 
+   7 

+  2618 
+  26 


-12 

+  8 

-  4 

+  24 


+  20000000 
+  972864 

+  20972864 
+  985792 


+  21968666 
+  2195866 
+   17628 


+  2213394 
+   17677 

+  2280971 
+  223098 
+ 60 

+  223148 
+  22315 
+  2231 


+  7  I  2.047275+ 

-8  


-100000000 
+    83891466 


- 16108644 
+  16493758 

-  614786 
+  446296 

— 168490 
+  156206 

-12286 
+  11166 

-1130 
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6.  a:*-.6x»  +  2*3-13x+66  =  0. 

There  &re  two  positiye  roots,  one  between  2  and  8,  and  one  between 
4  and  6. 


1    -6 

±2 
-3 

±2 
-1 

±1 
+  1 
+  2 


+  30 
+  3 
+  33 
+  3 
+  36 
+  3 
+  39 
+   3 


+  2 
-6 

-4 
-2 

-6 

+  2 


-400 
+   99 

-301 
+  108 

-193 
+  117 


-7600 
+  3424 

-4174 
+  3488 


+  420 
+  8 

-  686 
+  3552 

+  428 
+  8 
+  436 
+  8 
+  444 
+  8 

+  2866 
+  29 

13 

8 


21 

12 


33000 
903 

33903 
679 


34482000 
33392 

34515392 
5488 


-  34520880 

-  3452088 
+ 29 

-  3452059 
+ 29 

-3452030 
-345203 

-  34520 
-3452 


+  55  I  2.381966+ 

-42^ 


+  130000 
- 101709 


+  282910000 
-  276123136 


+  6786864 

-  3452059 

+  3334805 

-  3106827 

+  227978 
-207120 

+  20858 
-20712 

+  146 


+  452 
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-6         +2         -13 

+  4         -  4         -  8 

+  66  4.618036+ 

-84 

-1         -  2 
+  4         +12 

-21 
+  40 

-290000 
+  276866 

+  3 
+  4 

+  10 

+  28 

+  19000 
+  26976 

- 141440000 
+  77944941 

+  7 
+  4 

+  3800 
+  696 

+  46976 
+  31368 

-  63496069 
+  63216692 

+  110 
+  6 
+  116 
+  6 

+  4496 
+  732 

+  6228 
+  768 

+  77344000 
+  600941 

+  77944941 
+  602283 

-278467 
+  238624 

-  39943 
+  39766 

+  122 
+  6 

+  699600 
+   1341 

+  78647224 
+   47362 

-   188 

+  128 
+  6 

+  600941 
+   1342 

+  7902074 
+  48416 

+  1340 
+   1 

+  602283 
+  1343 

+  7960490 
+  79606 

+  1341 
+   1 

+  60362( 
+   8 

J 

+    3 
+  79608 

+  1342 
+   1 

+  6044 
+   8 

+    3 
+  79611 
+  7961 

+  1343 
+   1 

+  6062 
+   8 

+  1344 

1 

+  6060 
+  61 
+  1 
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7.  x«  =  36,499. 

There  10  onlj  one  real  root    It  lies  between  30  and  40. 

1+0                          +0                          -86499(32.866383  + 
+  30                           +   900                           +27000 

+  30 

+  30 

+   900 
+  1800 

-  8499 
+  6768 

+  60 
+  30 

+  2700 
+   184 

-  2731000 
+   2619662 

+  90 
+   2 

+  2884 
+    188 

-211448000 
+  194006666 

+  92 
+   2 
+  94 
+   2 

+  307200 
+     7744 

+  314944 
+     7808 

—  17442344 
+  16199170 

- 1243174 
+   972108 

+  960 
+     8 
+  968 
+     8 

+  32276200 
+       69076 

+  82334276 
+       60112 

-271066 
+  269232 

-11834 
+  9720 

+  976 
+     8 

+  32393388 
+  8239339 

-  2114 

+  9840 

+         496 

- 

+       6 
+  9846 

+  3239834 
+         496 

+       6 
+  9862 
+       6 

+  3240329 
+  324033 
+           8 

+  9868 
+  99 
+  1 

+  324036 
+           8 

+  324039 
+  32404 
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S.  2*  =  242,070,624. 

There  is  only  one  real  root    It  lies  between  600  and  700. 


+ 

+ 


0 
000 


+  1860 

+ 4 

+  1864 


+  0 

+  900000 


-242970624 
+  216000000 


624 


+  600 
+  600 

+  360000 
+  720000 

-  26970624 
+  22328000 

+  1200 
+  600 

+  1080000 
+  36400 

-4642624 
+  4642624 

+  1800 
+  20 

+  1116400 
+  36800 

0 

+  1820 
+  20 

+  1163200 
+   7456 

+  1840 
+  20 

+  1160666 

9.  a*  =  707,281. 

There  u  only  one  poaitiTe  root    It  lies  between  20  and  30. 
There  is  only  one  negatire  root.    It  lies  between  —  20  and  —  301 


+   0 
+  20 


+  80 
+  9 
+  89 


+ 
+ 


0 
400 


+         0 
+    8000 


-707281    I  29 
+  160000    — 


+  20 
+  20 

+  400 
+  800 

+  1200 
+  1200 

+  8000 
+  24000 

-647281 
+  647281 

+  40 
+  20 

+  32000 
+  28809 

0 

+  60 
+  20 

+  2400 
+  801 

+  60609 

+  3201 


1 29  are  the  only  real  rooti 
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10.  2*  =147,006,443. 


There  is  only  one  leal  root  It  lies  between  40  and 


60. 


+ 

+ 


0 
40 


+ 
+ 


40 
40 


+ 

+ 


80 
40 


+  120 
-f  40 

+  100 
+  40 


+  200 
+  3 
+  203 


+   0 
+  1600 

+  1000 
+  3200 

+  4800 
+  4800 

+  0600 
+  6400 


+  10009 


+ 
+ 


0 
04000 


+  04000 
+  102000 

+  250000 
+  384000 


+  10000   +  080827 
+  000 


+ 
+ 


0 

2600000 


+  2500000 
+  10240000 


+  12800000 
+2000481 


+  040000   + 14809481 
+  49627 


- 147006443  143 
+  102400000  — 

-  44008443 
+  44006443 


11.  jrS  +  2x  +  20  =  0. 


There  is  only  one  teal  root    It  lies  between  —  2  aad  ^  8. 


+  0 

±1 
+  2 

±1 
+  4 
+  2 


+  00 
+   4 


+  720 
+  0 
+  720 
+  6 
+  732 
+     6 


+  736 

+  7 


+  2 

±i 

+  0 
+  6 


+  1400 
+    256 

+  1050 
+    272 


+  192800 
+     4360 

+  197150 
+     4392 


+  201548 
+  20155 
+       63 


+  20218 
+ ra[ 

+  20281 
+  2028 
+  203 
+  20 


>20l  2.409647+ 
+  12"- 


-8U0O 
+  0624 


-1370000 
+  1182930 


-    193004 
+    181902 


-11102 
+  10140 

-902 
+  812 

-150 
+  140 

-   10 


The  real  root  is  -2.400647+ 
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U.  jE<-10jea  +  8ir  + 120  =  0. 

There  is  only  one  real  root.    It  lies  between  —  2  and  —  3. 


+  167 
+  7 
+  174 


+  1810 

+ 6 

+  1816 

+ 6 

+  1822 
+       6 


+  1828 
+  18 


+  838700 
+    10896 

+  849696 
+    10932 


+  860528 
+  86063 
+      144 


+  86197 
+     144 

+  86341 
+  8634 
+  863 
+  86 


+  10 
+  2 

+  8 

+  24 

120  1  2.768346+ 
+  64 

+  12 
+  2 

+  32 
+  28 

-  66000 
+  60183 

+  14 
+  2 

+  6000 
+  1169 

-6817000 
+  6097670 

+  160 
+  7 

+  7169 
+  1218 

-^   719424 
+  689676 

-29848 
+  26902 

"  3946 
+   3462 

-494 
+  430 

-  64 


The  real  root  is  *2.768346+ 
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18.  a:«  — 3a:a  — 4x+13  =  0. 

This  equation  has  two  roots  between  2  and  3. 


-3 
-1 

+  1 
+  2 


80 

33 
J 

36 
3 


890 

5 

396 
6 

400 
5 


-4 
-2 

-6 

+  2 


-400 

+   99 

-301 
+  108 


-19800 

+    1975 

- 17326 
+    2000 


-168250Q 

■f     24336 

- 1508164 
+     24372 


- 1483798 
-148379 
+       328 


-148051 
+       328 


- 147723 
- 14772 
-1477 
-148 


+ 13  12.3668958 
-12^ 


+   1000 

-     903 


+  97000 

-86625 


+  10876000 

-   9048984 


+   1880016 

-   1184408 

+  141608 
- 132948 

+  8660 
-7386 

+  1275 
-1184 


To  six  places  2.366890 


41 
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The  roots  are  separated  after  the  first  transf ormatioD,  for :  — ^  ^^ 

400  ^^ 

gives  5|  and  - — — -  gives  6  for  the  next  figure  of  the  root.    By  trial  4 

2  X  30 
is  too  large.    We  therefore  txy  3  as  above. 
The  greater  root  after  the  first  transformation  as  follows : 


30 
6 


-400 
+  216 


+ 1000  I  2.692021 
-1104^ 


36 
6 

-184 
+  252 

-104000 
+  100809 

42 
6 

6800 
4401 

-  3191000 
+  3156888 

480 
9 

489 
9 

498 
9 

11201 
4482 

-34112 
+  31772 

15683< 
101^ 

15784^ 
101^ 

)0 
(4 

14 

-  2340 
+  1589 

-  751 

5070       1588502 
2       15886 

5072       168» 
2 

5074 

The  change  of  sign  in  the  last  term  shows  that  we  fasre  passed  OTer 
a  root,  via. :  the  less  root  calculated  above. 
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14.  2x*  +  8jc«-35x2-36x+ 117  =  0. 
The  two  nearly  equal  roots  lie  between  2  and  3. 
2 


+  8         -36         -36 
+  4         +24         -22 

+ 117 1  2.121320+ 
-116 

+  12         - 11 
+  4         +32 

-68 
+  42 

+  10000 
-  9668 

+  16 
+  4 

+  21 
+  40 

-16000 
+  6342 

+  3420000 
-3391328  . 

+  30 
+  4 

+  5100 
+  242 

-  9658 
+  6686 

+  28672 
-  23965 

+  240 
+  2 
+  242 
+  2 

+  6342 
+  244 

+  6686 
+  246 

-  3072000 
+  1376336 

-  1696664 
+  1386288 

+  4717 

-  4461 

+  266 

-  260 

+  244 
+  2 
+  246 

+  683200 
+  4968 

+  688168 

-  309J 

-  309J 
+   691 

576 

38 

33 

S5 

+  6 

+   2 

+  4976 

-  2391 

+  2480 

+  693144 

+   6985 

+   4 

+  4984 

-  16970 

+  2484 
+   4 
+  2488 

+  69812^ 
+  6981 
+   2 

5 

-  1697 
+   210 

+   1487 

+   4 
+  2492 

+  6983 
+   2 

-  210 

-  1267 

-  127 

+   4 

+  6985 

+  2496 
+  2 

2 

+  2 

+   2       -»•    *    . 
+  6987       -  125 
+  70         +    2 
+  1         -  123 

+  6981   -  30988   +  28672  1 
+   6    +20961    -89931 

+  6987    -  9977    -  1269 
+   6    +20979    +  1107 

+  6993    +  11002     - 162 

+  7      +1100      +111 

+   7      .41 

+  1107      +  33 
+   7      .8 
+  1114 
+  111 
+  11 

2.123113+ 
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16.  a:«+ 11  :t3-102ir+ 181  =  0. 
,The  two  nearly  equal  roots  lie  between  3  and  4. 


+  11 
+   3 

+  14 
+   3 


+  20630 

+ 3 

+  20633 

± 3 

+  20636 
+         3 


+  20639 
+  206 
+  2 


-102 
+    42 

-  60 
+    51 


+     206 

-34183 
+     206 

-  33977 
-3398 

± 4 

-3394 
+ 4 

-3390 
-339 


+  181  I  3.213127  + 
-180 


+  1000 
-   992 


+  17 
+   3 

-900 
+  404 

+  8000 
-6739 

.+  200 
+     2 

-496 
+  408 

+  1261000 
-  1217403 

+  202 
+      2 
+  204 
+      2 

-8800 
+  2061 

-6739 
+  2062 

+  43597 
-34183 

+  9414 
-6788 

+  2060 
+       1 
+  2061 
+        1 

-  467700 
+   61899 

-  405801 
+    61908 

+  2626 
-2373 

-253 

+  2062 
+        1 

-343{ 
-343{ 

$93 
i9 
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1        +2060 
+        2 
+  2062 
+        2 

-8800 
+  4124 

+  8000  1  3.229521  + 
-9362 

-4676 
+  4128 

- 1362000 
+  1180989 

+  2064 
+        2 

-   54800 
+  186021 

-171011 
+  163836 

+  20660 
+          9 

+  13122] 
+  186102 

-7176 
+  6768 

+  20669 
+         9 
+  20678 

+  317323 
+  31732 
+    1036 

-408 
+  339 

-69 

+         9 

+  32767 

+  20687 
+  207 
+  2 

+    1036 

+  33802 
+  3380 
+       4 
+  8384 
+       4 
+  3388 
+  339 

Exercise  84. 

Determine  by  Stunn's  Theorem  the  nomber  and  Bitnation  of  the  real 
roots  of  the  following  equations : 

1.  a«  — 4x«-llar  +  43  =  0. 

/(x)=a:«-4a:a-llx  +  43 
/(x)  =  3a:a-8x-ll 


3-   8-11 
6-16-22 
6-21 

1- 
3- 
3- 

■  4-11+   43 
.12-33  +  129 
.   8-11 

1- 
3 

.4 

5-22 
10-44 
10-36 

-   9 
+    9 

.   4-22+129 
■  12-66  +  387 
•  12  +  32+    44 

-* 

-  98  +  343 
2-     7 

• 

a:  —  —  00 

/  (or)  =  3x2 
/,(x)  =  2x. 

/3W=9 

-              + 

4x2-llx  +  43 
-8x-ll 
-7 

-              + 

3  variations. 

ar  =  0 

+              - 

-              + 

2  variations. 

X=  +  00 

+              + 

+              + 

0  variations. 

490 


COLLEGE  ALGEBRA. 


.'.  There  is  one  negative  root  and  two  positive  roots. 
Again  /(-  4)  =  -  41.  /(-  3)  =  +  13 

/.  Tlie  negative  root  lies  between  —  3  and  —  4. 

/(3)  =  +  1,  /(4)  =  - 1.  /(5)  =  +  13 

.'.  One  positive  root  lies  between  3  and  4,  the  other  between  4  and  5. 

S.  a:«-6a:«+7x-3  =  0. 

/(jr)  =  a:«  — 6ar3  +  7a:  — 3 
/(a:)=3a:«-12a:  +  7 


3-12+  7 
6-24  +  14 
6-3 


-21  +  14 
-6+4 
-6+3 


+    1 
-   1 


1- 

3- 
3- 

6+   7- 
18  +  21- 
12+7 

3 
9 

6+14- 

6  +  24- 

9 
14 

-10  + 
2- 

6 
1 

1-2 


3-3 


/./(ar)  =  a:«  — 6a:«  +  7x-3 
/'(a:)=3ar3-12x+7 
/,(t)=2x-1 

/W  rW  /,W  /sW 

-  +  -  - 

-  +  -  - 
+              +              +              - 

.*.  There  is  one  positive  root  and  no  negative  roots. 
Again  /(4)  =  -7,  /(6)=  +  7 

.*.  The  only  real  root  lies  between  4  and  6. 

8.  a:*— 4a:«  +  a:2  +  6a:  +  2  =  0. 

/(ar)  =  x*-4a:«  +  a:8  +  6T  +  2 
/'(x)  =  4a:«  -  12a:a  +  2x  +  6 


X—  -00 

ar  =  0 

X—  +  GO 


2  variations. 
2  variations. 
1  variation* 


4-12+   2+   6 
2-   6+    1+   3 

10-30+   6+15 

10^20-14 

-10  +  19  +  16 
-  10  +  20  +  14 


-    1  + 
1- 


1 
1 


1. 

2- 

2- 

-4+1+   6+ 
-  8  +  2  +  12  + 
-6+1+    3 

2 
4 

-2  +  1  + 
-2  +  6- 

9  + 

1- 

4 
3 

-6+10  + 
6-10- 
6-   6 

7 
7 

— 

6- 

6  + 

7 
6 

-12 
+  12 

1-1 


2-2 
6-5 
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y'(j:)  =  4±«-12i:«  +  2x. 
/a(ar)  =  6a:3-10x-7 
/,(x)=:x-l 
/,(*)  = +  12 

x  +  2 
f6 

*  =  — 00 

A^)    fW    /,W 
+         -        + 

/.W 

+ 

4  Tafiations. 

x  =  0 

+         +         - 

— 

+ 

2  variations. 

x=  +  oo 

+         +         + 

+ 

+ 

0  variatiouB. 

.*.  There  are  two  poBitive  roots  and  two  negative  roots. 
Again,  yTC0)  =  2,   /C-})  =  -JV>   A-l)  =  2 

.*.  One  negative  root  lies  between  0  and  —  },  and  one  between  —  } 
and  —  1. 

Also,  /C2)  =  2,   yt2i)  =  - 0.1876,   yi:3)  =  2 

.*.  One  positive  root  lies  between  2  and  2|,  and  one  between  2}  and  3. 


4.  x*-6*«+10a:a-6ar-21  =  0. 

/(T)  =  a*-5jc«+10xa-6 
/'(ar)  =  4a;»  -  15x8  +  20x - 

5  +  10 
20  +  40 

15  +  20 


X 

6 


-21 


4-  15+  20- 
20-  76+  100- 
20+112-   1464 


6 
30 


-187+  1664-  30 
-936+  7820-  160 
-936-   6236  +  68442 

13056  -  68692 
-     272+    1429 


1 
4 
4 


6 

24 

6 


-  21 

-  84 


-  6  +  20-  18-  84 
-20  +  80-  72-336 
-20+75-100+    30 


5+    28-366 
-   5_   28  +  366 
1360-    7616+99662 
1360+    7146 


- 14761  +  99662 


/M  = 
AW  = 


x*-5a:«+10ar2  — 6ar 
4x«-16x«+20ar-6 
-5ar2-28ar  +  366 
-  272  X  +  1429 


-21 


1-6 


-4+187 
+  5 
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A^)     /'W    /2W    /sW    /iW 

ar  =  —  00  +  —  —  +  —  3  Tariations. 

ar  =  0  —  —  +  +  —  2  variations. 

a:=  +  Qo  +  +  —  —  —  1  variation. 

.'.  There  if  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 
Again,  yi:0)  =  -  21,  yi^- 1)  =  +  5 

.*.  The  negative  root  lies  between  0  and  —  1. 
Also,  yX3)  =  -  3,  yr4)  =  +  61 

.'.  The  positive  root  lies  between  3  and  4. 


5.  x*-a:«-a:3  +  6  =  0. 


/(ar)  =  x*  —  x«  —  a:«  +  6 
/(a:)  =  4a:8  — 3a:«  — 2x 


4_     8-       2+       0 
44-   33-     22+       0 

444.      8-384 

-41+362+       0 

-  461  +  3982  +       0 

-  461  -     82  +  3936 

4064  -  3936 
-   127+    123 


a:=  -00 
ar  =  0 

ar=  +  00 


1-1- 

4-4- 
4-3- 

•   1+0+   6 
.  4  +  0  +  24 
.  2  +  0 

-1- 
-4- 

-4  + 

•  2  +  0  +  24 

•  8  +  0  +  96 
3  +  2+   0 

1397  + 
1397- 

11-2  +  96 
11  +  2-96 
254  - 12192 
1353 

1607-12192] 

;    1 

+ 
+ 

+ 


.-. /(ar)  =  ar*  — a:«  — a:«  +  6 
/'(ar)  =  4a:«-3a:2-2a: 
/,(ar)  =  llx2  +  2r-96 
/3(ar)  =  -127x+123 

-  + 


+ 
+ 


There  are  four  imaginary  roots. 


+ 
+ 
+ 


1-1 


4-41 
-U 


2  variations. 
2  variations. 
2  variations. 
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6.  x*-2x«-3ara+10ar-4  =  0. 

/(ar)  =  ar*-2x«-3xa+10x-4 
/  (ar)  =  4a:«-6ar3-6ar+ 10 

4-   6-   6  +  10 

2-   3-   3+    5     2-4-6  +  20-   8     1-1 

18-27-27  +  46 
18  -.  64  +  22 


27 
27 


49  +  46 
.81  +  33 


32  +  12 
-8-3 


1-2- 

2-4 

2-3- 

-3+10-  4 
-6  +  20-   8 
-3+    6 

-1-3+16-   8 
-2-6  +  30-16 
-2  +  3+    3-   6 

■ 
* 

72- 
72  + 

-9  +  27-11 
9-27  +  11 
216  +     88 
27 

— 

243  +     88 
1944+    704 
1944-   729 

+  1433 
-1433 

2  +  3 
-9  +  243 


JP  =  — 00 

x  =  0 

X=  +  00 


.•./(2:)  =  a:*-2a:«-3a:a+10x-4 
/'(x)  =  4x»-6xa-6x+10 
/,(r)=9x2-27x+ll 
/,W  =  -8t-3 
/.W  =  - 1433 

/W     /'W    A(^)    /sW    /iW 

+         -         +         +         - 
-         +         +         -         - 

+         +         +         -         - 


3  TariationB. 
2  variations. 
1  TariatioQ. 


.*.  There  is  one  positive  root,  one  negative  root,  and  two  imaginary 
roots. 

Again,  /(-  2)  =  -  4,  /(-  3)  =  +  74 

.'.  The  negative  root  lies  between  —  2  and  —  3. 

Also,  /(0)  =  -4,  /(I)  =  +  2 

•*.  The  positive  root  lies  between  0  and  1. 

/(t)  =  :r*  +  2x4  +  3x8  +  3x2- 1 
/'(x)  =  6a:*  +  8x8  +  9x2  +  6x 

Bothyi(x)  and/'(x)  vanish  when  x=:  —  1. 
X  =  —  1  is  therefore  a  double  root  of /(x)  =  0. 
Divide /Cx)  by  (x  +  1)2. 
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The  depressed  equation  is 

Now  let  Jlx)  =  oi*-{-2x 

Then  jr(x)  =  Sx^-^2 


-1 


3+  0+  2 
12+0+8 
12-9 


9  + 

8 

36  +  32 

36- 

27 

+  69 
-59 


1+0+2-1 
34-0  +  6-3 
3  +  0  +  2 


4-3 
-4  +  3 


-3-9 


A^) 


X=  —  00 

x=0 

X=.  +  00 


/./(ar)  =  a:«  +  2x-l 
/'(ar)  =  3a^»  +  2 
/,W  =  -4x  +  3 
/,(x)  =  -69 

+  + 

+  + 

+  - 


/sW 


2  Tariations. 
2  variations. 
1  variation. 


.•.  There  is  one  positive  root  and  two  imaginary  roots. 

Again,  /(O)  =  -  1,       yri)  =  +  2 

.*.  The  incommensurable  real  root  lies  between  0  and  1. 

S.  x»  +  a;»-2a:«+3x-2  =  0. 

/  (a-)  =  a*  +  a:«-2a:3  +  3a._2 
/(ar)  =  5:c*  +  3a^»-4x  +  3 
4+         3     - . A . , 
25 


5+   0+     3- 
6-15+    30- 

15- 


15- 


27  + 
46  + 


21  + 
90- 


8 
75 


18-   69+  78 

-  6+23-  26 

-  210  +  805  -  910 

-  210  +  372 


1  +  0  +  1-  2+  3-  2 
6  +  0+6-10+16-10 
5  +  0  +  3-  4+    8 


433  -  910 
15165-31850 
15156  -  26896 


2-  6+12-10 
_1+  3-  6+  6 
-6+18-36  +  30 
_6  +  23-26 


-  6-10  +  30 

—  6-12  +  36 
„   6  +  28-26 


-36  +  62 
36-62 


-5-16 
1  +  1 


-6  +  433 
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/'  (.r)  =  6  a:*  +  3  x2  -  4  ar  +  3 
.  /j  (ar)  =  — a:8  +  3a:2-6x  +  6 
/,  (ar)  =  -6ar2  +  23ar-26 
/4(ar)  =  36ar-62 

/W    /'W    /2W    /sW    /iW    /sW 
x=  —  00  —  +  +  —  —  +  3  variations. 

x  =  0  —  +  +  —  —  +  3  variationB. 

x=  +  oo  +  +  —  —  +  +  2  yariations. 

.*.  There  is  one  positive  root  and  four  imaginary  roots. 

Again  /(0)  =  -2,  /(!)  =  + 1 

.*.  The  real  root  lies  between  0  and  1. 

Exercise  85. 
Solve  the  equations : 

1.  x*  +  7a^5-7x-l  =  0. 

(^3_l)(a;3  +  7x+l)  =  0 

,.x^^l,or=l±S^^ 

2 

2.  ar*  +  2a:»  +  a:a  +  2x  +  l  =  0. 
Divide  by  a^, 

x^        \       x/ 
Put  X  +  -  =  « 

X 

Then  «2_2  +  2«+l  =  0 

22  4.2«  — 1  =  0 

«  =  -l±\/2 

X  X 

ar»+(l-\^)x+l  =  0  xa+(l+\^)x+l  =  0 


2  2 

8.  a:«-3x*+5x*-5x2  +  8j:-l  =  0. 

a:6  _  1  _  3  a:  (ar*  - 1 )  +  5  .t2  (t2  -  1 )  =  0 
Divide  by  ar^ ..  i.     (Whence  x  =  ±  1.) 

X*  +  x2  +  1  -  3a:  (je2  4- 1)  +  5a:2  =  0 
x4  -  3a:8  +  6x2  -  3x  +  1  =  0 
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-1 


The  depressed  equation  is 

«»  +  2ar-l: 

=  0 

Now  let 

A^)- 

=  x»  +  2x- 

Then 

n^) 

=  3x2  +  2 

3+   0+   2 
12+0+8 
12-9 

9+   8 
36  +  32 
36-27 

1+0+2-1 
3+0+6-3 
3  +  0  +  2 

4-3 
-4  +  3 

+  69 
-59 

4 

-3-9 


.•./(a:)  =  a:«  +  2x-l 
/'(x)  =  3x2  +  2 
/,(ar)  =  -4a:  +  3 
/3(.r)  =  -59 

K^)       /W      /2W      /sW 
ar  =  — 00  —  +  +  — 

x  =  0  —  +  +  — 

«  =  +  00  +  +  —  — 

.'.  There  is  one  positive  root  and  two  imaginary  roots. 

Again,  /(0)  =  -l.       yri)  =  +  2 

.*.  The  incommensurable  real  root  lies  between  0  and  1. 

8.  a:*  +  a;»  — 2x2  +  3x  — 2  =  0. 

/  (x)  =  a*  +  x«  — 2a:3  +  3a;_2 
/  (x)  =  6x*  +  3x2_4a.  +  3 

1  +  0+1-   2+    3-   2 

5  +  0+6-10+15-10 

6  +  0  +  3-  4+    3 


2  variations. 
2  variations. 
1  variation. 


6  + 
6- 

0  + 

15  + 

3-     4  + 
30-   26 

3 

15- 
15- 

27+    21  + 
45+90- 

8 
75 

— 

18-   69  + 
6+23- 
210  +  805  - 
210  +  372 

78 

26 

910 

433- 
16165- 
15166  - 

910 
31860 
26896 

2-  6+12-10 
1+  3-  6+  6 
6+18-36  +  30 
6  +  23-26 


5-10  +  30 
6  -  12  +  36 
6  +  23-26 


-35  +  62 
35-62 


-5-16 
1  +  1 


-6  +  433 
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/  (x)  =  .r«  + 3^-2x2  + 3ar -2 
/' (t)  =  5a:*  +  3x2-4x4- 3 

.  /,(x)  =  - j:«  + 3x2-6x4- 5 
/,  (x)  =  -6x2  4-23x-26 

/4(x)  =  35x-.62 

/W    /'(x)    /,(x)    /,(x)    /.(x)    /sCx) 

X=  — QO  —  4*  +  ■"  ""  + 

x  =  0  -  4-  4-  -  -  + 

a:=4-(»  4-  4.  —  —  4-  + 

.-.  There  is  one  positiye  root  and  four  imaginary  roots. 

Again  /(O)  =  -  2,  /(I)  =  4-1 

/.  The  real  root  lies  between  0  and  1. 


exercise  85. 
Solye  the  equations : 

1.  x*4-7x3-7x-l  =  0. 

a4«.i4.7ar(x«-l)=0 
(x2-l)(x2  4-7x4- 1)  =  0 


3  variations. 
8  yariations. 
2  yariations. 


.♦.  X  =  ±  1,  or 


-.7±3V6 
2 


2.  x*4-2x«4-a:*  +  2x4-l  =  0. 
Diyide  by  x^. 


Put 
Then 


x4--  =  « 
«a-24-224-l  =  0 

«2  +  22  — 1  =  0 

2  =  -.l±\^ 


x-k- 


1  =  -14- V2 


ar2+(i».v^)ar4-l  =  0 


x4-i  =  -l-^/2 
^   X 

x3  4-(l4.  V2)x4-1  =  0 


/.  x  = 


-14-  V2  J:  V-2V2-1 


x  = 


2 


-l-\^i:  V2V^-1 

2 


3.  x«-3x6  4-6x*-5x24-3x-l=0. 

x6-l-3x(x4-l)4-5x2(xa-l)=0 

Divide  by  x2  —  1.     (Whence  x  =  ±  1.) 

J.4  +  a,2  +  1  «3x(x2  4. 1)  4- 5x2  =  0 

X*  -  3x8  4- Oar^  - 3x  4- 1  =  0 
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Divide  by  xa,  arS+l      3/^3;+ 1\ +  6  =  0 

Put  x-\-\  =  z 

2a_2  — 3«4-6  =  0 

3±\/=7 


z  = 


2 


i^s+yry  1^3..  V=T 

X  2  X  2 


. 3+  V^±  V-U  +6V^       . 3-V^J:V-U-6V^^ 

■  •  X  —  •  •  X  —  "^^^"""^^ 

4  4 

4.  X*  — 5x«  +  6x3  — 5x  +  l=0. 

Divide  byx^,  a:a+i-.6[x  +  iW6  =  0 

Put  ar  +  l  =  « 

X 
S;9.2  — 62  +  6=:0 

«a_52  +  4  =  0 

«  =  1,  or  4 

x^  — x+l  =  0  x«  — 4x+l  =  0 

^^1±V^  x  =  2±V3 

2 

5.  2x*— 5x«  +  6x«  — 5x  +  2  =  0. 

Divide  hy  x*,        2^x2  +  1^  -  6/x+ 1^  +  6  =  0 

Put  x  +  i=« 

X 

2(«2-2)-5«  +  6  =  0 
2«2-5«+2  =  0 

/.  «  =  2,  or  } 

x+l=2  ^+-=5 

X  X      2 

x«  — 2x4-1  =  0  x3_ja.+  l  =  0       

x=i,i  ,=i±v:ei5 
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6.   arS  — 4a:*  +  j:«  +  a:2  — 4ar+l  =  0. 

a:6  4- 1  -  4  ar  («•  +  1 )  +  j:2  (aj  +  1 )  =  0 
Diyide  by  ar  +  1.     (Whence  ar  =  —  1.) 

a:*  —  a^  +  a:8  —  ar  +  1  —  4  X  (ar3  —  ar  +  1 )  +  x3  =  0 

x^^^sfi^Qj^^bx+l  —  O 

DirideV**,         ("^  "^  ^)  "  ^  ("'■*■  x)  "**  ^  "  ^ 
Put  ar  + 1  =  2 

X 
23.2  —  62  +  6  =  0 

23  —  62  +  4=0 

2  =  1,  or  4 

x+i=l  x+^=4 

X  X 

a:a-x+l  =  0  xa-.4x  +  l  =  0 

x=l^^^  x  =  2±V5 


7.  x*-10x«  +  26x«-10x+l  =  0. 

Diyide  by  x2,       /x2+ i\-10^x  +  i^+ 26  =  0 

Put  X  +  -  =  2 

X 

22-2-102  +  26  =  0 

28-102+24  =  0 

2  =  4,  or  6 
x+i=4  x+i=6 

X  X 

xa-4x  +  l  =  0  a:a-6x+l  =  0 

x  =  2dbV3  x  =  3±2VS 

8.  x«  +  mx«  +  iiix+l  =  0. 

x«  +  1  +  i»x(x  +  1)  =  0 
Divide  by  x+1,  xa-x+l  +  mx  =  0 

a:a+(m-l)x+l  =  0 

1  —  m  ±  y/nfl  —  2  m  —  3 


/.  x  = 


.«.  x  =  — 1, 


2 

1  — m±Vm2-2m-«-3 
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9.  Jt»  +  a:*-.a:«  — ar^  +  a 

r+l  =  0. 

DiTide  by  ar  +  1, 

**  — a:«  +  a« 

-ar+l  +  a:(a:2_jj^l)_a^_.0 

Divide  by  ac*. 

^+i-l=0 

Put 

X  +  -=ZZ 

X 

x  +  i=va 

1            ^ 

^3-  V3x+1  = 

0                             ^a+VSar+l-O 

V3±  V-1 

.  ^    -V8±V=T 

X=r 


2 


...x  =  -l,     v^^^   OP  -^^^^ 

2  2 


10.  3jt»-2a*+6jr»-6xa  +  2*-3  =  0. 

3(a*-l)-2*(a*-l)+6xa(ar-l)=0 
IHyide  by  ar  —  1.     (Whence  x  =  1.) 

3  (a:*  +  a:»  + a;3  + ar  +  1) -2x(a:«+ x+ 1)  +  6aa=  0 
3a*  +  a:«+6x2+x+3  =  0 

DiTide  by  a:^  3  (jfi+l\-\.xJ^l  +  6  =  0 

Fat 


.  +  !=. 

3(«3- 

-2)  +  z+6  =  0 
323+«=0 

/.  «  =  0  or  —  J 

-J--1 

x2+l  =  0 

xa  +  Jx+l  =  0 

x=±\/-l 

-l±V-36 

6 
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Exercise  86. 

'  Solye  the  binomial  equations : 

1.  a<+l  =  0. 

Put 

/.  X  =  *  V—  1,  ±  V—  V,  ±  V—  •■ 

But 

8.  x8-l  =  0. 

(or* 

-l)(ap*  +  l)  =  0 

Let 

• 

a:*-l=0 

(^ 

-l)(a^  +  l)  =  0 

/.  ar  =  db  1,  ±  V—  1 

Let 

ar*+l=rO 
'*  +  ^  =  ® 

x+l  =  V2 

x  +  l  =  -V2 

X 

X 

jra  — V2ar+1 

=  0 

««+ V^x+1  =  0 

.       V2±vc: 

2 

.          -.V2±V-2 

».     X»-l=c:0. 

Let 

/.  y  =  1,  »,  a^ 

Let 

.-.  x«=l 
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Let  3fi=0f 

Let  3^=it^ 

/.  x=v^,«v^,«^v^ 

4.  0:6-243  =  0. 

(jr-3)(a*  +  3x«  +  9a3  +  27ar+81)  =  0 

/.  ar  =  3 
or  a*  +  3a:«  +  9as«+27ar  +  81  =  0 

Divide  b7  9x8,  ^  +  i+|  +  ?  +  l  =  0 


Pat 

22-.2  +  2+l  =  0 

^a  +  z  — 1  =  0 

••*"■         2 

*     3_-l  +  V5 
3     X            2 

X     8_-l-\/5 
3     X            2 

2 

x«+3  +  3^^+9  =  0 
2 

,    ^     -3  +  3V5±VI 

90- 

-.18V6 

.   _     -8-8a/6±V-80-18V6 

=  f(-l  +  V5+Vl0+2V6V^)      =f(-l-\/5+Vl0  +  2\/5>/ri) 

5.  Find  the  quintic  on  which  the  solution  of  the  equation  0:^  =  1 

depends. 

xii-l  =  0 

(^X''l)(x^  +  a^  +  3fi  +  x'  +  afi  +  a:^  +  a!*^3fl  +  afi-\'X+l)  =  0 

.'.  x=l 

or  x^^  +  x^-^a*-^xt  +  x^  +  x^  +  x^  +  x^  +  si^  +  X'\-l  =  0 

Divide  hy  jfi, 

^+3  +  **  +  ^  +  ^  +  3  +  ^  +  -^  +  *  +  -  +  l  =  0 

X^  X*  X'  X*  X 

Add  6a:«+10x  +  i5+i 

X      ar 

and  4x«  +  6  +  4 

to  both  sides  of  the  equation. 
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Then 


a6+5z»+10a:  +  ^+^+i  +  a*  +  4xa  +  6  +  4  +  ~ 

+  a»+3  +  a:*  +  -^  +  a:  +  -  +  l 

=  6:t»+ 10* +  — +  -^  + 4^8  +  6  + i 

X      ar  a* 

...(„!)V(.,iy-«(.;.)-s(^.i)-.(..!)-... 

12 
Again,  subtract  12  x  -| —  and  6  from  both  sides  of  the  equation. 

X 

Then 
(,+iy+(,+iy-4(^+8x+?+l)-3(^+2+l)_9(,+y-5 

Put  X  +  -  =  « 

Then  2*  +  «*  —  4«*  —  3a» +32+1  =  0 

and  this  is  the  required  quintic. 

6.  Show  that  x*  ±  y«  =  (x  db  y)(x  db  •y)(x  +  ••y). 

x»±y»  =  y«(^±l) 

Let  -  =  « 

y 

Then  a*  *  y«  =  y«(2»  ±  1) 

=  a:«(«  +  1)(«  ±  •)(z ±  w^) 

-»'e")(f")(5'-) 

=  (ar  ±  y)(z  ±  •y)(ar  ±  «i«y) 

7.  Show  that 

a:^  +  y^  +  «^  —  y«  —  «c  —  «y  =  (a:  +  «y  +  tAi)  (x  +  ••^y  +  cwr). 


d02  COLLEGE  ALGEBRA. 


X  +ttif 

+  flA 

x+«2y 

+  »x 

x^  +  ofxy 

+  tl^XZ 

+  «2«i^ 

+  ••y*  +  t^yz 

+  09XZ 

+  «2y«  4-  «8«3 

a:a  + (•  + ci^^y  +  («+ «2)x«+ ««y2+ (« 

*+«2)y«  + 

M«2i> 

But 

•8=1 

and 

•»+»2=-l 

.-.  The  product  is 

JP^  +  y*  +  2^  —  ary  —  y«  —  xz. 

8.  If  a  ia  an  imaginary  root  of  a:^  —  1  =  0,  show  that 

(1  -  a)(l  -  o2)(l  -  a«)(l  -  a*)  =  6. 

If  a:6-l  =  0 

(x-l)(a:*+a:*  +  a:*  +  a:+ 1)  =  0 

/.  *=! 
or  a:*  +  a?*  +  a^  +  a:+l  =  0 

The  four  imaginary  roots  are  the  roots  of  this  latter  equation. 
Since  a  is  one  root,  a'^,  a',  and  a*  are  the  other  three  roots,  denote 
these  three  roots  hy  /3,  y,  and  8. 

Now  (1  -  o)(l  -  i8)(l  -  7)(1  -  8) 

=  1  -  (a+ i3+ 7+ 8)  +  (ai34- 07+ a5+ i87+ 38  +  78) 

—  (aj87  +  ai38  +  078  +  ^878)  +  0^878 
But  a+iB+7+8=:-l 

ai9+o7-fa8+/874-i38+78=l 
0/87  4-  oi85  +  078  +  ^78  =  -  1 

0)878  =  1 
...  (l-«)(l-i3)(l-7)(l-8)  =  l  +  l  +  l  +  l  +  l 

=  5 


Exercise  87. 
Find  the  three  roots  of : 

1.  a:«  +  6x2  =  36. 

a=l,  6  =  2,  c=0,  rf=-86 


.-.  J=-4,  6'  =  *20 
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t>  =  -:??  =  4,orl6 
II 

/.  The  values  of  z  are 

And  the  yalues  of  x  are 

-.2  +  2v^+v'i,    -2  +  2«\^+«2v^4,  -2  +  2ii«v^  +  i»v^ 

2.  3ar»-6ara-2=0. 

a  =  3,  6=-.2,  c  =  0,  rf  =  -2, 

/.  ^=-4,  g  =  -34 

,.  «  =  34Wll56-266^2op32 

t;  =  -:2?  =  32op2 
The  values  of  z  are 

And  the  values  of  x  are 
4(2+^  +  2^),    J(2  +  «^  +  2«2v^),    J(2+«»\^  +  2.va) 

8.  ««-3a:^-6x-4  =  0. 

a=l,    6=-.l,    c  =  -2,    rf  =  -4 
/.  jff=  -  3,     6y  =  -12 

12W144-108^3     ,g 
2 

v  =  -^  =  0,or3 
u 

,•.  The  values  of  z  are 

And  the  values  of  x  are 

1+^3+  v/9,    l  +  wV^S+o^v^,    l  +  «^v^  +  «^ 

4.  9a;»-64a:3  +  90a:-60  =  0. 

a  =  9,    6=-18,    c  =  30,    rf  =  -50 

.-.  H=-54,     (y=-ll34 

1134i:  V9*  X  14^-9*  X96,,rto  ^,079 
2 

v  =  -.^=972,orl62 
u 
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.*.  The  yalues  of  z  are 

\^162+v^972,    «  v^l62  +  ftj^  v''972,    ^^  v^i62  +  «  v^972 
or  3\^6  +  3v^36,    3 « v^6  +  3 ^^ v^36,     3»2v^  +  3«v^36 

And  the  yalues  of  x  are 
2  +  J(^6+\^36),    2  +  i(«v'64-«2v^86),    2  + J(«2  ^6  + «  v^) 

5.  «»  +  3m«a=in3(fii+l)2. 

a=l,  6  =  111,  c  =  0,  rf=  — m3(m  +  l)« 
.-.  fl^=  — m«,  Gt  =  — in2(m  +  l)34-2fii»  =  — in*  — in* 

__  m*  -I-  ?i|g  i:  Vm8  +  2m<»  +  w*  —  4 ii|g 
**""  2 

_  ?ii*  +  wi«  .-fc  (w*  —  in-») 

2 
=  m*,  or  m* 

tf 
=  m*,  or  m* 
.*.  The  yalues  of  z  are 

And  the  yalues  of  x  are 
—  in  +  m  Vm  +  Vm^,  —  m  +  «m\^  +  »^^m\  —  m  +  ti^ V^4-  •v^n?. 

6.  In  the  case  of  the  cubic,  putting 
show  that : 


I^-\-M^  = 

2:gaS-3:Sa^j3+12aj87 

= 

-a-f-f) 

= 

27  0^ 

LM= 

=  a2+i8»  +  7«-i87-7o- 

-  tlfi 

= 

9^ 

/i2 

Z8-3f»  =  -3V=3(i8-7)(7-a)(a-i8) 

+  3«*j8Sty  +  3«6i3y»  +  6«»«87 
=  a«  + /8»  + 7*  + 3«o2i8  + 3«2«32  + 8«2j*7+ 8«w7« 
+  3»i827  +  3«2^  +  ea37 
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+  8  •^iS'y  +  3  •♦iST*  +  6  ••ai^ 
=  a»  + /8»  +  7*+ 3«^a2j8  + 3»ttii»  + 3tia«7  +  3«Ary» 
+  Z^f^  +  Zw^  +  60)87 
.-.  i»  +  i/»  =  2(o»  +  /8»  +  7»)  +  3(«+«^)(o«j8+o/S»  +  «^+«7a 

+  i8*7  +  ^7^  +  12«/37 
=  22a*'3^>3+12«iS7 

We  have  «+j8  +  ^  =  — £2 

a 

ai9+i87  +  7a=  — 

a 

a 
.-.  a«i3  +  j8»o  +  a*y+k7«  +  i5«7+i3y»=(oi9+i9y  +  7a)(o+3  +  7)-3ai9y 


=  -?^  +  3^ 


a^         a 


_3arf--96c 

a«  +  /8»+y»=(o+3  +  7)'-8(a2j8  +  «32+a*y+oy»+i5«7  +  i8>«)--6a^7 

2768  l276c      orf  .  ftrf 
a"  a^  a        a 

_27a6c~3a2rf~276» 
a* 
•  /:«     jfa-54«ftc--0«^<^-546»-9a«rf4-27a6c-12aarf 

a* 
^81a6c~27agrf--6468 

a* 
^-27(agrf-3a5c4-2y) 
a» 
27  g 
a8 

=  o2+i824-72-oi3  —  i87-7a 
=  (o  +  i3+7)2-3(ai3  +  j87  +  7o) 
^962_9c 
a^        a 

^  9(62  ,  egg) 

^  a2 
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/)«  -  34p*  +  313 /)2  -  400  =  0 
(p2  - 16)  (;>4  - 18/)2  +  25)  =  0 

/.  /)  =  ±  4  are  two  roots* 

Hence  we  hare 

2^  =  4 

9  =  2 
2g'  =  -6 
9'  =  -3 
/.  a*-17a:3_20a:-6  =  (a:3  +  4ar+2)(a:a-4x-3) 
But  a:a  +  4a:  +  2  =  0 


giyes 

And  x2-4a:-3  =  0 


x  =  — 2-fc  V^ 


ar  =  2±\/7 


giTes 
/.  The  four  roots  are  —  2  ±  V2,  2  ±  V7. 

8.  a:*-8a:»4-20x2  — 16ar-21  =  0. 
Let  «  =  a:-2 

Diminish  the  roots  of  the  given  equation  by  2. 

1-8+20-16    -21  L2 
+  2    -12    +16    +0 


-6 

+  2 

+    8 
-   8 

+   0 
+   0 

-21 

-4 

+  2 

+    0 
-   4 

+   0 

-2-4 
+  2 

0 
/.  The  equation  in  z  is 

«*- 4^2 -21  =  0 

/.  gg=  — 3,  or? 

«  =  ±  V—  3,  or  ±  V? 
x  =  «  +  2 
=  2  db  \/^,  or  2  ±  V7 

4.  a:*-llx»  +  46xa-117ar  +  45  =  0. 

a=l,    6  =  -^:^,    c  =  V,    rf  =  -i}l,    e  =  46 

...  H=V-V^'  =  A 
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Euler's  cubic  is 


16  162        16» 


Multiply  the  roots  of  this  equation  by  16. 
The  resulting  equation  is 

a«  +  6»a  +  6435»-3W  =  0 
or  («-9)(«2+14«  +  38)  =  0 

.'.    8  =  9 

or  «3  +  14«  + 6661  =  0  

.-.  «  =  -7±4vCri07 

^__9      -7j:4Vir407     ~7-4VI^l07 
16'  16  '  16 

u=V^=±i 

^^^    J-  7  +  4V^r407  ^     2v^ini  +  V37 
^16  4 

^^/-7-4>/iri07       ,  2vCna--V37 
^16  4 

,,      3  ,  2\/=ni  +  \/37      2\/^ni-V37      3,V37 


OX  .   _ 

4 


or         ax 


,.      3     2V-11+ V37  .  2vCnT-\/37      3      V37 
^4  4  4  4        2 

^.          3  .  2V^ni4- V37  .  2vCrii-\/37  3.,/— rv 

or         oa:  +  6  =  — 7+ --J^ 1- =  — -4-v— 11 

4  4  4  4 

or         „x  +  6  =  -5-?^^Il  +  ^-?^^EE^^  =  _?_vOri 

4  4  2  4 

These  are  the  only  allowable  combinations,  since  Vu  Vv  Vw  = • 

2 

From  these  we  have 

ar  =  2  +  V=^,    2-V=nT,    J  +  }V37,    J-JV37 


5.  x*-7x8-60x2  +  221a:-169  =  0. 

a=l,    6  =  -},    c  =  -10,    rf  =  ^fi,    c  =  -169 

/=  - 169  +  L>1??1  +  300  =  ?5Z1 


/.  Euler's  cubic  is 


^     627  ^2     97907  ^     65025  ^  q 
16  162  163 
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Multiply  the  roots  hy  16. 
The  resulting  equation  is 

«8  _  627  s2  +  97907  s  -  65025  =  0 
Or  («  -  289)(«2  -  338»  +  226)  =  0 

.-.  8  =  289,  or  169  ±  4  VIttI 

289  169  +  4  VIttI  169-4  VITTI 

16*      •  16  '  16 

/-      17         /-     2V23+V77        ,/-     2V23- V77 
Vm  =  — ,      V  »  = f- ,      Vw  = 

But  from  the  equation 

r  r  f-        ^     .  256 

it  appears  that  the  order  of  the  signs  must  be  one  of  the  following  form 

+  +  + 

+  -  - 

-  -  + 

-  +  - 

17  .  2\/23+  V77  .  2V23^  V77      17  .  , /sq 

17     2V^+V77      2V^-V77      17      ,/5q 
.  =  _ -^ J =  -->^ 

17     2V23+ V77  ,  2v^-v^         17      V77 
or  z  — ' 1 = — 

4  4  4  4  2 


17,2\^+V77     2\^-V77         17  .  Vt? 
«  = 7 = 

4  4  4  4         2 

...x  =  6+V^,    6-V23,   =1+^^,   --5.V77 

2  2 

6.   Show  that  the  biquadratic  can  be  solved  by  quadratics  if  6^  =  O. 
If  G  =  0,  the  Eulerian  cubic 


reduces  to 


«8  +  3^f2+  Un^^^^t^^ 
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One  root  of  this  equation  is  0,  and  the  other  two  roots  satisfy  the 
quadratic  equation 


<a  +  3£r«+  (sH^'^—\  =  0 


Of  the  three  quantities  u,  v,  and  to,  u  is  therefore  0,  and  v  and  w  are 
the  roots  of  a  quadratic  equation,  x  is  then  obtained  by  extracting  the 
square  root  of  v  and  w,  and  combining  the  results. 

Hence  the  process  of  obtaining  x  iuTolyes  only  the  solution  of  quad- 
ratic equations. 

7.  Show  that  the  two  biquadratic  equations 

ax^-^6c3^±^dx  +  e  =  0 

hare  the  same  reducing  cubic. 

Since  6  =  0,  we  hare 

H=ac,  G=±a^d,  I=ae-\-S<^ 

But  since  the  Eulerian  cubic  inyolyes  G  only  in  the  second  power, 
it  will  make  no  difference  whether 

G=-\-a^d  or  -a'rf 

8.  Solye  the  biquadratic  for  the  two  particular  cases  in  which  /  =  0 
and  J=0. 

(1)  /=o 

In  this  case  the  reducing  cubic  reduces  to 

.*.  the  three  values  of  aB  are  the  three  cube  roots  of • 

By  §615,  u  =  a  V- 7  -  fl^.  etc. ; 

'      4 

whence  the  four  yalues  of  x  are  easily  found. 
If  J=  0,  the  reducing  cubic  becomes  . 

4 

.-.  t  +  H=  0 

or  (t  +  H)^-^  =  0 

4 

2  2 


512  COLLEGE   ALGEBRA. 


9.  Show  that  if  H  is  positiye,  the  biquadratic  has  either  two  or  four 
imagiuary  roots. 

In  the  Eulerian  cubic 

the  last  term  is  always  negative,  since  G^  is  always  pontiyia. 
Ji  His  positive,  the  order  of  signs  is  therefore 

+  +  +  - 

+  +  - 

according  as  3  H^  —  —  is  positive  or  negative. 

4 

In  either  case  the  cubic  has,  by  Descartes'  Rule  of  Signs,  not  more 
than  one  positive  root,  and  not  more  than  two  negative  roots. 
It  may  therefore  have 

one  positive  root  and  two  negative  roots, 
or  one  positive  root  and  two  imaginary  roots, 

or  one  negative  root  and  two  imaginary  roots. 

The  last  case  is,  however,  excluded,  because  the  product  of  the  roots 

must  be  positive,  since  — —is  negative. 

4 

But  the  first  two  cases  are  Case  II.  and  Case  III.  of  Art.  615.  Hence 
the  biquadratic  has  either  two  or  four  imaginary  roots. 

10.  Find  the  reducing  cubic  of 


34  „ Qax^  +  8ar  Va^  -|-  68  +  c^ -  3a6c  +  (126c  —  Sa^)  =  0. 
Let  6c'  =  -6o,  4d'  =  SVa^  +  ^  +  c«- 3a6c,  and  €'  =  126c  — 3a2. 
Then  for  the  biquadratic 

x*  +  16c'a:2  +  4rf'x  +  «'  =  0 
we  have 

/=e'  +  3c'2=12  6c 

^=cV-rf'2_c'8  =  -46«-4c» 

/.  The  reducing  cubic  is 

4f8-126c/-4(68  +  c«)  =  0 
or  i8_36cf_(68  +  c8>=0 
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11.  Prove  that  J  vanishes  for  the  biquadratic 

3a(x-2a)*  =  2a(x-.3a)*. 

Expanding    3(jr*  —  8  aa*  +  24  a^s^  -  32  a»x  +  16  a*) 

==  2(jr*  -  12aa:»  +  54a2a:«  -  108a«x  +  81a*) 
X*  -  36a2x2  +  120  a8x  -  114x  =  0 
.-.  jy=-6a2,     flt  =  30a«.    /=  SIP- lUa*  = -60* 
,7=  36a«  -  900a«  +  864a«  =  0 

12.  If  the  roots  of  a  biquadratic  are  all  real,  and  are  in  harmonical 
progression,  prove  that  the  roots  of  Euler's  cubic  are  in  arithmetical 
progression. 

In  the  case  of  harmonic  division  \'''^*^)\^'^   )  =  1 

(«-8)(i3-7) 

(«-i8)(7-«)  =  («-«)(i8-7) 
By  (7),  §  515, 

a(o  — /5)  =  2(Vtt— Vt;) 

a(7  —  8)  =  —  2(  Vii  +  V») 

a(a  -  8)  =  —  2(y»  +  ^Av) 
a(i»-7)  =  2(Vtf- Vm;) 
a2(o -  8)(i3  -  7)  =  -  4(«  -  «;) 
.'.  V  — 10  =  tt  —  p 

.*.  u,  V,  w  are  in  arithmetical  progression. 

Exercise  89. 
1.    (a  +  W)*  +  (a  -  60*. 

(o  +  60*  =  a*  +  4fl86i  -  6a26a  -  4aZ)»»  +  6* 
(a  -  60*  =  o*  -  4a86i  - Oo^fca  +  4aW  +  6* 

Add,  (a  +  60*  +  (a  -  ^0*  =  2  a*  -  12a^  +  26* 

a    -i+l+JLlli.  .  ' 

'    l  +  2f      l-2« 

1  +  1  ^  (l  +  0(l-20  ^3->i 
l  +  2t      (1  +  20(1-20         5 

l-i\^  (1-0(1  +  20  ^3  +  1 
l-2t      (1-20(1  +  20         5 


l  +  2t      l-2i      5 
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3  2  +  36i   7— ^' 
'  6  +  8t   8-41' 

2  +  36i  ^  (2  +  360(6  -  81)  ^  300  4-  200*  ^  3  ■  2,' 
6  +  8t        (6+8i)(6-80  100 

7-26i^(7->260(3  +  4i)^125-50t^g      o,- 
S-4i       (3-4i)(3  +  4i)  26 

2  +  36i*     7-26t      Q 
,*.  — 1- =  8 

6  +  8t       3-4t 

4.   Show  that  [(\/3  +  1)  +  ( V3  -  l)i]»  =  16  +  16 1. 

[(V3+1)+(V3-1V]« 
=  (V3+l)H3(Vi5  +  l)a(V3--l)i---3(V3+l)(V3--l)2-(V3-l)»» 
=  3\/3  +  9+3>/3+l+(6V3+6)i-(6V3-6)-(3\/3-9+3V3-l)i 
=  16+16i 

6.  If  Vx  +  ^i  =  a  +  6/,  show  that 

Cuhe  both  sides  of  the  equation. 

x  +  y«  =  («  +  W)*  =  «*  +  3a26i-3a62-.W 
Equate  the  real  parts  and  the  imaginary  parts. 

:r  =  a»-3a62  y  =  3o26-6» 

-  =  a2-362  ?  =  3a2-62 

a  h 

.-.  -  +  ?  =  4(a2_62) 
a      0       ^  ^ 

6.  Find  the  modulus  of    (3-'*0(2  +  30, 

(6-4i)(16  +  80 

Modulus(  3-40  =  6 
Modulus  (  2  +  3i)  =  y/^_  . 
Modulus  (  6  -  4t)  =  2 Vl3 
Modulus  (16 +  80  =  17 
.,  Modulus  .(3-40(2  +  30^   6xVl3   ^_6 
(6-40(16  +  80      2VI3X17     ^4 
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or 


7.  Find  the  three  cube  roots  of  1  +  t. 

tan  ^  =  1 

Modulus  (1  +  0  =  V^ 
.'.  The  three  cube  roots  are 

\/2(co8 16°  +  I  sm  I50),  \/2(cos  136°  +  i  sin  135°), 

\^2(cos  266°  +  I  sm  266°), 

V    2y/2  2V2    /  V     V2        V2/ 

\   2V2  2\/2   / 

or  _L|;i4.V3  +  ,-(V3-l)],     X(-i  +  ,-), 

2v^  V2 

_1_[1-V3-,(1  +  V3)]. 
2^2 

8.  Find  the  five  fifth  roots  of  1. 

The  five  fifth  roots  are 

1  =  1 

cos   720  + I  sin   72°  =  0.3090 +  10.9561 

cos  1440  +  I  sin  1440  =  -  0.5878  +  1 0.8090 

cos  216°  +  1  sin  216°  =  -  0.5878  -  i  0.8090 

cos  288"  +  I  sin  288°  =  0.3090  - 1 0.9551 

Or  by  the  rule  for  inscribing  a  regular  decagon, 


4  4 

from  which  the  roots  may  be  expressed  by  radicals. 

9.  Find  the  four  fourth  roots  of  3  +  4 1. 

tan  ^  =  I 
.-.^  =  53°  8' 
Modulus3  +  4t  =  5 
.*.  The  four  fourth  roots  are 

y/6  (cos   13°  17'  +  i  sin   13°  17')  =  v^  (cos  13°  17'  +  i  sin  13°  17') 
v^  (cos  103°  17'  +  » sin  103°  17')  =  y/b  (-  sin  13°  17'  +  « cos  13°  17') 
\/b  (cos  193°  17'  +  « sin  163°  17')  =  \/5  (-  cos  13°  17'  - 1  sin  13°  17') 
v^  (cos  283°  17'  +  « sin  283°  17')  =  y/6  (sin  13°  17'  - 1  cos  13°  17') 
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log  5     =0.6990  log  COS  13°  17' =  9.9882 

.-.  log  v^  =  0.1747  log  sin  13°  17'  =  9.3614 

.-.  log (v^cos  130 17')  =  0.1629 

videos  130 17' =  1.455 

log  (  v^  sin  130 17')  =  9.6361 

\/6  sin  13°  17' =  0.3436 

.*.  The  four  roots  are 

1.455   +» 0.3436 

-0.3436  +  11.455 

-1.455   -t  0.3436 

0.3436-11.455 

By  the  formulas  for  sin  l.  and  cos  T.  we  find, 

2  2  

BU1^  =  X ^1  cos-  =  -\/-H 

4      ^2     2\/l0  4      >2     2VIO 

from  which  the  roots  may  be  expressed  by  radicals. 

10.  Solve  the  equation  x>  — 12  x  +  3  =  0. 

a=l,  6  =  0,  c  =  -4,  d  =  S 

/.  fl^=-4,  6?  =  3 

log7  =  0.8451 
log  V6  =  0.3455 
colog3  =  9.5229 

.*.  log  tan  ^  =  0.7125 

<p  =  790  2' 

*  =  26°  21',  146°  21',  266°  21' 

3 

cos  I  =  0.8961,  -  0.8325,  -  0.0636 

The  three  values  of  x  are 

2V4C0S  26°  21' =  3.5844 
2  Vi  cos  146°  21'  =  -  3.3300 
2V4  cos  266°  21'  =  -  0.2544 

Check:  3.5844 

-3.3300 
-0.2544 

0.0000 
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11.   Solve  the  equation  2a:«+3xa  —  3a:  —  1=0. 

a  =  2,  6=1,  c  =  — 1,  rf  =  — 1 

.-.  jy=-3,  G=4 

tan*=:^^3l6EM=2^ 
4  2 

log  V^  =  0.6806 
colog  2  =  9.6900 
••.  log  tan  4>  =  0.3796 
<t»  =  240  40^ 

*  =  80 13',  128°  13',  248°  13' 

3 

log  cos  ^  =  9.9956,  9.7915,  9.5694 

The  three  values  of  x  are 

--J+  V3  cos 8.13',    -  J  +  V3  cos  128°  13',    -}+  V3  cos 248^  13' 
or  1^12,  -1.671,  -1.1427 

Check :  1.212 

- 1.671 
-1.148 

-1.602 
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Wentworth'8  College  Algebra. 

By  G.  A.  Wbntworth,  Professor  of  Mathematics  in  Phillips  Exeter 
Academy.  Half  morocco.  500  pages.  Mailing  Price,  $1.65;  for  in- 
troduction, $1.50;  allowance  for  an  old  book  in  exchangei  40  cents. 
Answers  in  pamphlet  form,  freSf  on  teachers*  orders. 

rriRIS  is  what  its  name  indicates,  a  text-book  for  colleges  and 
scientific  schools.  The  first  part  is  simply  a  concise  review 
of  the  principles  of  Algebra  preceding  quadratics,  with  enough 
examples  to  illustrate  and  enforce  the  principles.  Room  is  thus 
left  for  a  full  discussion  of  the  higher  topics.  The  endeavor  has 
been  to  give  in  matter  and  methods  the  best  training  in  algebraic 
analysis  at  present  attainable.  The  work  covers  a  full  year,  but 
by  omitting  starred  sections  and  problems,  the  instructor  can 
arrange  a  half-year  course.  Many  professors  helped  with  sug- 
gestions to  make  the  College  Algebra  fit  prevailing  requirements. 


William  Beebe,  Assistant  Prof,  of 
Mathematics  and  Astronomy,  Yale 
College :  I  find  it  characterized  by 
the  clearness  and  method  of  all  Pro- 
fessor Wentworth's  books,  and  am 
particularly  struck  with  the  amount 
of  matter  in  the  Algebra. 

Dascom  Greene,  Prof,  of  Mathe- 
matics and  Astronomy,  Rensselaer 
Polytechnic  Institute,  Troy,  N.Y.: 
The  methods  of  treatment  seem  to 
be  generally  judicious,  and  the  style 
attractive,  and  to  the  student  well 
grounded  in  the  elements  it  furnishes 
an  excellent  practical  course  in  the 
higher  branches  of  the  subject. 

E.  S.  Crawley,  Instructor  in 
Mathematics,  University  of  Penn- 
sylvania :  It  is  a  great  improvement 

over for  college  use,  and  in  its 

way  seems  to  me  to  leave  nothing  to 
be  desired. 

T.  C.  Leonard,  S.  J.,  Prof,  of  Math- 
ematics, St.  Ignatius  College,  8nn 
Francisco :    The  book,  in  my  opin- 


ion, is  a  model  Algebra,  distinguished 
for  its  clearness  of  explanation  and 
the  eminently  practical  nature  of  its 
matter. 

J.  G.  Glashan,  Inspector  of  Public ' 
Schools,   Ottawa,    Canada:     I   am 
satisfied  I  can  unqualifiedly  recom- 
mend it. 

Henry  Bay  Warner,  Prof,  of 
Mathematics,  Mt,  Union  College,  0.: 
Both  as  to  subject-matter  and  style, 
I  regard  it  as  the  most  perfect  Alge- 
bra I  have  ever  examined. 

Henry  C.  King,  Prof,  of  Mathe- 
matics, Oberlin  College,  O.:  The 
chapter  on  Determinants  I  think  a 
specially  valuable  feature,  which 
alone  would  tell  strongly  in  favor 
of  the  book  for  college  use. 

E.  P.  Thompson,  Prof,  of  Mathe- 
matics, Geneva  College,  Pa.:  This 
is  such  a  work  as  the  college  student 
ought  to  use. 
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Wentworth'8  Higher  Algebra. 

•By  G.  a.  Wbittworth,  Professor  of  Mathematics  in  Phillips  Exeter 
Academy.  Hall  morocco.  528  pages.  Mailing  price,  $1.55 ;  for  intro- 
duction, $1.40;  allowance  for  an  old  book  in  exchange,  40  cents. 
Angvoers  in  pamphlet  formi  free,  on  teachers*  orders, 

rpHIS  work  is  designed  to  prepare  thoroughly  for  colleges  and 
scientific  schools,  and  to  furnish  in  addition  what  is  needed  for 
the  general  student  in  such  institutions. 

The  preparatory  schools  and  academies  for  which  it  is  particu- 
larly recommended  are  those  of  high  grade,  especially  such  as  give 
the  pupils  a  thorough  preliminary  drill  in  Arithmetic. 

Normal  schools,  seminaries,  and  a  large  percentage  of  the  col- 
leges, particularly  in  the  West  and  South,  will  find  it  specially 
suited  to  their  requirements. 

It  is  substantially  equivalent  to  the  author's  Complete  Algebra, 
but  is  believed  to  be  in  many  respects  better.  The  arrangement 
and  the  treatment  of  the  topics  have  been  revised,  and  fuller 
explanations  have  been  given. 

As  compared  with  the  School  Algebra,  this  is  more  complete, 
inasmuch  as  it  takes  up  the  topics  usually  included  in  higher 
Algebra. 

As  compared  with  the  College  Algebra,  it  gives  a  fuller  treat- 
ment of  the  simple  elements  of  Algebra  and  not  so  elaborate  a 
treatment  of  the  more  advanced  portions. 

In  a  word,  the  Higher  Algebra  provides  in  a  single  hook  a  com- 
plete course  parallel  to  the  course  provided  by  the  School  and 
College  Algebras  together. 

It  is  not  necessary  to  add  that  it  is  characterized  by  the  special 
excellences  of  Professor  Wentworth*s  other  works  on  this  subject. 

As  this  hook  is  published  while  the  catalogue  is  printing,  it  is 
impossible  to  present  testinumials. 


TVENTWORTH'S   AIiGEBRAS. 

Full  Course  :  School  Algebra,  followed  by  College  Algebra. 

CoNDBNSED  Course  :  Higher  Algebra. 

Special  Courses  :  Shorter  Course;  Complete  Algebra. 
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Wentworth's  New  Plane  Geometry. 

By  Gbobob  a.  Wbntwobth,  TecMiher  of  Mathematical  Phillips  Exeter 
Academy,  N.H.  12mo.  x  +  2^  pages.  Mailing  Price,  86  cents ;  Intro- 
duction, 75  cents ;  Allowance  for  old  book,  25  cents. 

Wentworth's  New  Plane  and  Solid  Geometry. 

By  Gbobgb  a.  Wbntworth,  Phillips  Academy,  Exeter,  N.H.  12mo. 
Half  morocco,  xi  +  386  pages.  Mailing  Price,  $1.40;  Introduction,  $1.25 ; 
Allowance  for  old  book,  40  cents.  The  book  now  includes  a  treatise  on 
Conic  Sections  (Book  IX.). 

A  LL  the  distinguishing  characteristics  of  the  first  edition  have 
been  retained.  The  subject  is  treated  as  a  branch  of  practical 
logic,  the  object  of  which  is  to  detect  and  state  with  precision  the 
successive  steps  from  premise  to  conclusion. 

In  each  proposition  a  concise  statement  of  what  is  given  is 
printed  in  one  kind  of  type,  of  what  is  required  in  another,  and 
the  demonstration  in  still  another.  The  reason  for  each  step  is 
indicated  in  small  type  between  that  step  and  the  one  following ; 
and  the  author  thus  avoids  the  necessity  of  interrupting  the  process 
of  demonstration  to  cite  a  previous  proposition.  The  number  of 
the  section  on  which  the  reason  depends,  is,  however,  placed  at  the 
side  of  the  page ;  and  the  pupil  should  be  prepared,  when  called 
upon,  to  give  the  proof  of  each  reason.  Each  distinct  assertion  in 
the  demonstrations  and  each  pai*ticular  direction  in  the  construc- 
tion of  the  figures  begins  a  new  line,  and  in  no  case  is  it  necessary 
to  turn  the  page  in  reading  a  demonstration. 

In  the  new  edition  will  be  found  a  few  changes  in  the  order  of 
the  subject-matter.  Some  of  the  demonstrations  have  been  given 
in  a  more  concise  and  simple  form.  The  diagrams,  with  which 
especial  care  was  taken  originally,  have  been  re-engraved  and  mate- 
rially improved.  The  shading,  which  has  been  added  to  many  of 
the  figures,  has  proved  a  great  help  to  the  constructive  imagination 
of  pupils.  The  theory  of  limits  —  the  value  of  which  the  author 
emphasizes  —  has  been  presented  in  the  simplest  possible  way,  and 
its  application  made  easy  of  comprehension. 

But  the  great  feature  of  this  edition  is  the  introduction  of  nearly 
seven  hundred  original  exercises,  consisting  of  theorems,  problems 
of  construction,  and  problems  of  computation,  carefully  graded  and 
adapted  to  begmners  in  Geometry. 


MATHEMATIOS.  75 

Wentworth's  Trigonometries. 

'PHE  aim  has  been  to  fumisli  just  so  much  of  Trigonometry  as 
is  actually  taught  in  our  best  schools  and  colleges.  The  prin- 
ciples have  been  unfolded  with  the  utmost  brevity  consistent  with 
simplicity  and  clearness,  and  interesting  problems  have  been 
selected  with  a  view  to  awaken  a  real  love  for  the  study.  Much 
time  and  labor  have  been  spent  in  devising  the  simplest  proofs  foi 
the  propositions,  and  in  exhibiting  the  best  methods  of  arrangmg 
the  logarithmic  work.    Answers  are  included* 

Plane  and  Solid  Geometry,  and  Plane  Trigonometry, 

12mo.    Half  morocco.    490  pages.    Mailing  Price,  $1.55;  Introdaction, 
91.40;  Allowance  let  old  book,  40  cents. 

Plane  Tngonometiy, 

12mo.   Paper.  80  pages.   Mailing  Price,  35  cents;  Introduction,  30 cents 

Plane  Trigonometry  Formulas, 

Two  charts  (30  x  40  inches  each)  for  hanging  on  the  walls  of  the  clasi^ 
room.    Introduction  Price,  $1.00  per  set. 

Plane  Trigonometry  and  Logarithms, 
Syo.    Cloth.   160  pages.    MaiHng  price,  85  cents ;  introduction,  80  cents. 

Plane  and  Spherical  Trigonometry, 

12mo.    Half  morocco,    iy-f-151  pages.    Mailing  Price,  80  cents;  foi 
introduction,  75  cents ;  allowance,  20  cents. 

Plane  and  Spherical  Trigonometry,  with  Tables. 

8vo.    Half  morocco,    vi  +  259  pages.    Mailing  Price,  $1.25;  for  Introi 
daction,  $1.12.    Allowance  for  old  book,  35  cents. 

Wentworth's  Plane  and  Spherical  Trigonometry 

and  Surveying,  with  Tables, 

8yo.    Half  morocco.    307  pages.    Mailing  Price,  $1.40;  Introduction, 
$1.25 ;  Allowance  for  old  book,  40  cents. 

Surveying, 

8yo.    80  pages.    Paper.    Mailing  Price,  35  cents;  for  Introduction,  30 
cents. 

Wentworth's  Plane  and  Spherical  Trigonometry, 

Surveying,  and  Navigation, 

12mo.    Half  morocco.    369  pages.    Mailing  Price,  $1.26;  Introdnotioiii 
$1.12;  Allowance  for  old  book,  35  cents. 
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